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Why Numerical Methods?

5-1C Analytical solutions provide insight to the problems, and allows us to observe the degree of dependence of solutions on
certain parameters. They also enable us to obtain quick solution, and to verify numerical codes. Therefore, analytical solutions
are not likely to disappear from engineering curricula.

5-2C Analytical solution methods are limited to highly simplified problems in simple geometries. The geometry must be such
that its entire surface can be described mathematically in a coordinate system by setting the variables equal to constants.
Also, heat transfer problems can not be solved analytically if the thermal conditions are not sufficiently simple. For example,
the consideration of the variation of thermal conductivity with temperature, the variation of the heat transfer coefficient over
the surface, or the radiation heat transfer on the surfaces can make it impossible to obtain an analytical solution. Therefore,
analytical solutions are limited to problems that are simple or can be simplified with reasonable approximations.

5-3C In practice, we are most likely to use a software package to solve heat transfer problems even when analytical solutions
are available since we can do parametric studies very easily and present the results graphically by the press of a button.
Besides, once a person is used to solving problems numerically, it is very difficult to go back to solving differential equations
by hand.

5-4C The energy balance method is based on subdividing the medium into a sufficient number of volume elements, and then
applying an energy balance on each element. The formal finite difference method is based on replacing derivatives by their
finite difference approximations. For a specified nodal network, these two methods will result in the same set of equations.

5-5C The analytical solutions are based on (1) driving the governing differential equation by performing an energy balance
on a differential volume element, (2) expressing the boundary conditions in the proper mathematical form, and (3) solving the
differential equation and applying the boundary conditions to determine the integration constants. The numerical solution
methods are based on replacing the differential equations by algebraic equations. In the case of the popular finite difference
method, this is done by replacing the derivatives by differences. The analytical methods are simple and they provide solution
functions applicable to the entire medium, but they are limited to simple problems in simple geometries. The numerical
methods are usually more involved and the solutions are obtained at a number of points, but they are applicable to any
geometry subjected to any kind of thermal conditions.

5-6C The experiments will most likely prove engineer B right since an approximate solution of a more realistic model is more
accurate than the exact solution of a crude model of an actual problem.
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Finite Difference Formulation of Differential Equations

5-7C A point at which the finite difference formulation of a problem is obtained is called a node, and all the nodes for a
problem constitute the nodal network. The region about a node whose properties are represented by the property values at the
nodal point is called the volume element. The distance between two consecutive nodes is called the nodal spacing, and a
differential equation whose derivatives are replaced by differences is called a difference equation.

5-8 The finite difference formulation of steady two-dimensional heat conduction in a medium with heat generation and
constant thermal conductivity is given by

Tm—l,n B 2Tm,n +Tm+1,n 4 Tm,n—l _2Tm,n +Tm,n+l 4 e.m,n -0
AX? Ay? k
in rectangular coordinates. This relation can be modified for the three-dimensional case by simply adding another index j to
the temperature in the z direction, and another difference term for the z direction as
Tooanj —2Tmn,j +T T 2T +T T, ja —2T
AX? Ay? Az? k

+T ]

m+1,n, j mn-1j — <'mn,j m,n+1, j m,n, j m,n, j+1 m,n, j

=0
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5-9 Finite difference formulation for an interior node, boundary node subject to convection and constant heat flux in case of
variable thermal conductivity is to be determined.

Analysis The one dimensional steady state heat conduction equation with variable thermal conductivity is expressed as

d kd—T +é=0
dx | dx

Using Eq. (5-6), the first derivative of the temperature at the midpoints surrounding the node with variable thermal
conductivity can be expressed for x as

k( dT

AX

. =k {1 ﬁ( m 1+T )jl(Tml_Tm) and k(T)d—T

( m+l+T ) (Tm+1_Tm)
AX dx m+

[1+ﬂ

Using the definition of second derivative as the derivative of the first derivative we get

i p ) s =To) )] s=To)

d dT 2 AX © AX
+é=
dx dx AX

Simplifying above equation yields,

+é,=0

2

. A
(Tm+l _Tm {1+§(Tm+1 +Tm ):| + (Tm—l _Tm {1+§(Tm—1 +Tm ):| + em ki =0

0

e, 2 o

(T = 2T +Tg )+ /‘ﬁr —2T24+T2,

0

For left boundary node exposed to constant heat flux apply energy balance to the half volume around the boundary node with
all the heat transfer entering the volume element.

Replacing k by k(T) in Eq. 5-22 we get,

T ) Tt =Ton) L L AX B GAX  €nAX?
{1 ﬂ(m+l )}(MAX m)+q+em7:0 ..(Tm+1—Tm)+E(Tm+1—T2) P r;ko =

For right boundary node exposed to convection environment, apply energy balance to the half volume around the boundary
node with all the heat transfer entering the volume element.

ko|:1+ﬂ (Tm—l +Th ):| (Tm—l _Tm)+ h(-l-00 _Tm)+ €mAX 0

2 AX 2

m-1 m

L A2
(Tm_l—Tm)+§(T2 Cr2)p M gy S
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5-10 For a three dimensional steady state heat transfer without internal heat generation finite difference formulations are to be
determined.

Analysis The three dimensional heat conduction equation for steady state conditions with variable thermal conductivity is
expressed as

OX\_ ox) oy\ oy) o\ oz
Using Eq. (5-6), the first derivative of the temperature at the midpoints surrounding the node can be expressed for x, y and z
directions as

x-direction: kd—T =k Tnng ~Totng and kd_T ~k Tmeanj ~Tmn,j
dx mi,n,j - m—%,n,j Ax dx melnj - m%,n,j Ax
2 2
y-direction: kd—T =k ; M and kd_T =Kk Toiam,j —Tamj
Wty "pmi A Wlolmj Mmoo A
z-direction: k ar =k M and k dT| =~k Tistmn = Tjmn
dz |1, B j—%,m,n Az dz |1, - jromn Az
2
Using the definition of second derivative as the derivative of the first derivative we get
k(chT 1o k(;ll 1
X ; X .
i kd_T _ m+?,n,1 m*Eyny] _ k Tm+1,n,j _Tm,n,j _ k Tm,n,j _Tm—l,n,j
dx | dx AX m%,n,j Ax? m—%vnyi Ax?

Similar for y and z directions we can show that

9 0T) o Toani Tamg  Tams Tamg
dy dy n+%,m,j AyZ nfé,m,j Ayz

d dT _ Tj+1,m,n _Tj,m,n Tj,m,n _Tj—l,m,n
d_ k— k. 1 - 2 = k. 1 - 2
z\ dz Jmmn Az J—5mn Az

Putting these equations of the second derivatives in the three dimensional heat conduction equation with variable thermal
conductivity we get the required finite difference formulation.

k Tm+1,n,j _Tm,n,j _k Tm,n,j _Tm—l,n,j Tk Tn+1,m,j _Tn,m,j _k Tn,m,j _Tn—l,m,j "
m+£,n,j sz m—l,n,j sz n+£,m,j A 2 n—l,m,j A 2
2 2 2 Y 2 y
K . Tj+1,m,n _Tj,m,n _k L Tj,m,n _Tj—l,m,n -0
omn 4z i=pma Az
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5-11 A plane wall with variable heat generation and constant thermal conductivity is subjected to uniform heat flux ¢, at the
left (node 0) and convection at the right boundary (node 4). Using the finite difference form of the 1st derivative, the finite
difference formulation of the boundary nodes is to be determined.

Assumptions 1 Heat transfer through the wall is steady since there is no indication of change with time. 2 Heat transfer is one-
dimensional since the plate is large relative to its thickness. 3 Thermal conductivity is constant and there is nonuniform heat
generation in the medium. 4 Radiation heat transfer is negligible.

Analysis The boundary conditions at the left and right boundaries can be expressed analytically as

atx=0: -k aro _ o
dx — T ~————————
atx=1L: —kmzh['l'(L)—Tw] e(x)
dx Qo
. . . . . — h’ T
Replacing derivatives by differences using values at the closest nodes, the AX
finite difference form of the 1% derivative of temperature at the boundaries Y cmtan W .-
(nodes 0 and 4) can be expressed as 0 1 2 3 4
ar =T gy T ~Ta~Ts
dx left, m=0 AX dx right,m=4 AX T~

Substituting, the finite difference formulation of the boundary nodes become

T,-T

atx=0: kL1 0
A Qo
T,-T

atx=L: —k—2—3—nh[T,-T,
A~ [T, ]
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5-12 A plane wall with variable heat generation and constant thermal conductivity is subjected to insulation at the left (node
0) and radiation at the right boundary (node 5). Using the finite difference form of the 1st derivative, the finite difference
formulation of the boundary nodes is to be determined.

Assumptions 1 Heat transfer through the wall is steady since there is no indication of change with time. 2 Heat transfer is one-
dimensional since the plate is large relative to its thickness. 3 Thermal conductivity is constant and there is nonuniform heat
generation in the medium. 4 Convection heat transfer is negligible.

Analysis The boundary conditions at the left and right boundaries can be expressed analytically as

At x=0: _kmzo mzo
dx dx o~
At x=L: —de—(L)=gcr[T4(L)—T4,r Radiation
su e(x)
dx Insulated T
Replacing derivatives by differences using values at the closest nodes, — AX e Tur
the finite difference form of the 1* derivative of temperature at the — _
boundaries (nodes 0 and 5) can be expressed as 0 1 2 3 45
ar ST g O ~TsTa
dx left, m=0 AX dx right,m=5 AX —

Substituting, the finite difference formulation of the boundary nodes become

T,-T
At x=0: ~k+—2=0 o T, =T,
AX
Ts-T
At x=L: —k% =eo[Ta ~Teorr
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One-Dimensional Steady Heat Conduction

5-13C The finite difference form of a heat conduction problem by the energy balance method is obtained by subdividing the
medium into a sufficient number of volume elements, and then applying an energy balance on each element. This is done by
first selecting the nodal points (or nodes) at which the temperatures are to be determined, and then forming elements (or
control volumes) over the nodes by drawing lines through the midpoints between the nodes. The properties at the node such
as the temperature and the rate of heat generation represent the average properties of the element. The temperature is assumed
to vary linearly between the nodes, especially when expressing heat conduction between the elements using Fourier’s law.

5-14C The basic steps involved in the iterative Gauss-Seidel method are: (1) Writing the equations explicitly for each
unknown (the unknown on the left-hand side and all other terms on the right-hand side of the equation), (2) making a
reasonable initial guess for each unknown, (3) calculating new values for each unknown, always using the most recent values,
and (4) repeating the process until desired convergence is achieved.

5-15C In a medium in which the finite difference formulation of a general interior node is given in its simplest form as

Tm—l - 2Tm +Tm+1 + e_m =0
AX? k

(a) heat transfer in this medium is steady, (b) it is one-dimensional, (c) there is heat generation, (d) the nodal spacing is
constant, and (e) the thermal conductivity is constant.

5-16C In the finite difference formulation of a problem, an insulated boundary is best handled by replacing the insulation by a
mirror, and treating the node on the boundary as an interior node. Also, a thermal symmetry line and an insulated boundary
are treated the same way in the finite difference formulation.

5-17C A node on an insulated boundary can be treated as an interior node in the finite difference formulation of a plane wall
by replacing the insulation on the boundary by a mirror, and considering the reflection of the medium as its extension. This
way the node next to the boundary node appears on both sides of the boundary node because of symmetry, converting it into
an interior node.

5-18C In the energy balance formulation of the finite difference method, it is recommended that all heat transfer at the
boundaries of the volume element be assumed to be into the volume element even for steady heat conduction. This is a valid
recommendation even though it seems to violate the conservation of energy principle since the assumed direction of heat
conduction at the surfaces of the volume elements has no effect on the formulation, and some heat conduction terms turn out
to be negative.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-9

5-19 A plane wall with no heat generation is subjected to specified temperature at the left (node 0) and heat flux at the right
boundary (node 8). The finite difference formulation of the boundary nodes and the finite difference formulation for the rate

of heat transfer at the left boundary are to be determined.

Assumptions 1 Heat transfer through the wall is given to be steady, and the thermal conductivity to be constant. 2 Heat
transfer is one-dimensional since the plate is large relative to its thickness. 3 There is no heat generation in the medium.

Analysis Using the energy balance approach and taking the direction of all heat
transfers to be towards the node under consideration, the finite difference
formulations become

Left boundary node: T, =30

T, -T, T, -T,
T8 +q,A=0or k7T8+1200=o
X

Right boundary node: kA

Heat transfer at left surface:

Ti-To -0

Qleft surface kA

30°C

No heat generation

AX
A

T ~—————————

A——\
1200 W/m?

012345678

5-20 A plane wall with variable heat generation and constant thermal conductivity is subjected to uniform heat flux g, at the
left (node 0) and convection at the right boundary (node 4). The finite difference formulation of the boundary nodes is to be

determined.

Assumptions 1 Heat transfer through the wall is given to be steady, and the
thermal conductivity to be constant. 2 Heat transfer is one-dimensional since
the plate is large relative to its thickness. 3 Radiation heat transfer is negligible.

Analysis Using the energy balance approach and taking the direction of all heat
transfers to be towards the node under consideration, the finite difference
formulations become

Tl _TO

Left boundary node: GoA+kA +6,(AAX/2)=0

T,—T
Right boundary node: kA%+hA(I’w ~T,)+6,(AAX/2)=0
X

0
——

h! Tm
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5-21 A plane wall with variable heat generation and constant thermal conductivity is subjected to insulation at the left (node
0) and radiation at the right boundary (node 5). The finite difference formulation of the boundary nodes is to be determined.

Assumptions 1 Heat transfer through the wall is given to be steady and

one-dimensional, and the thermal conductivity to be constant. 2
Convection heat transfer is negligible. -

. . . &(x) Radiation
Analysis Using the energy balance approach and taking the Insulated s
direction of all heat transfers to be towards the node under — AX c Tour
consideration, the finite difference formulations become -

O g 4 ® ® >
T, -T
Left boundary node: kA 1A O 1 éy(AAX/2)=0 1 2.3 45
X
. . 4 4 T,-Ts —
Right boundary node: eoA(Tgir —T5 ) + kAT +65(AAX/2)=0

5-22 A composite plane wall consists of two layers A and B in perfect contact at the interface where node 1 is. The wall is
insulated at the left (node 0) and subjected to radiation at the right boundary (node 2). The complete finite difference
formulation of this problem is to be obtained.

Assumptions 1 Heat transfer through the wall is given to be steady and one-dimensional, and the thermal conductivity to be
constant. 2 Convection heat transfer is negligible. 3 There is no heat generation.

Analysis Using the energy balance approach and taking the direction — T ~———————
of all heat transfers to be towards the node under consideration, the
finite difference formulations become A B Radiation
- Insulated T
- T
Node O (at left boundary): kaA—2=0 - T, =T, " A c sure
i) .
0 >
. Ty =T T, -T. 1 2
Node 1 (at the interface): kaA—2 L ikgA2—1=0
. T,-T
Node 2 (at right boundary): goA(Tar —To ) +kg AL—2=0 — T
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5-23 A pin fin with negligible heat transfer from its tip is considered. The complete finite difference formulation for the

determination of nodal temperatures is to be obtained.

Assumptions 1 Heat transfer through the pin fin is given to be steady and one-
dimensional, and the thermal conductivity to be constant. 2 Convection heat
transfer coefficient is constant and uniform. 3 Heat loss from the fin tip is given
to be negligible.

Analysis The nodal network consists of 3 nodes, and the base temperature T, at
node O is specified. Therefore, there are two unknowns T, and T,, and we need
two equations to determine them. Using the energy balance approach and taking
the direction of all heat transfers to be towards the node under consideration, the
finite difference formulations become

Node 1 (at midpoint):

kATOA_Tl +kAT2A_Tl +h(pAX)(T,, —Tl)+go(pr)[(Tsurr +273)* (T, +2
X X

Node 2 (at fin tip):

h T, Convection
To \
AX _ , nn
0 v 1 Y 2
e}
Radiation
|| Tsurr
4|_
739%]=0

T, -T
kA—lA 2 h(pAX/ 2)(T,, ~T,) + &0 (pAX/ |(Tqur +273)* ~(T, +273)* =0
X

where A=7D?/4 isthe cross-sectional areaand p=7D is the perimeter of the fin.

5-11

5-24 A plane wall with variable heat generation and variable thermal conductivity is subjected to specified heat flux ¢, and
convection at the left boundary (node 0) and radiation at the right boundary (node 5). The complete finite difference

formulation of this problem is to be obtained.

Assumptions 1 Heat transfer through the wall is given to be steady

and one-dimensional, and the thermal conductivity and heat .
generation to be variable. 2 Convection heat transfer at the right Convection
surface is negligible. h, T, 4~
Analysis Using the energy balance approach and taking the

direction of all heat transfers to be towards the node under

Radiation
—
TSUI’I’
€

consideration, the finite difference formulations become 0
Node 0 (at left boundary):

— T ~——
é(x)
A
AX
—
1 2
— ]

Jo —»
. T,-Ty |
To-T T,-T
Node 1 (at the mid plane): kA2 Lk, A2 L 1¢ (AAX) =0
. 4 4 T,-T, .
Node 2 (at right boundary): eoA(Tgir — T2 )+ Ky, A +6,(AAX/2)=0
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5-25 A pin fin with negligible heat transfer from its tip is considered. The complete finite difference formulation for the
determination of nodal temperatures is to be obtained.

Assumptions 1 Heat transfer through the pin fin is given to be steady and one-dimensional, and the thermal conductivity to be
constant. 2 Convection heat transfer coefficient is constant and uniform. 3 Radiation heat transfer is negligible. 4 Heat loss
from the fin tip is given to be negligible.

Analysis The nodal network consists of 3 nodes, and the base temperature T, at

node O is specified. Therefore, there are two unknowns T; and T,, and we need ]

two equations to determine them. Using the energy balance approach and taking h T Convection

the direction of all heat transfers to be towards the node under consideration, the T, T ‘

finite difference formulations become x I 7_
To-T,  T,-T 0 147 2

Node 1 (at midpoint): KA OAx L {1 KA ZAx L+ hpAX(T,, -T;)=0

Node 2 (at fin tip): kATlA_—TZJrh(pr/Z)(TOO -T,)=0 =
X

where A=7D?/4 is the cross-sectional areaand p=zD is the perimeter of the fin.

5-26 A plane wall with variable heat generation and constant thermal conductivity is subjected to combined convection,
radiation, and heat flux at the left (node 0) and specified temperature at the right boundary (node 5). The finite difference
formulation of the left boundary node (node 0) and the finite difference formulation for the rate of heat transfer at the right
boundary (node 5) are to be determined.

Assumptions 1 Heat transfer through the wall is given to be —~——~——— ——
steady and one-dimensional. 2 The thermal conductivity is ... &
. Radiation T
given to be constant. e(x) s
Tsurr ’N /
Analysis Using the energy balance approach and taking the
direction of all heat transfers to be towards the node under QJo /™ AX
consideration, the finite difference formulations become e o
0
Left boundary node (all temperatures are in K): Convection | 1 2 3 45
/—‘
4 4 T -Tp ; h, T,
— ]

Heat transfer at right surface:
T,-Ts

Qright surface T kA +é5 (AAX / 2) =0
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5-27 A plate is subjected to specified heat flux on one side and specified temperature on the other. The finite difference
formulation of this problem is to be obtained, and the unknown surface temperature under steady conditions is to be
determined.

Assumptions 1 Heat transfer through the base plate is given to be steady. 2 Heat transfer is one-dimensional since the plate is
large relative to its thickness. 3 There is no heat generation in the plate. 4 Radiation heat transfer is negligible. 5 The entire
heat generated by the resistance heaters is transferred through the plate.

Properties The thermal conductivity is given to be k = 20 W/m-°C.

e S
Analysis The nodal spacing is given to be Ax=0.2 cm. Then the .
number of nodes M becomes Resistance Base plate 85°C
L 0.6cm heater, 800 W /
M=—+1= +1=4 ™" Ax
AX 0.2cm
— _
The right surface temperature is given to be T; =85°C. This problem 0 1 5 3 -
involves 3 unknown nodal temperatures, and thus we need to have 3
equations to determine them uniquely. Nodes 1 and 2 are interior
nodes, and thus for them we can use the general finite difference |~

relation expressed as

WJr%:O—)Tm,l—ﬂerTmﬂ:O (sinceé=0), for m=1and2

The finite difference equation for node 0 on the left surface subjected to uniform heat flux is obtained by applying an energy
balance on the half volume element about node 0 and taking the direction of all heat transfers to be towards the node under
consideration:

T,-T
Node O (left surface - heat flux) : 4o +k——2=0
Node 1(interior) : To—-2T,+T, =0
Node 2 (interior) : T,-2T,+T; =0

where
Ax=0.2cm, k =20 W/m-°C, T, =85°C,and ¢, =Q, / A= (800W)/(0.0160 m?) = 50,000 W/m?.
The system of 3 equations with 3 unknown temperatures constitute the finite difference formulation of the problem.

(b) The nodal temperatures under steady conditions are determined by solving the 3 equations above simultaneously with an
equation solver to be

To=100°C, T;=95°C, and T,=90°C

Discussion This problem can be solved analytically by solving the differential equation as described in Chap. 2, and the
analytical (exact) solution can be used to check the accuracy of the numerical solution above.
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5-28 A plane wall is subjected to specified heat flux and specified temperature on one side, and no conditions on the other.
The finite difference formulation of this problem is to be obtained, and the temperature of the other side under steady
conditions is to be determined.

Assumptions 1 Heat transfer through the plate is given to be steady and one-

dimensional. 2 There is no heat generation in the plate. — T ~————————
Properties The thermal conductivity is given to be k = 2.5 W/m-°C. do
- - - - \'
Analysis The nodal spacing is given to be Ax=0.06 m. T
0 AX
Then the number of nodes M becomes —
Y e W
0 o o o
M=t 1-03Mm 4 ¢ 1 2 3 45
AX 0.06m
Nodes 1, 2, 3, and 4 are interior nodes, and thus for them we can use the
— ]

general finite difference relation expressed as

Tog— 2T, +T, € . .
WJFYH]:O - T — 2T +Ty =0 (sinceé=0), for m=1,2,3,and 4

The finite difference equation for node 0 on the left surface is obtained by applying an energy balance on the half volume
element about node 0 and taking the direction of all heat transfers to be towards the node under consideration,

4o +k n-To o ssowme+ (2.5 W/m- °C)w =0 —— T,=516C
AX 0.06 m
Other nodal temperatures are determined from the general interior node relation as follows:
m=1: T, =2T, - T, =2x51.6 —60 = 43.2°C
m=2: T,=2T, —T, =2x43.2-51.6=34.8°C
m=3: T, =2T,-T, =2x34.8-43.2=26.4°C
m=4 Ty =2T, - T, =2x26.4—-34.8=18.0°C

Therefore, the temperature of the other surface will be 18.0°C

Discussion This problem can be solved analytically by solving the differential equation as described in Chap. 2, and the
analytical (exact) solution can be used to check the accuracy of the numerical solution above.
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5-29 A uranium plate is subjected to insulation on one side and convection on the other. The finite difference formulation of
this problem is to be obtained, and the nodal temperatures under steady conditions are to be determined.

Assumptions 1 Heat transfer through the wall is steady since there is no indication of change with time. 2 Heat transfer is one-
dimensional since the plate is large relative to its thickness. 3 Thermal conductivity is constant. 4 Radiation heat transfer is
negligible.

Properties The thermal conductivity is given to be k = 28 W/m-°C.
Analysis The number of nodes is specified to be M = 6. Then the nodal spacing Ax becomes

L 005m

=——= =0.01m T ————
M-1 6-1

AX

This problem involves 6 unknown nodal temperatures, and thus we e
need to have 6 equations to determine them uniquely. Node 0 is on Insulated
insulated boundary, and thus we can treat it as an interior note by using ™ AX h, T,
the mirror image concept. Nodes 1, 2, 3, and 4 are interior nodes, and omtn W
thus for them we can use the general finite difference relation 04 > 3 4 5
expressed as

M+e—m=0, for m=0,1,2,3,and 4 o~ ]
AX k

Finally, the finite difference equation for node 5 on the right surface subjected to convection is obtained by applying an
energy balance on the half volume element about node 5 and taking the direction of all heat transfers to be towards the node
under consideration:

. T, 2Ty +T, ¢
Node 0 (Left surface -insulated): 1—2+1+3:0
AX K
- To-2T,+T, &
Node 1 (interior) : 0—122 +£20
AX k
-y T,-2T,+T, &
Node 2 (interior) : 1—2;3 +&-0
AX K
-y T,-2Ty+T, @
Node 3 (interior) : 2—‘z+4+3 =0
AX K
To—2T,+Ts 6
Node 4 (interior) : 3—‘;+5+E =0
AX K

T,-T
Node 5 (right surface - convection): h(T,, —T5)+k%+é(Ax/2) =0
X

where
Ax=0.01m,é=6x10°> W/m®, k =28 W/m-°C, h=60 W/m? -°C, and T, =30°C.

This system of 6 equations with six unknown temperatures constitute the finite difference formulation of the problem.

(b) The 6 nodal temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an
equation solver to be

To=556.8°C, T;=555.7°C, T,=5525°C, T3=547.1°C, T,=539.6°C, and Ts=530.0°C

Discussion This problem can be solved analytically by solving the differential equation as described in Chap. 2, and the
analytical (exact) solution can be used to check the accuracy of the numerical solution above.
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3
5-30 Prob. 5-29 is reconsidered. The nodal temperatures under steady conditions are to be determined.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

e_gen=6e5 [W/m"3] "heat generation”
dx=0.01 [m] "mesh size"

h=60 [W/m”2-K] "convection coefficient"
k=28 [W/m-K] "thermal conductivity"
T_inf=30 [C] "ambient temperature"

"ANALYSIS"

"Using the finite difference method, the nodal temperatures can be determined"”
(T_1-T_0)/dx"2+e_gen/(2*k)=0 "for node 0"

(T_0-2*T_1+T_2)/dx"2+e_gen/k=0 "for node 1"
(T_1-2*T_2+T_3)/dx"2+e_gen/k=0 "for node 2"
(T_2-2*T_3+T_4)/dx"2+e_gen/k=0 "for node 3"
(T_3-2*T_4+T_5)/dx*2+e_gen/k=0 "for node 4"
h*(T_inf-T_5)+k*(T_4-T_5)/dx+e_gen*dx/2=0 "for node 5"

The nodal temperatures are determined to be
To=556.8°C, T,;=555.7°C, T,=5525°C, T;=547.1°C, T,=539.6°C, Ts=530.0°C
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5-31 A plane wall is subjected to specified temperature on one side and convection on the other. The finite difference
formulation of this problem is to be obtained, and the nodal temperatures under steady conditions as well as the rate of heat
transfer through the wall are to be determined.

Assumptions 1 Heat transfer through the wall is given to be steady and one-dimensional. 2 Thermal conductivity is constant.
3 There is no heat generation. 4 Radiation heat transfer is negligible.

Properties The thermal conductivity is given to be k = 2.3 W/m-°C.

T ~———————
Analysis The nodal spacing is given to be Ax=0.1 m. Then the number
of nodes M becomes 6

To
M=t 1-04M 4 ¢ — AX h.T
AX 0.1m '(_A_\' . R

The left surface temperature is given to be T, = 95°C. This problem 0 1 2 3 4
involves 4 unknown nodal temperatures, and thus we need to have 4
equations to determine them uniquely. Nodes 1, 2, and 3 are interior
nodes, and thus for them we can use the general finite difference L~

relation expressed as

T — 2T, +T, é . .
erTm:O - T, 12T, +T,4,=0 (sinceé=0), for m=0,1,2 and 3

The finite difference equation for node 4 on the right surface subjected to convection
is obtained by applying an energy balance on the half volume element about node 4
and taking the direction of all heat transfers to be towards the node under
consideration:

Node 1 (interior) : Ty —2T,+T, =0
Node 2 (interior) : T,-2T, +T53 =0
Node 3 (interior) : T,-2T;+T, =0

Ty =T,

Node 4 (right surface - convection): h(T, —T,)+k =0

where
Ax=0.1m, k =2.3W/m-°C, h =18 W/m? -°C, Ty =95°C and T_, =15°C.
The system of 4 equations with 4 unknown temperatures constitute the finite difference formulation of the problem.

(b) The nodal temperatures under steady conditions are determined by solving the 4 equations above simultaneously with an
equation solver to be

T,=79.8°C, T,=64.7°C, T3=49.5°C, and T,=34.4°C
(c) The rate of heat transfer through the wall is simply convection heat transfer at the right surface,
Quail = Qeonv = hA(T, —T,.) = (18 W/m? °C)(20 m?)(34.37 -15)°C = 6970 W

Discussion This problem can be solved analytically by solving the differential equation as described in Chap. 2, and the
analytical (exact) solution can be used to check the accuracy of the numerical solution above.
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5-32E A large plate lying on the ground is subjected to convection and radiation. Finite difference formulation is to be
obtained, and the top and bottom surface temperatures under steady conditions are to be determined.

Assumptions 1 Heat transfer through the plate is given to be steady and one-dimensional. 2 There is no heat generation in the
plate and the soil. 3 Thermal contact resistance at plate-soil interface is negligible.

Properties The thermal conductivity of the plate and the soil are given to be Kpjae = 7.2 Btu/h-ft-°F and kg = 0.49 Btu/h-ft-°F.

Analysis The nodal spacing is given to be Ax;=1 in. in the plate, and be Ax,=0.6 ft in the soil. Then the number of nodes
becomes

. Tk
L L 5in 3t Y
M=|— +| — +l=—+—+1=11 - ;
(ijpme [ijson lin  0.6f Radiation Conveﬁt?”
The temperature at node 10 (bottom of thee soil) is given to be € ( .
T10=50°F. Nodes 1, 2, 3, and 4 in the plate and 6, 7, 8, and 9 in A \ 1t
the soil are interior nodes, and thus for them we can use the general > b
finite difference relation expressed as Plate 3 ,}
lin
- : . 40
%+%=0—>Tﬂ]&—ﬂm+mﬂ:0 (since & = 0) s
The finite difference equation for node 0 on the left surface and node 5 6
at the interface are obtained by applying an energy balance on their Soil } 0.6 ft
respective volume elements and taking the direction of all heat 74
transfers to be towards the node under consideration:
T, -T 8t
Node 0 (top surface) :  h(T,, —Ty) + &0 Ty — (To +460)* 1+ Ky % =0
1 [*IN
Node 1 (interior) : To—2T,+T, =0
Node 2 (interior) : T, -2T,+T3 =0 10p
Node 3 (interior) : T,-2T;+T, =0 v
Node 4 (interior) : T3 -2T,+T5 =0
7 . T4 _T5 T6 _TS
Node 5 (interface ) : Kplate A—xl +Kgoit A—xz =0
Node 6 (interior) : Ts —2Tg+T, =0
Node 7 (interior) : Tg—2T; +Tg =0
Node 8 (interior) : T, —2Tg+Ty =0
Node 9 (interior) : Tg —2Tg +To =0

where

AX=1/12 ft, A%,=0.6 ft, Kpiare = 7.2 Btu/h-ft-°F, ke = 0.49 Btu/h-ft-°F,

h = 3.5 Btu/h-ft>-°F, Tey =510 R, € = 0.6, T,, =80°F, and Ty, =50°F.
This system of 10 equations with 10 unknowns constitute the finite difference formulation of the problem.
(b) The temperatures are determined by solving equations above to be

To=74.71°F, T,=74.67°F, T,=74.62°F, T3;=74.58°F, T,=74.53°F,

Ts=74.48°F, Tq=69.6°F, T; =64.7°F, Tg =59.8°F, Tg =54.9°F

Discussion Note that the plate is essentially isothermal at about 74.6°F. Also, the temperature in each layer varies linearly
and thus we could solve this problem by considering 3 nodes only (one at the interface and two at the boundaries).

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-19

5-33E A large plate lying on the ground is subjected to convection from its exposed surface. The finite difference formulation
of this problem is to be obtained, and the top and bottom surface temperatures under steady conditions are to be determined.

Assumptions 1 Heat transfer through the plate is given to be steady and one-dimensional. 2 There is no heat generation in the
plate and the soil. 3 The thermal contact resistance at the plate-soil interface is negligible. 4 Radiation heat transfer is
negligible.

Properties The thermal conductivity of the plate and the soil are given to be ke = 7.2 Btu/h-ft-°F and ks = 0.49 Btu/h-ft-°F.

Analysis The nodal spacing is given to be Ax;=1 in. in the plate, and be Ax,=0.6 ft in the soil. Then the number of nodes

becomes
L L 5i 3 Convection
M =(—j +[—j 1=, 2R g h, T,
AX ) piare \AX ) g lin 0.6f
\ 0
The temperature at node 10 (bottom of thee soil) is given to be 17
T10=50°F. Nodes 1, 2, 3, and 4 in the plate and 6, 7, 8, and 9 in the Plate 27
soil are interior nodes, and thus for them we can use the general finite 3 '} 1in
difference relation expressed as 4f
. 5
W+%:o—>m4—ﬂmﬂmﬂzo (since é = 0) .|
The finite difference equation for node 0 on the left surface and node 5 Soil } 0.6 ft
at the interface are obtained by applying an energy balance on their [
respective volume elements and taking the direction of all heat
transfers to be towards the node under consideration: 8t
T, -T
Node 0 (top surface) : (T, ~To)+Kypye -2 =0 ot
1

Node 1 (interior) : To—2T,+T, =0 10

Node 2 (interior) : T,-2T, +T4 =0 v

Node 3 (interior) : T,-2T;+T, =0

Node 4 (interior) : T3 -2T,+T5 =0

. T,-T Te—T
Node 5 (interface ) : Kptate ——— + Kgojj ——>=0
1 2

Node 6 (interior) : Ts —2Tg+T, =0

Node 7 (interior) : Tg—2T; +Tg =0

Node 8 (interior) : T, —2Tg+Ty =0

Node 9 (interior) : Tg —2Tg+T; =0

where

AX=1/12 ft, A%,=0.6 ft, Kpiare = 7.2 Btu/h-ft-°F, ke = 0.49 Btu/h-ft-°F,

h = 3.5 Btu/h-ft°F, T, =80°F, and Ty, =50°F.
This system of 10 equations with 10 unknowns constitute the finite difference formulation of the problem.
(b) The temperatures are determined by solving equations above to be

To=78.67°F, T,=78.62°F, T,=78.57°F, T3=78.51°F, T,=78.46°F,

Ts=78.41°F, Tg=72.7°F, T,=67.0°F, Tg=61.4°F, Tg¢=55.7°F

Discussion Note that the plate is essentially isothermal at about 78.6°F. Also, the temperature in each layer varies linearly
and thus we could solve this problem by considering 3 nodes only (one at the interface and two at the boundaries).
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5-34 A steel plate with no internal heat generation is subjected to a uniform heat flux on its top surface while the bottom
surface is cooled convectively by a fluid at 10°C and having h = 150 W/m?K. Using finite difference formulation, the
temperature at the midpoint of the plate is to be determined.

Assumptions 1 Steady state 1-D heat transfer in lateral direction. 2 Constant thermal conductivity of the steel plate.

Properties Thermal conductivity of the steel plate is given as 35 W/m-K.

Analysis To discretize the plate of thickness 0.1 m into four equal parts, each part must be of length 0.025 mii.e.,
Ax =0.025m

And hence the number of nodes is

L 0.1

M=1+—=1+ =5
AX 0.025

This problem involves 5 unknown nodal temperatures and hence we need 5 equations to determine these temperatures. The
steel plate thickness is discretized such that the node 0 is on the bottom of the plate exposed to convective environment while
the node 4 is on the top surface exposed to the uniform heat flux. Nodes 1, 2 and 3 are the internal nodes and their
temperature can be expressed using general form of the finite difference formulation.

w+e—m=0 for m=0,1,2and 3
AX k

The finite difference formulation at the top and bottom surfaces can be obtained by applying energy balance on the half
volume element around these nodes and considering all heat transfers towards these nodes. The finite difference equations for
different nodes without internal heat generation are as follows.

Node 0 (Bottom node):  hA(T,, —T, )+ kA(TlA—XTo j 0

Node 1 (Interior node): To-2Nh+T,

AX
Node 2 (Interior node): T-2Tp +T5 =0

AX
Node 3 (Interior node): mzo

AX

. . To-Tq )

Node 4 (Top node): Go A+ KA )" 0

where
Ax=0.025m,h=150W/m?- K, k=35W/m- K.q, =5500 W/m? and T_=10°C

Solving these five equations for five unknowns using EES or any other software gives
To = 46.67°C, T, =50.6°C, T, = 54.52°C, T, = 58.45°C, T, = 62.38°C.
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5-35 A composite wall made up of two different materials is subjected to constant temperature and radiation boundary
condition. The finite difference formulations and the temperature distribution across the wall thickness is to be determined

Assumptions 1 1-D steady state heat conduction. 2 No internal heat generation in material B. 3 Constant thermal
conductivities. 4 Perfect contact at the material A and B interface.

Properties Thermal conductivity of material A is k = 45 W/m-K and that of material B is k = 28 W/m-K.

Analysis Using a nodal spacing of 2.5 cm, the composite wall of thickness 20 cm (10 cm thick material A and B each) can be
discretized into 8 equal parts (4 parts of material A and B each).

And hence the number of nodes is

M =1+ L =1+ 02 =9
AX 0.025
This problem involves 9 unknown nodal temperatures and hence we need 9 equations to determine these temperatures. The
composite wall thickness is discretized such that the node 1 is on the left side boundary of the wall exposed to a constant heat
flux while node 9 is placed such that it is on the right boundary of the composite wall. Node 5 is at the interface of material A
and B.

The finite difference equations at all nodes are as follows

Node 1: (Left boundary node) g+Kka (TZA_Tl) +é, % =0
X
Node 2: (Internal node) K (1 -T;) +kp (s —T,) +€,Ax=0
AX AX
Node 3: (Internal node) K (T2 Ts) +kpu (T4 —Ts) +6,Ax=0
AX AX
Node 4: (Internal node) K (s —Ta) +kpu (s —Ta) +€,Ax=0
AX AX
Node 5: (Interface node) K (T, _T5)+ém X kg (s —Ts) _ 0
AX 2 AX
Node 6: (Internal node) kg (Ts _T6)+ kg (T —Te) _ 0
AX AX
Node 7: (Internal node) k u _T7)+kB (s —T7) =0
AX AX
Node 8: (Internal node) kg (77 ~Te7) +kg (s —To) _ 0
AX AX

Node 9: (Right boundary node) ~ h(T,, —Tg )+ sa(TS‘er ~T4 )+ Kg (TBA_XTg) -0

T, =216.9°C, T,=2139°C, T3=209.9°C, T,=205°C, Ts =199.1°C,
Te=188.8°C, T,=178.6°C, Tg=168.3°C, T,=158°C.
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5-36 A stainless steel plane wall experiencing a uniform heat generation is subjected to constant temperature on one side and

convection on the other. The finite difference equations and the nodal temperatures are to be determined.

Assumptions 1 Heat transfer through the wall is steady and one-dimensional. 2 Thermal properties are constant. 3 Heat

transfer by radiation is negligible.
Properties The thermal conductivity is given as 15.1 W/m-K.

Analysis (a) The nodal spacing is given to be AX =2 cm. Then the number of N o

nodes M becomes

M=t 1-1M 16
AX 0.2m

The left surface temperature is given to be T, = 70°C. There are 5 unknown 0 ':(l’ Ax
nodal temperatures, thus we need to have 5 equations to determine them \ T
uniquely. Nodes 1, 2, 3, and 4 are interior nodes, and we can use the general N =
finite difference relation expressed as
Tog— 2Ty + T | @ é
mil Zm T omd Mg o T, = 2T, 4T+ A2 =0 — ]
AX? k k

hT,

The finite difference equation for node 5 on the right surface subjected to convection is obtained by applying an energy

balance on the half volume element about that node:
T, -T AX h AX? h
k—2—24+é —+h(T, -T;)=0 T, |1+ —AX [T + ——é +—AXT
AX 575 (T, = Ts) - 4 ( K }Ts oK 2T w
Then

m=1 T,-2T,+T,+(&/k)Ax* =0

m=2: T, —2T,+T;+ (& /k)AX* =0

m=3: T,—2T,+T, +(&/k)AX* =0
m=4: Ty—2T, +T; +(&,/k)AX? =0

m=5 T, - (L+hAX/K)Ts + (Ax%6;) /(2K) + (hAX/K)T,, =0

=0

(b) The nodal temperatures under steady conditions are determined by solving the 5 equations above simultaneously with an

equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:

e_gen=1000

h=250

k=15.1

Dx=0.2

T_inf=0

T_0=70

T_0-2*T_1+T_2+(e_gen/k)*Dx"

T_1-2*T_2+T_3+(e_gen/k)*Dx"

T_2-2*T_3+T_4+(e_gen/k)*Dx"

T_3-2*T_4+T_5+(e_gen/k)*Dx"2

T_4-(1+h*Dx/k)*T_5+(Dx"2*e_gen)/(2*k)+(h*Dx/k)*T_inf=0
Solving by EES software, we get

T, =62.5°C, T, =52.3°C, T;=39.5°C, T,=24.0°C, T;=5.87°C

NN DN
o
OO OO

Discussion For a very large value of convection heat transfer coefficient (e.g. 20000 W/m?K), the right surface temperature

would become approximately the same as the ambient fluid temperature (Ts = T.,).
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5-37 For a 0.1 m thick stainless steel plate exposed to a constant heat flux and convection environment, temperature
distribution is to be determined for a case of variable thermal conductivity.

Assumptions 1 One-dimensional steady state heat conduction. 2 No internal heat generation.

Properties The thermal conductivity of the stainless steel plate is given as k(T) =k, 1+ £T) where k, = 48 W/m-K and £ =
9.21x10*°C*

Analysis The one-dimensional first derivative of the finite difference formulation for an interior node ‘m’ in between node
‘m-1" and ‘m+2’ is expressed as

k(T)?j—T

X

— (Tm—l +Tm) (Tm—l _Tm) dT
_k0[1+ pr o and k(T)&

=k |:1+ ﬂ (Tm+l +Tm ):| (Tm+1 _Tm)
— o
m-t met 2 AX
2 2
Now accounting for the internal heat generation and combining these two equations to get the finite difference equation for
the interior node ‘m’ gives

(Tm+1 _Tm {1"' g(Terl +Tm ):| + (Tm—l _Tm {1"' g (Tm—l +Tm )i| + ém

2
AX:O

(Tm—l - 2Tm +Tm+1)+ g h—n%—l - 2Tn% +Tr’r%+1]+ e-m

o

For the left boundary node exposed to constant heat flux we replace thermal conductivity ‘K’ in Eq. (5-22) by

k(T) =k, (@+ £T) resulting into following equation
IAX € AX?
(T —Tm)+§(Tr§+l —Tnf)+qk—0+"éTo -0

For the right boundary node exposed to convection environment we replace thermal conductivity ‘k’ in Eq. (5-24) by
k(T) =k, (@+ £T) resulting into following equation

Ty =T )+ g(T,ﬁ_l —Tnf)+

)
hAx (TOO —Tm)+ emAX -0
K, ok,

The finite difference equations for the interior and boundary nodes based on the above equations are expressed as follows

. . 2
Node 0: (Left boundary node) (T, —T0)+£(T12 ~T2 )+q_Ax L EmXT
2 k, | 2K,
3 2
Node 1: (Internal node) (T, —2T, +T2)+§(-|-02 T2 4T )+ e’ _
(0]
A 2
Node 2: (Internal node) (T, - 2T, +-|-3)+§(le _oT2 T2 )+ e _
(0]
4 2
Node 3: (Internal node) (T, 2T, +-|-4)+§(-|-22 _o1? +T42)+ emkAX _0
(0]
3 2
Node 4: (Internal node) (T, —2T, +T5)+§(T?,2 _oT2 T2 )+ € _
(0]
C Ay2
Node 5: (Right boundary node) (T, _T5)+§(-|-42 _T2 )+ hkAX (T, -To)+ er;ix 0
(0] (0]

The temperature distribution in the stainless steel plate is found by solving these 5 equations simultaneously in EES or any
other software.
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"Given data"

k_o =48 [W/mC] " Thermal conductivity"

beta = 9.21e-4 [C"-1] “Temperature coefficient of thermal conductivity”
e_dot = 8e5 [W/m”3] " Internal heat generation per unit volume"

g_dot = 2000 [W/m”2] "Heat flux at left boundary"

DELTAXx = 0.02 [m] " Mesh size"

h = 400 [W/m”2C] "Convective heat transfer coefficient at right boundary"
T_infi = 0 [C] " Conective environment temperature"

"Finite difference equations"

"Node 0"(T[1]-T[0])+beta/2*(T[1]*2-T[0]*2)+q_dot*DELTAx/k_o+e_dot*DELTAX"2/(2*k_o0) = 0

"Node 1"(T[0]-2*T[1]+T[2])+beta/2*(T[0]*2-2*T[1]*2+T[2]*2)+e_dot*DELTAXx"2/k_o =0

"Node 2"(T[1]-2*T[2]+T[3])+beta/2*(T[1]"2-2*T[2]*2+T[3]*2)+e_dot*DELTAx"2/k_o =0

"Node 3"(T[2]-2*T[3]+T[4])+beta/2*(T[2]*2-2*T[3]"2+T[4]*2)+e_dot*DELTAXx"2/k_o =0

"Node 4"(T[3]-2*T[4]+T[5])+beta/2*(T[3]"2-2*T[4]*2+T[5]*2)+e_dot*DELTAx"2/k_o =0

"Node 5"(T[4]-T[5])+beta/2*(T[4]"2-T[5]"2)+e_dot*DELTAx"2/(2*k_0)+h*DELTAx/k_o*(T_infi-T[5]) =0

To=276.6 °C, T, =273.3°C, T, = 264.6 °C, T3 = 250.5 °C, T, = 230.7 °C, Ts = 205 °C.

Discussion Thermal conductivity as a function of temperature must be accounted for during finite difference formulations for
high temperature applications such as metallurgical processes and thermal power generation.
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5-38 Straight rectangular fins are attached to a plane wall. For a single fin, (a) the finite difference equations, (b) the nodal
temperatures, and (c) heat transfer rate are to be determined. The heat transfer rate is also to be compared with analytical
solution.

Assumptions 1 Heat transfer along the fin is steady and one-dimensional. 2 Thermal properties are constant. 3 Heat transfer
by radiation is negligible.

Properties The thermal conductivity is given as 235 W/m'K.

Analysis (a) The nodal spacing is given to be AX = 10 cm. Then the number of nodes M becomes

M=ty 0mM g
AX 10 mm nT,
The base temperature at node 0 is given to be T, = 350°C. There are 5
unknown nodal temperatures, thus we need to have 5 equations to determine
them uniquely. Nodes 1, 2, 3, and 4 are interior nodes, and we can use the O ] Ze e Je 5S¢
general finite difference relation expressed as
Tt —T T —T \
KA-TL_—T y KATHE T h(pAX)(T,, —T,,) =0
AX AX
— TI.I
2 2

T, —[2 . hp%JTm T+ hp%tﬁ 0
where

hpAx?  h(2t +2w)Ax® (154 W/m? - K)2(0.005m +0.1m)(0.01m)* 0.0275

KA k(wt) (235 W/m- K)(0.005 m)(0.1m)

The finite difference equation for node 5 at the fin tip (convection boundary) is obtained by applying an energy balance on the
half volume element about that node:

T, -T pPAX
KA—2—5 4+ hl ==+ A -T:)=0
AX + ( 2 + J(Too 5)

Ty - |14 DAX[PAX | p )iy,  AXPAX ke
Al 2 Al 2

where
%‘[% + Aj - h%"[—(t +V\\/I\':)AX +1} —0.0203
Then,
m=1 T,—2.0275T, +T, +0.0275T, =0
m=2. T, —2.0275T,+T, +0.0275T, =0
m=3: T,—20275T, +T, +0.0275T, =0
m=4: T,—20275T, +T, +0.0275T, =0

m=5: T, -1.0203T5 +0.0203T,, =0

(b) The nodal temperatures under steady conditions are determined by solving the 5 equations above simultaneously with an
equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:

T_0=350

T_0-2.0275*T_1+T_2+0.0275*25=0

T_1-2.0275*T_2+T_3+0.0275*25=0

T_2-2.0275*T_3+T_4+0.0275*25=0

T_3-2.0275*T_4+T_5+0.0275*25=0
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T_4-1.0203*T_5+0.0203*25=0
Solving by EES software, we get

T, =316.6°C, T, =291.2°C, T, =273.2°C, T,=261.9°C, T; =257.2°C
(c) The rate of heat transfer from a single fin is simply the sum of the heat transfer from the nodal elements,

5 5
inn, num = ZQelement,m = ZhAsurface, m (Tm -Ty)
m=0

m=0
AX AX
=445W

For straight rectangular fins, the analytical solution from Chapter 3 for the heat transfer rate is,

Qfin.exact = i MAin (Ty =T, ) = (0.813)(154 W/m? - K)(0.0105 m*)(350 - 25) °C = 427 W

m= /2—h =16.19m™
kt

L, =L+t/2=0.0525m

where

Agn = 2wL, = 0.0105m?

_ tanhmL,
mL

Min =0813

C

Discussion The comparison between the analytical and numerical solutions is within £4.3% agreement. One way to increase
the accuracy of the numerical solution is by reducing the nodal spacing, thereby increasing the number of nodes.
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5-39 The handle of a stainless steel spoon partially immersed in boiling water loses heat by convection and radiation. The
finite difference formulation of the problem is to be obtained, and the tip temperature of the spoon as well as the rate of heat
transfer from the exposed surfaces are to be determined.

Assumptions 1 Heat transfer through the handle of the spoon is given to be steady and one-dimensional. 2 Thermal
conductivity and emissivity are constant. 3 Convection heat transfer coefficient is constant and uniform.

Properties The thermal conductivity and emissivity are given to be k = 15.1 W/m-°C and ¢=0.6.

Analysis The nodal spacing is given to be Ax=3 cm. Then the number of nodes M

becomes Teur g
L 18cm 4
M=—+1= +1=7 3cm
AX 3cm h, T, 3 }
2
The base temperature at node 0 is given to be T, = 95°C. This problem involves 6 1

unknown nodal temperatures, and thus we need to have 6 equations to determine them

uniquely. Nodes 1, 2, 3, 4, and 5 are interior nodes, and thus for them we can use the

general finite difference relation expressed as

T =T
AX

KA

n kAT'“”A;T”‘ FR(PAXY(T,, ~Tp) + 0 (PAQIT Ly — (T +273)*1=0

or Ty —2T, +T. +h(pAX? TKA)T,, —T.,)+so(pAX? [ KA)Ta . — (T, +273)*]1=0, m=1,23,45

The finite difference equation for node 6 at the fin tip is obtained by applying an energy balance on the half volume element
about node 6. Then,

m=1: Ty — 2T, +T, +h(pAx? [ KA)(T,, —T,) + o (pAX? 1 KA)[To . — (T, +273)*]1=0
m=2: T, — 2T, +T5 +h(pAX? [ KAX(T,, —T,) +so(pAX? / KA)[Tet . — (T, +273)*1=0
m=3: T, — 2T, + T, +h(pAX? [ KAY(T,, —T5) + &0 (pAX? [ KA)Ta . —(Ts +273)*1=0
m= 4: T, —2T, + T +h(pAX?  KAX(T,, —T,) +so(pAX? [ kKA)[Teh . —(T, +273)*1=0

m=5: T, — 2T +Tg +h(pAX? 1 KAY(T,, —Ts) +so(pAX? [ KA)[Ta . —(Ts +273)*1=0

Node 6: kATF’A;TMh(pr/er AT, —Tg)+eo(pAX/ 2+ A)[Ter — (Ts +273)*1=0
X

suIr
where
Ax=0.08m, k=15.1W/m.°C,¢=0.6, T, =25°C, T, =95°C, T, =295K, h=13 W/n? -°C

and A=(1cm)(0.2cm) =0.2cm? =0.2x10* m? and p=2(1+0.2cm)=2.4cm =0.024m

The system of 6 equations with 6 unknowns constitute the finite difference formulation of the problem.

(b) The nodal temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an
equation solver to be

T1=49.0°C, T,=33.0°C, T3=27.4°C, T,=255°C, T5=24.8°C, and Tg=24.6°C,

(c) The total rate of heat transfer from the spoon handle is simply the sum of the heat transfer from each nodal element, and is
determined from

6 6 6
inn = ZQelen'ent, m= ZhAsurface,m (Tm _Too) + ZEO—Asurface,m [(Tm + 273)4 _Tsﬁrr] =0.923 W
m=0

m=0 m=0

where Agyrface, m =PAX/2 for node 0, Agyrface, m =PAX/2+A for node 6, and Agyrface, m =PAX for other nodes.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-28

5-40 A circular fin of uniform cross section is attached to a wall. The finite difference equations for all nodes are to be
obtained, the nodal temperatures along the fin and the heat transfer rate are to be determined and compared with analytical
solutions.
Assumptions 1 Heat transfer along the fin is steady and one-dimensional. 2 Thermal properties are constant. 3 Heat transfer
by radiation is negligible.
Properties The thermal conductivity of the fin is given as 240 W/m'K.
Analysis (a) The nodal spacing is given to be Ax = 10 mm. Then the number of nodes M becomes

M = L 1 50 mm

AX 10 mm

The base temperature at node 0 is given to be T, = 350°C. There are 5 i T
unknown nodal temperatures, thus we need to have 5 equations to
determine them uniquely. Nodes 1, 2, 3, and 4 are interior nodes, and

+1=6

we can use the general finite difference relation expressed as ¢ Je Ze e Je ¢
T =T Toa =T,
KA-DL_—M 4 kA  h(pAX)(T,, —T,,) =0
~ ~ (pAX)( m)
2
T 2T 4T+ P 10 — T
kA

where

hpAx?  4hAx?  4(250 W/m? - K)(0.01m)?
kA kD (240 W/m- K)(0.01m)

The finite difference equation for node 5 at the fin tip (convection boundary) is obtained by applying an energy balance on the
half volume element about that node:

=0.04167

T, -T AX hAX ( pAX
kA%+h[pT+Aj(Tw—Ts)=o = T4—T5+K(pT+Aj(TOO—T5):O

where
hAX( pAX ) _PAX(2AX ) 03195
kA | 2 k D

Then,

1 Ty—2T,+T,+0.04167(T, —T,) =0
2. T,-2T,+T;+0.04167(T, -T,) =0
3. T,—2T,+T, +0.04167(T, —T,) =0
41 Ty—2T, +T; +0.04167(T, —T,) =0
m=5 T, -Ts+0.03125T, —-T;) =0

(b) The nodal temperatures under steady conditions are determined by solving the 5 equations above simultaneously with an
equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:
T_0=350
T_0-2*T_1+T_2+0.04167*(25-T_1
T_1-2*T_2+T_3+0.04167*(25-T_2
T_2-2*T_3+T_4+0.04167*(25-T_3
T_3-2*T_4+T_5+0.04167*(25-T_4
T_4-T_5+0.03125%(25-T_5)=0
Solving by EES software, we get
T, =304.1°C, T, =269.9°C, T;=245.9°C, T, =231.0°C, T; =224.8°C
From Chapter 3, the analytical solution for the temperature variation along the fin (for convection from fin tip) is given as
T(x)-T,, _coshm(L—x)+ (h/mk)sinhm(L —x)
T, —T. coshmL + (h/mk)sinhmL

o0

m
m
m
m

N N N N
i nn
[eNeNoNe)
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The nodal temperatures for analytical and numerical solutions are tabulated in the following table:

T(x),°C
X, m

Analytical  Numerical
0 350.0 350.0
0.01 304.0 304.1
0.02 269.7 269.9
0.03 245.6 245.9
0.04 230.7 231.0
0.05 224.5 224.8

The comparison of the analytical and numerical solutions is shown in the following figure:

350 4
300 -
9
[y
250 ~
2004 — Analyti_cal
| @ Numerical
T . . . T . . . T . . . T . . . T
0.00 0.01 0.02 0.03 0.04 0.05

X, m

(c) The rate of heat transfer from a single fin is simply the sum of the heat transfer from the nodal elements,
5 5
inn = ZQelement,m = ZhAsurface,m (Tm -Ty)
m=0 m=0

_ hp%(To T, )+ hpAX(T, +T, +T5 + T, —4Tw)+h(p%+ AJ(T5 -T))

=99.2W
From Chapter 3, the analytical solution for the heat transfer rate of fin with convection from the tip is,
: sinhmL + (h/mk) cosh mL
in = +/ NPKA, -T
Qeonviip PRA (T —T-.) cosh mL + (h/mk)sinhmL
= (0.3848 W/°C)(350 °C — 25°C)(0.7901)
=98.8W

where

hp A D2 5. 2
m= W:ZOAlm , p=7D=0.03142m, AC=T=7.854><10 m
C

5-29

Discussion For part (b), the comparison between the analytical and numerical solutions is excellent, with agreement within

+0.15%. For part (c), the comparison between the analytical and numerical solutions is within +£0.5%.
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5-41 A circular aluminum fin of uniform cross section with adiabatic tip is attached to a wall. The finite difference equations
for all nodes are to be obtained and solved using Gauss-Seidel iterative method, and the nodal temperatures along the fin are
to be determined and compared with analytical solution.

Assumptions 1 Heat transfer along the fin is steady and one-dimensional. 2 Thermal properties are constant. 3 Heat transfer
by radiation is negligible.

Properties The thermal conductivity of the fin is given as 237 W/m-K.
Analysis (a) The nodal spacing is given to be AX = 10 mm. Then the number of nodes M becomes

M=t 1= 1 ¢ WT
AX lcm T

The base temperature at node 0 is given to be T, = 300°C.
There are 5 unknown nodal temperatures, thus we need to s le 2e 3e Jde 3o
have 5 equations to determine them uniquely. Nodes 1, 2, 3, !
and 4 are interior nodes, and we can use the general finite
difference relation expressed in explicit form as

T =T
AX

-1
hpAx? hpAx?
Tm:[2+ pkA ] [Tm_1+Tm+l+ pkA TwJ

The finite difference equation for node 5 at the fin tip (adiabatic) is obtained by applying an energy balance on the half
volume element about that node:

Adiabatic tip

KA

m +kATm+1A_Tm +h(pAX)(T,, - T,) =0
X

-1
T, -T hpAx? hpAx?
AAL L h(pA(T, ~T;) =0  — Ty =[2+pTJ [2T4+ pkA Tw]

Then,
m=1: T, =0.4938T, +0.4938T, +0.1875

m=2: T, =0.4938T, +0.4938T, +0.1875

m=3: T, =0.4938T, +0.4938T, +0.1875
m=4: T, =0.4938T, +0.4938T, +0.1875
m=5 T, =0.9876T, +0.1875

(b) By letting the initial guessesas T, =T, =T; =T, =T; =250°C, the results obtained from successive iterations are listed
in the following table:

lteration Nodal temperature,°C
T, T, Ts T, Ts

1 271.8 257.8 251.0 247.6 244.7
2 275.6 260.2 250.9 244.9 242.1
3 276.8 260.8 249.9 243.1 240.3
4 277.1 260.4 248.8 241.7 238.9
5 276.9 259.8 247.8 240.5 237.7
6 276.6 259.2 246.9 239.5 236.7
7 276.3 258.6 246.1 238.6 235.9
8 276.0 258.0 245.4 237.9 235.1
52 273.7 253.9 240.1 232.0 229.3
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Hence, the converged nodal temperatures are
T, =273.7°C, T, =253.9°C, T;=240.1°C, T, =232.0°C, T, =229.3°C
From Chapter 3, the analytical solution for the temperature variation along the fin (for adiabatic tip) is given as

T(x)-T, _ coshm(L —x)
Ty - T, cosh mL

The nodal temperatures for analytical and numerical solutions are tabulated in the following table:

T(x),°C
X, M

Analytical Numerical
0 300.0 300.0
0.01 273.5 273.7
0.02 253.5 253.9
0.03 239.6 240.1
0.04 231.4 232.0
0.05 228.7 229.3

The comparison of the analytical and numerical solutions is shown in the following figure:

320

280 -

T,°C

260 -

240 -

220

[ — Analytical

®  Numerical
200 —
0.00 0.01 0.02 0.03 0.04 0.05

X, m

Discussion The comparison between the analytical and numerical solutions is excellent, with agreement within +£0.3%.
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5-42 A circular fin of uniform cross section is attached to a wall with the fin tip temperature specified as 250°C. The finite
difference equations for all nodes are to be obtained and the nodal temperatures along the fin are to be determined and
compared with analytical solution.

Assumptions 1 Heat transfer along the fin is steady and one-dimensional. 2 Thermal properties are constant. 3 Heat transfer
by radiation is negligible.

Properties The thermal conductivity of the fin is given as 240 W/m-K.
Analysis (a) The nodal spacing is given to be AX = 10 mm. Then the number of nodes M becomes

M=l p1220MM g g
AX 10mm kT

The base temperature at node 0 is given to be T, =350°C
and the tip temperature at node 5 is given as Ts = 200°C.
There are 4 unknown nodal temperatures, thus we need

to have 4 equations to determine them uniquely. Nodes
1, 2, 3, and 4 are interior nodes, and we can use the
general finite difference relation expressed as
|

Specified
lp temperature

Thq—T T —T,
kAL Moy gA MMy h(pAX)(T, —Ty) =0
~ ~ (PAX)(T,, = Tp)
hpAx?
Tm—l_ZTm+Tm+l+pT(Toc _Tm):0
where
2 2 2 2
hpAx =4hAx =4(250W/m -K)(0.01m) 004167
kA kD (240 W/m- K)(0.01m)
Then,

m=1: T,—2T, +T, +0.04167(T, —T,) =0

m=2: T, -2T,+T;+0.04167(T,, -T,)=0

m=3 T,—2T,+T, +0.04167(T, —T,) =0

m=4: T,-2T,+T;+0.04167(T, —T,) =0

(b) The nodal temperatures under steady conditions are determined by solving the 4 equations above simultaneously with an
equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:
T_0=350
T_5=200
T_0-2*T_1+T_2+0.04167*(25-T_
T_1-2*T_2+T_3+0.04167*(25-T_
T_2-2*T_3+T_4+0.04167*(25-T_
T_3-2*T_4+T_5+0.04167*(25-T_
Solving by EES software, we get

T, =299.9°C, T, =261.3°C, T, =232.5°C, T, =212.3°C

B WN =
N N N
I mnn
[eNeNoNe)

From Chapter 3, the analytical solution for the temperature variation along the fin (for specified tip temperature) is given as

Tx)-T, (T -T,)/(T, -T,)sinhmx+sinhm(L —x)
T-T, sinhmL
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The nodal temperatures for analytical and numerical solutions are tabulated in the following table:

T(x),°C
X, m
Analytical  Numerical

0 350.0 350.0
0.01 299.8 299.9
0.02 261.2 261.3
0.03 2324 2325
0.04 212.3 212.3
0.05 200.0 200.0

The comparison of the analytical and numerical solutions is shown in the following figure:

300 -

T,°C

250 A

200 -

—— Analytical
®  Numerical

0.00

Discussion The comparison between the analytical and numerical solutions is excellent, with agreement within £0.05%.
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5-43 A DC motor delivers mechanical power to a rotating stainless steel shaft. With a uniform nodal spacing of 5 cm along
shaft, the finite difference equations and the nodal temperatures are to be determined.
Assumptions 1 Heat transfer along the shaft is steady and one-dimensional. 2 Thermal properties are constant. 3 Heat transfer
by radiation is negligible.
Properties The thermal conductivity of the shaft is given as 15.1 W/m'K.
Analysis (a) The nodal spacing is given to be AX =5 cm. Then the number of nodes M becomes

M=t 125 4 ¢
AX 5cm
The base temperature at node 0 is given to be T, = 90°C. There are 5 hT

unknown nodal temperatures, thus we need to have 5 equations to determine
them uniquely. Nodes 1, 2, 3, and 4 are interior nodes, and we can use the

general finite difference relation expressed as e le 2o 3ie 4e e
T =T T =T
KAt _—M 4 gA-T M 4 h(pAX)(T,, —T,,) =0
o T+ h(pAX)(T,, =Ty |
hpAx? hpAx? 7
Tm71 —(Z'FW]Tm +Tm+1 +TTOO = 0 u

hpAx?  4hAx?  4(25 W/m? - K)(0.05m)?
kD (15.5 W/m- K)(0.025 m)

The finite difference equation for node 5 at the fin tip (convection boundary) is obtained by applying an energy balance on the
half volume element about that node:

T, -T pAX
KA—2—5 4+ hl ==+ A -T:)=0
AX + ( 2 + ](Tao 5)

Ty - |14 DAX[PAX | p )iy,  AXPAX ke
Al 2 kA | 2

where DA ( PAX Aj = @[Z—SX +1j — 0.4032

where 0.6452

k
Then,
1. T,—2.6452T, +T, +0.6452T,, =0
2: T, —2.6452T, +T; +0.6452T, =0
=3 T,-2.6452T; +T, +0.6452T,, =0
4: T;-2.6452T, +T5; +0.6452T,, =0
m=5: T, -1.4032T; +0.4032T,, =0
The nodal temperatures under steady conditions are determined by solving the 5 equations above simultaneously with an
equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:
T_0=90
T_0-2.6452*T_1+T_2+0.6452*20=0
T_1-2.6452*T_2+T_3+0.6452*20=0
T_2-2.6452*T_3+T_4+0.6452*20=0
T_3-2.6452*T_4+T_5+0.6452*20=0
T_4-1.4032*T_5+0.4032*20=0
Solving by EES software, we get
T, =52.03°C, T, =34.72°C, T;=26.92°C, T, =23.58°C, T; =22.55°C
Discussion The nodal temperatures along the motor shaft can be compared with the analytical solution from Chapter 3 for fin
with convection fin tip boundary condition:
T(x)-T, _coshm(L—x)+ (h/mk)sinhm(L - x)
T, —T. coshmL + (h/mk)sinhmL

o0
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5-44 One side of a hot vertical plate is to be cooled by attaching aluminum fins of rectangular profile. The finite difference
formulation of the problem for all nodes is to be obtained, and the nodal temperatures, the rate of heat transfer from a single
fin and from the entire surface of the plate are to be determined.

Assumptions 1 Heat transfer along the fin is given to be steady and one-dimensional. 2 The thermal conductivity is constant.
3 Combined convection and radiation heat transfer coefficient is constant and uniform.

Properties The thermal conductivity is given to be k = 237 W/m-°C.

. o WAL h, T.
Analysis (a) The nodal spacing is given to be Ax=0.5 cm. Then the
number of nodes M becomes o~ |
—
M:L+ = 2cm +1=5 . . . <
AX 0.5cm (0 1 2 3 4
|

The base temperature at node 0 is given to be T, = 80°C. This problem involves 4
unknown nodal temperatures, and thus we need to have 4 equations to determine |
them uniquely. Nodes 1, 2, and 3 are interior nodes, and thus for them we can use
the general finite difference relation expressed as

T .-T T ..-T
mfle m kA m“A M h(PAX)(T,, =T;y) =0 — Ty — 2T, + T,y +h(pAX? /KA)T,, —T,,) =0
X

KA

The finite difference equation for node 4 at the fin tip is obtained by applying an energy
balance on the half volume element about that node. Then,

m=1: Ty —2T, +T, +h(pAx? [ KA)(T,, —T,) =0
m=2: T, — 2T, +T5 + h(pAx? / KA)(T,, -T,) =0
m=3: T, —2T, +T, +h(pAx? [ KA)(T,, —T5) =0
Node 4: m%m(pmmm)aw—m:o

where  Ax=0.005m, k =237 W/m-°C, T, =35°C, T, =80°C, h=30 W/m? .°C

and A=(3m)(0.003m)=0.009m? and p=2(3+0.003m) =6.006m.

This system of 4 equations with 4 unknowns constitute the finite difference formulation of the problem.

(b) The nodal temperatures under steady conditions are determined by solving the 4 equations above simultaneously with an
equation solver to be

T,=79.64°C, T,=79.38°C, T;=79.21°C, T,=79.14°C
(c) The rate of heat transfer from a single fin is simply the sum of the heat transfer from each nodal element,

4 4
Qfin = ZQelement, m = Z hAsurface,m (rm -T,)
m=0 m=0

=hp(Ax/2)(Ty =T, )+ hpAx(T; + T, + T3 = 3T, )+ h(pAx/ 2+ AT, —-T,) =172 W
(d) The number of fins on the surface is

Plate height 2m

No. of fins = —— — =
Fin thickness +fin spacing  (0.003+0.004) m

=286 fins

Then the rate of heat tranfer from the fins, the unfinned portion, and the entire finned surface become
Qsin. ot = (NO. Of fins)Qg,, = 286(172 W)= 49,192 W

Quunfinned = Munfinned(To — Too) = (30 W/m? -°C)(286 x 3 m x 0.004 m)(80 — 35)°C = 4633 W
Quotal = Qfin. total + Qunfinned = 49,192 + 4633 = 53,825 W = 53.8kW
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5-45 One side of a hot vertical plate is to be cooled by attaching aluminum pin fins. The finite difference formulation of the

problem for all nodes is to be obtained, and the nodal temperatures, the rate of heat transfer from a single fin and from the
entire surface of the plate are to be determined.

Assumptions 1 Heat transfer along the fin is given to be steady and one-dimensional. 2 The thermal conductivity is constant.
3 Combined convection and radiation heat transfer coefficient is constant and uniform.

Properties The thermal conductivity is given to be k = 237 W/m-°C.

Analysis (a) The nodal spacing is given to be Ax=0.5 cm. Then the number —/ To h, T,
of nodes M becomes

M=t 1= 3M 9y A
AX 0.5cm 1
The base temperature at node 0 is given to be T, = 100°C. This problem 0 1 2 3 4 5 6|

involves 6 unknown nodal temperatures, and thus we need to have 6
equations to determine them uniquely. Nodes 1, 2, 3, 4, and 5 are interior
nodes, and thus for them we can use the general finite difference relation
expressed as -
Tm—l _Tm Tm+l _Tm 2
kA ~ +kA ~ +h(pAX)(T, —-T) =0 — Ty —2T, +Thus +h(pAXS TKAYT, —T,,) =0

The finite difference equation for node 6 at the fin tip is obtained by applying an energy balance on the half volume element
about that node. Then,

m=1: T, — 2T, +T, + h(pAx? / kAT, —T,) =0
m=2: T, — 2T, +T5 + h(pAx? 1 KA)(T,, —T,) =0
m=3: T, — 2T, + T, + h(pAx? /KA)(T, —T;) =0
m=4: T3 — 2T, +Ts +h(pAX® 1 KAY(T,, —T,) =0
m=5: T, —2T5 +Tg +h(pAx® / KA)(T, —T5) =0

Node 6: kA-r‘r’A;TG+h(pr/2+ AT, -Tg)=0
X

where  Ax=0.005m, k =237 W/m-°C, T, =30°C,T, =100°C, h=35W/m? -°C

A=D?/4=7(0.25cm)?/4=0.0491cm? =0.0491x10* m?
p = 7D = (0.0025 m) = 0.00785 m

and

(b) The nodal temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an
equation solver to be

T,=97.9°C, T,=96.1°C, T3=94.7°C, T,=93.8°C, T5=93.1°C, Tg=92.9°C
(c) The rate of heat transfer from a single fin is simply the sum of the heat transfer from the nodal elements,

6 6
Qﬁn = ZQelement, m= Z hAsurface,m (Tm _Too)
m=0 m=0

=hpAx/2(Ty =T, )+ hpAx(T; +T, + T3 + T, +T5 —5T, )+ h(pAx/ 2+ A)(Tg - T, ) =0.5496 W

(d) The number of fins on the surface is

No. of fins = Lm? =27,7781ins

(0.006 m)(0.006 m)

Then the rate of heat tranfer from the fins, the unfinned portion, and the entire finned surface become

Qfin. o = (NO. Of fins)Qy, = 27,778(0.5496 W)=15,267 W

Quunfinned = Munfinned(To =T ) = (35 W/m? -°C)(1-27,778x 0.0491x10* m?)(100 - 30)°C = 2116 W

Quotal = Qin, total + Qunfinned = 15,267 + 2116 =17,383 W = 17.4 KW
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5-46 One side of a hot vertical plate is to be cooled by attaching copper pin fins. The finite difference formulation of the

problem for all nodes is to be obtained, and the nodal temperatures, the rate of heat transfer from a single fin and from the
entire surface of the plate are to be determined.

Assumptions 1 Heat transfer along the fin is given to be steady and one-dimensional. 2 The thermal conductivity is constant.
3 Combined convection and radiation heat transfer coefficient is constant and uniform.

Properties The thermal conductivity is given to be k = 386 W/m-°C.

Analysis (a) The nodal spacing is given to be Ax=0.5 cm. Then the number —/ To h, T,
of nodes M becomes

M=t 1-3M 4 7 B
AX 0.5cm {
The base temperature at node 0 is given to be T, = 100°C. This problem 0 1 2 3 45 6|

involves 6 unknown nodal temperatures, and thus we need to have 6
equations to determine them uniquely. Nodes 1, 2, 3, 4, and 5 are interior
nodes, and thus for them we can use the general finite difference relation
expressed as -
Tm—l _Tm Tm+l _Tm 2
kA ~ +kA ~ +h(pAX)(T, —-T) =0 — Ty —2T, +Thus +h(pAXS TKAYT, —T,,) =0

The finite difference equation for node 6 at the fin tip is obtained by applying an energy balance on the half volume element
about that node. Then,

m=1: T, — 2T, +T, + h(pAx? / kAT, —T,) =0
m=2: T, — 2T, +T5 + h(pAx? 1 KA)(T,, —T,) =0
m=3: T, — 2T, + T, + h(pAx? /KA)(T, —T;) =0
m=4: T3 — 2T, +Ts +h(pAX® 1 KAY(T,, —T,) =0
m=5: T, —2T5 +Tg +h(pAx® / KA)(T, —T5) =0

Node 6: kA-r‘r’A;TG+h(pr/2+ AT, -Tg)=0
X

where  Ax=0.005m, k =386 W/m-°C, T, =30°C,T, =100°C, h =35 W/m? -°C

A=D?/4=7(0.25cm)?/4=0.0491cm? =0.0491x10* m?
p = 7D = (0.0025 m) = 0.00785 m

and

(b) The nodal temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an
equation solver to be

T,=98.6°C, T,=975°C, T3=96.7°C, T,=96.0°C, T5=95.7°C, T¢=95.5°C
(c) The rate of heat transfer from a single fin is simply the sum of the heat transfer from the nodal elements,

6 6
inn = ZQeIemem, m= Z hAsurface,m (Tm _Too)
m=0

m=0
=hpAx/2(Ty =T, ) +hpAX(T; +T, + T3 +T, +T5 —5T,, ) +h(pAx/ 2+ A)(Tg - T, ) =0.5641 W
(d) The number of fins on the surface is

No. of fins = Lm? =27,7781ins
(0.006 m)(0.006 m)
Then the rate of heat tranfer from the fins, the unfinned portion, and the entire finned surface become
Qsin. o = (NO. Of fins)Qg,, = 27,778(0.5641 W) =15,670 W
Quunfinned = Munfinned(To =T ) = (35 W/m? -°C)(1-27,778x 0.0491x10* m?)(100 - 30)°C = 2116 W

Quotal = Qfin. total + Qunfinned = 15,670+ 2116 =17,786 W = 17.8 KW

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.



5-38

5-47 A long triangular fin attached to a surface is considered. The nodal temperatures, the rate of heat transfer, and the fin
efficiency are to be determined numerically using 6 equally spaced nodes.

Assumptions 1 Heat transfer along the fin is given to be steady, and the temperature along the fin to vary in the x direction
only so that T = T(x). 2 Thermal conductivity is constant.

Properties The thermal conductivity is given to be k = 180 W/m-°C. The emissivity of the fin surface is 0.9.

Analysis The fin length is given to be L =5 c¢cm, and the number of nodes is specified to be M = 6. Therefore, the nodal
spacing Ax is
L 005m

AX = ——=0.01lm ]
M -1 6-1

The temperature at node 0 is given to be T, = 180°C, and the temperatures
at the remaining 5 nodes are to be determined. Therefore, we need to have 5
equations to determine them uniquely. Nodes 1, 2, 3, and 4 are interior
nodes, and the finite difference formulation for a general interior node m is
obtained by applying an energy balance on the volume element of this node.
Noting that heat transfer is steady and there is no heat generation in the fin Tourr
and assuming heat transfer to be into the medium from all sides, the energy
balance can be expressed as

. Toa =T Tt =T
ZQ =0—> I<AIeft W"'mright %"’ hAconv(Too _Tm)"'gO_Asurface [Tsﬁrr _(Tm +273)4}: 0

all sides

Note that heat transfer areas are different for each node in this case,
and using geometrical relations, they can be expressed as

Apete = (Height x width) g 1/, = 2w[L —(m—1/2)Ax]tan
Aignt = (Height xwidth) g 1,1/, = 2w[L —(m+1/2)Ax]tan
Aguriace = 2% Length x width = 2w(Ax / cos 6)

Substituting,

2L~ (m-0§)Ax]tan 021 T8 Jw{L - (m-+0.5) ] tan -2
X X

+ 2W(AX / cos ON(T,, —T,) + eo[Tay — (T + 273)* 3 =0
Dividing each term by 2kwL tan 8 /Ax gives

2
1002 T+ 1722 1 T+ O, 4 2O s 1, 2110
Substituting,

r 7 2
m=1 (1052 -1+ 1162, -y MO 1, 1) 00 s 7)o
m=2 [,_ g' Ax h(Ax)® o (A%)*

1151y o 128 [T+ B0 1, 1+ 2 s, 7, 2730
m=3 l1-257 (M T3)J{ %}(T T MO0y OO0 e, 2730

r 7 2 2
m=4 1-as T+ 148 T+ SO0, 1+ 2O s 1, a7y -0

An energy balance on the 5™ node gives the 5" equation,

m:5. Zkgtan9@+2hAX/2(Tw7T5)+2o—AX/Z
2 AX cos @

[Tsurr (TS + 273)4] =0
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Solving the 5 equations above simultaneously for the 5 unknown nodal temperatures gives
T,=177.0°C, T,=174.1°C, T;=171.2°C, T,=168.4°C, and Ts = 165.5°C

(b) The total rate of heat transfer from the fin is simply the sum of the heat transfer from each volume element to the ambient,
and for w = 1 m it is determined from

5 5 5
Qﬁn = Z Qelement, m = Z hAsu rface, m (Tm -T,)+ z gO-Asurface, m [(Tm + 273)4 _Ts‘lljrr]
m=0 m=0

m=0

Noting that the heat transfer surface area is wAx/cos & for the boundary nodes 0 and 5, and twice as large for the interior
nodes 1, 2, 3, and 4, we have

: WAX
inn = h w [(rO _Too ) + 2(T1 _Tw) + 2(T2 _Too ) + 20—3 _Too ) + 20—4 _Tw ) + (TS _Too )]
WAX
+ o0 — (Mo +273)* ~Toyr 1+ 2Ty +278)* ~Toyr 1+ 2T, +278) " ~Toy ]+ 2Ty +273)" =Ty ]
+2[(T, +273)* ~Tob 1+[(Ts +273)* Tyt T}
=537 W
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3
5-48 Prob. 5-47 is reconsidered. The effect of the fin base temperature on the fin tip temperature and the rate of heat
transfer from the fin is to be investigated.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

k=180 [W/m-C]
L=0.05 [m]

b=0.01 [m]

w=1 [m]

T_0=180 [C]

T _infinity=25 [C]
h=25 [W/m"2-C]

T _surr=290 [K]
M=6

epsilon=0.9
tan(theta)=(0.5*b)/L
sigma=5.67E-8 [W/m”2-K"4] “Stefan-Boltzmann constant"

"ANALYSIS"

ll(a)ll

DELTAx=L/(M-1)

"Using the finite difference method, the five equations for the temperatures at 5 nodes are determined to be"
(1-0.5*DELTAX/L)*(T_O-T_1)+(1-1.5*DELTAX/L)*(T_2-T_1)+(h*DELTAx"2)/(k*L*sin(theta))*(T _infinity-
T_1)+(epsilon*sigma*DELTAX"2)/(k*L*sin(theta))*(T_surr*4-(T_1+273)"4)=0 "for mode 1"

(1-1.5*DELTAX/L)*(T_1-T_2)+(1-2.5*DELTAX/L)*(T_3-T_2)+(h*DELTAx"2)/(k*L*sin(theta))*(T_infinity-
T_2)+(epsilon*sigma*DELTAX"2)/(k*L*sin(theta))*(T_surr*4-(T_2+273)"4)=0 "for mode 2"

(1-2.5*DELTAX/L)*(T_2-T_3)+(1-3.5* DELTAX/L)*(T_4-T_3)+(h*DELTAX"2)/(k*L*sin(theta))*(T_infinity-
T_3)+(epsilon*sigma*DELTAX"2)/(k*L*sin(theta))*(T_surr™4-(T_3+273)"4)=0 "for mode 3"

(1-3.5*DELTAX/L)*(T_3-T_4)+(1-4.5*DELTAX/L)*(T_5-T_4)+(h*DELTAx"2)/(k*L*sin(theta))*(T_infinity-
T_4)+(epsilon*sigma*DELTAX"2)/(k*L*sin(theta))*(T_surr*4-(T_4+273)"4)=0 "for mode 4"

2*k*DELTAXx/2*tan(theta)*(T_4-T_5)/DELTAx+2*h*(0.5*DELTAx)/cos(theta)*(T_infinity-
T_b)+2*epsilon*sigma*(0.5*DELTAX)/cos(theta)*(T_surr*4-(T_5+273)"4)=0 "for mode 5"

T tip=T_5

ll(b)ll
Q_dot_fin=C+D "where"

C=h*(W*DELTAX)/cos(theta)*((T_O-T_infinity)+2*(T_1-T_infinity)+2*(T_2-T_infinity)+2*(T_3-T_infinity)+2*(T_4-
T_infinity)+(T_5-T_infinity))

D=epsilon*sigma*(W*DELTAX)/cos(theta)*(((T_0+273)"-T_surr4)+2*((T_1+273)"-T_surr™)+2*((T_2+273)"4-
T_surr™)+2*((T_3+273)M-T_surr™)+2*((T_4+273)"4-T_surr™4)+((T_5+273)M-T_surr™4))
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To Tiip Qm
[Cl |IC W]
100 | 9351 | 239.8
105 | 98.05 | 256.8
110 | 102.6 | 274
115 | 107.1 | 291.4
120 | 111.6 | 309
125 | 116.2 | 326.8
130 | 120.7 | 344.8
135 | 1252 | 363.1
140 | 129.7 | 3815
145 | 134.2 | 400.1
150 | 138.7 | 419
155 | 143.2 | 438.1
160 | 147.7 | 4575
165 | 152.1 | 477.1
170 | 156.6 | 496.9
175 | 161.1 | 517
180 | 1655 | 537.3
185 | 170 557.9
190 | 174.4 |578.7
195 | 178.9 | 599.9
200 | 1833 | 621.2
650
600
550
500
EE, 450
£ 400
O I
350
300
250
200
100 120
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160
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5-49 Two cast iron steam pipes are connected to each other through two 1-cm thick flanges, and heat is lost from the flanges
by convection and radiation. The finite difference formulation of the problem for all nodes is to be obtained, and the
temperature of the tip of the flange as well as the rate of heat transfer from the exposed surfaces of the flange are to be
determined.

Assumptions 1 Heat transfer through the flange is stated to be steady and one-dimensional. 2 The thermal conductivity and
emissivity are constants. 3 Convection heat transfer coefficient is constant and uniform.

Properties The thermal conductivity and emissivity are given to be k = 52 T
W/m-°C and ¢ = 0.8. [ ho, T..
Analysis (a) The distance between nodes 0 and 1 is the thickness of the pipe, 'h

Ax;=0.4 cm=0.004 m. The nodal spacing along the flange is given to be I ,_AL

AX,=1 cm = 0.01 m. Then the number of nodes M becomes

] - I Jo b 2 3 45 6
M=—42-2 5 7 :
AX 1lcm '

This problem involves 7 unknown nodal temperatures, and thus we need to have 7 equations to determine them uniquely.
Noting that the total thickness of the flange is t = 0.02 m, the heat conduction area at any location along the flange is
Acong = 27t where the values of radii at the nodes and between the nodes (the mid points) are

ro=0.046 m, r;=0.05 m, r,=0.06 m, r3=0.07 m, r,=0.08 m, rs=0.09 m, rg=0.10 m

r91=0.048 m, r{,=0.055 m, r,3=0.065 M, r3,=0.075 M, rs;s=0.085 M, rss=0.095 m
Then the finite difference equations for each node are obtained from the energy balance to be as follows:

T,-T
Node 0: h; (271, )(T; = To) + k(27try,) 1A -0
X1
Node 1: k(27try,) +k(27tr,) +2[27(r, +175) 1 2)](A%, 1 2X0(T,, = T;) + eo[Tgyr — (T; +273)" 1} =0
1 2
Node 2: k(2ntry,) +k(27tr,3) +2(2atry, A, (T, —T,) + eo[Tg)r — (T, +273)"1}=0
2 X2
T2 —T3 T4 _T3 4 4
Node 3: k(27try3) +k(27tr34) + 227t Ax, {h(T,, = T3) + g0 [Toir — (T3 +273)" 1} =0
2 2
T3 _T4 T5 _T4 4 4
Node 4: k(27trs,) +k(27tr,s) +22atry Ax, (T, —Ty) +eo[Tyir — (T4 +273)"}=0
2 2
T4 _TS TG _T5 4 4
Node 5: k(2rtrys) +k(27trsg) +2(27trs A, Xh(T,, —Tg) + eoTgyy — (T5 +273) "} =0
2 2
T5 _TS 4 4
Node 6: k(27trsg) + 2[27t(AX, [ 2)(Fsg +1g) [ 2+ 22t Kh(T,, —Tg) + €o[Teyr — (Tg +273)" 13 =0
2
where Ax, =0.004m, Ax, =0.01m,k =52 W/m-°C,&£=0.8, T, =8°C, T;, =200°C, T, =290K
and h =25 W/n? -°C,h, =180 W/n? -°C, & = 5.67x10° W/nf - K*.

The system of 7 equations with 7 unknowns constitutes the finite difference formulation of the problem.

(b) The nodal temperatures under steady conditions are determined by solving the 7 equations above simultaneously with an
equation solver to be

To=119.7°C, T, =118.6°C, T,=116.3°C, T3=114.3°C, T,=112.7°C, Ts = 111.2°C, and T¢ = 109.9°C

(c) Knowing the inner surface temperature, the rate of heat transfer from the flange under steady conditions is simply the rate
of heat transfer from the steam to the pipe at flange section

6 6 6
inn = zQelement, m = Z hAsurface,m (Tm -To)+ ZEO-Asurface,m [(Tm + 273)4 _Tsﬁn] =83.6 W
m=1 m=1 m=1

where Aguface, m are as given above for different nodes.
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3
5-50 Prob. 5-49 is reconsidered. The effects of the steam temperature and the outer heat transfer coefficient on the
flange tip temperature and the rate of heat transfer from the exposed surfaces of the flange are to be investigated.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"
t_pipe=0.004 [m]
k=52 [W/m-C]
epsilon=0.8
D_o_pipe=0.10 [m]
t_flange=0.01 [m]
D_o flange=0.20 [m]
T_steam=200 [C]
h_i=180 [W/m”2-C]
T_infinity=8 [C]

h=25 [W/m"2-C]

T _surr=290 [K]
DELTAx=0.01 [m]
sigma=5.67E-8 [W/m”2-K"4] “Stefan-Boltzmann constant”

"ANALYSIS"

"(b)"

DELTAx_1=t pipe "the distance between nodes 0 and 1"

DELTAXx_ 2=t flange "nodal spacing along the flange"

L=(D_o_flange-D_o_pipe)/2

M=L/DELTAXx_2+2 "Number of nodes"

t=2*t_flange "total thixkness of the flange"

"The values of radii at the nodes and between the nodes /-(the midpoints) are"

r_0=0.046 "[m]"

r_1=0.05 "[m]"

r_2=0.06 "[m]"

r_3=0.07 "[m]"

r_4=0.08 "[m]"

r_5=0.09 "[m]"

r_6=0.10 "[m]"

r_01=0.048 "[m]"

r_12=0.055 "[m]"

r_23=0.065 "[m]"

r_34=0.075 "[m]"

r_45=0.085 "[m]"

r_56=0.095 "[m]"

"Using the finite difference method, the five equations for the unknown temperatures at 7 nodes are determined to
be"

h_i*(2*pi*t*r_0)*(T_steam-T_0)+k*(2*pi*t*r_01)*(T_1-T_0)/DELTAx_1=0 "node 0"
K*(2*pi*t*r_01)*(T_O0-T_1)/DELTAX_1+k*(2*pi*t*r_12)*(T_2-

T _1)/DELTAX_2+2*2*pi*t*(r_1+r_12)/2*(DELTAX_2/2)*(h*(T_infinity-T_1)+epsilon*sigma*(T_surr*4-
(T_1+273)"4))=0 "node 1"
k*(2*pi*t*r_12)*(T_1-T_2)/DELTAxX_2+k*(2*pi*t*r_23)*(T_3-T_2)/IDELTAx_2+2*2*pi*t*r_2*DELTAx_2*(h*(T_infinity-
T_2)+epsilon*sigma*(T_surr*4-(T_2+273)"4))=0 "node 2"
k*(2*pi*t*r_23)*(T_2-T_3)/DELTAX_2+k*(2*pi*t*r_34)*(T_4-T_3)/DELTAx_2+2*2*pi*t*r_3*DELTAx_2*(h*(T_infinity-
T_3)+epsilon*sigma*(T_surr*4-(T_3+273)*4))=0 "node 3"
k*(2*pi*t*r_34)*(T_3-T_4)/IDELTAX_2+k*(2*pi*t*r_45)*(T_5-T_4)/DELTAx_2+2*2*pi*t*r_4*DELTAx_2*(h*(T_infinity-
T_4)+epsilon*sigma*(T_surr*4-(T_4+273)*4))=0 "node 4"
k*(2*pi*t*r_45)*(T_4-T_5)/DELTAX_2+k*(2*pi*t*r_56)*(T_6-T_5)/DELTAx_2+2*2*pi*t*r_5*DELTAx_2*(h*(T_infinity-
T_5)+epsilon*sigma*(T_surr*4-(T_5+273)*4))=0 "node 5"
k*(2*pi*t*r_56)*(T_5-T_6)/DELTAX_2+2*(2*pi*t*(r_56+r_6)/2*(DELTAX_2/2)+2*pi*t*r_6)*(h*(T_infinity-
T_6)+epsilon*sigma*(T_surr*4-(T_6+273)*4))=0 "node 6"

T tip=T_6

NI

5
6
0
1
2
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“(c)"

Q_dot=Q _dot_1+Q dot 2+Q_dot 3+Q_dot 4+Q dot 5+Q dot 6 "where"
Q_dot_1=h*2*2*pi*t*(r_1+r_12)/2*DELTAX_2/2*(T_1-
T_infinity)+epsilon*sigma*2*2*pi*t*(r_1+r_12)/2*DELTAX_2/2*((T_1+273)"4-T_surr™4)
Q_dot_2=h*2*2*pi*t*r_2*DELTAx_2*(T_2-T_infinity)+epsilon*sigma*2*2*pi*t*r_2*DELTAX_2*((T_2+273)"4-

T_surr™4)

Q_dot_3=h*2*2*pi*t*r_3*DELTAx_2*(T_3-T_infinity)+epsilon*sigma*2*2*pi*t*r_3*DELTAX_2*((T_3+273)"-

T_surr™4)

Q_dot_4=h*2*2*pi*t*r_4*DELTAX_2*(T_4-T_infinity)+epsilon*sigma*2*2*pi*t*r_4*DELTAX_2*((T_4+273)™-

T_surr™4)

Q_dot_5=h*2*2*pi*t*r_5*DELTAx_2*(T_5-T_infinity)+epsilon*sigma*2*2*pi*t*r_S*DELTAX_2*((T_5+273)"-

T_surr™4)

Q_dot_6=h*2*(2*pi*t*(r_56+r_6)/2*(DELTAX_2/2)+2*pi*t*r_6)*(T_6-
T_infinity)+epsilon*sigma*2*(2*pi*t*(r_56+r_6)/2*(DELTAX_2/2)+2*pi*t*r_6)*((T_6+273)"4-T_surr*4)

Tsteam Ttip Q

€ € |

150 84.42 | 60.83
160 89.57 | 65.33
170 94.69 | 69.85
180 99.78 | 744

190 104.8 | 78.98
200 109.9 | 83.58
210 1149 | 88.21
220 119.9 | 92.87
230 1248 | 97.55
240 129.7 | 102.3
250 134.6 | 107

260 139.5 | 111.8
270 1443 | 116.6
280 149.1 | 1214
290 1539 | 126.2
300 158.7 | 131.1

h Tiip 3
[wim’.C] | [C] [(\DN]
15 126.5 68.18
20 117.6 76.42
25 109.9 83.58
30 103.1 89.85
35 97.17 95.38
40 91.89 100.3
45 87.17 104.7
50 82.95 108.6
55 79.14 112.1
60 75.69 115.3
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Ttip [C]

160 T T T T T T T T T T T T T T 140
150 | 130
140} 120

I temperature 1
130 J110
120 4100 Ei
110 Joo O
100 {80

90 170
80 n 1 n 1 n 1 n 1 n 1 n 1 n ] 60
160 180 200 220 240 260 280 300
Tsteam [C]

BBWr—/———7—7——7—7—7—7—7—— 120

120 110

110 100
S)
= 100 0 =
o
S | o

90 80

% temperature o

70 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 60

15 20 25 30 35 40 45 50 55 60

h [W/m?-C]
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3
5-51 Using EES, the solutions of the systems of algebraic equations are determined to be as follows:

"(a)"
3*x_1-x_2+3*x_3=0
-X_1+2*x_2+x_3=3
2*x_1-x_2-x_3=2

Solution: x;=2,x,=3,x3=-1

"(b)"
4*x_1-2*x_2"2+0.5*x_3=-2
X_1"3-x_2+-x_3=11.964
X_1+x_2+x_3=3

Solution: x; = 2.33, X, = 2.29, Xx3= -1.62

3
5-52 Using EES, the solutions of the systems of algebraic equations are determined to be as follows:

"(a)"
3*X_1+2*x_2-X_3+Xx_4=6
X_1+2*x_2-x_4=-3
-2*x_1+x_2+3*x_3+x_4=2
3*X_2+x_3-4*x_4=-6

Solution: x;= 13, X,=-9, X3= 13, X, = -2

"(b)"
3*X_1+x_2"2+2*x_3=8
-x_172+3*x_2+2*x_3=-6.293
2*x_1-x_2"N+4*x_3=-12

Solution: x; = 2.825, x, = 1.791, x3=-1.841
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3
5-53 Using EES, the solutions of the systems of algebraic equations are determined to be as follows:

"(a)"
4*xX_1-X_2+2*X_3+x_4=-6
X_1+43*x_2-x_3+4*x_4=-1
-x_1+2*x_2+5*x_4=5
2*x_2-4*x_3-3*x_4=-5

Solution: x;= -2, X,=-1,X3=0, x,=1

"(b)"
2%X_1+X_2M-2*x_3+x_4=1
X_1/2+4*X_2+2*%x_3N2-2*x_4=-3
-X_1+x_27M+5*x_3=10

3*x_1-x_3"2+8*x_4=15

Solution: x; = 0.263, x,=-1.15, x3=1.70, x,= 2.14

Two-Dimensional Steady Heat Conduction

5-54C A region that cannot be filled with simple volume elements such as strips for a plane wall, and rectangular elements
for two-dimensional conduction is said to have irregular boundaries. A practical way of dealing with such geometries in the
finite difference method is to replace the elements bordering the irregular geometry by a series of simple volume elements.

5-55C For a medium in which the finite difference formulation of a general interior node is given in its simplest form as
Tnode = (Tleft +Tt0p +Tright +Tbottom) 14:

(a) Heat transfer is steady, (b) heat transfer is two-dimensional, (c) there is no heat generation in the medium, (d) the nodal
spacing is constant, and (e) the thermal conductivity of the medium is constant.

5-56C For a medium in which the finite difference formulation of a general interior node is given in its simplest form as
: 2
€nodel :
Tiett +Ttop +Tright + Thottom — 4T node + =0

(a) Heat transfer is steady, (b) heat transfer is two-dimensional, (c) there is heat generation in the medium, (d) the nodal
spacing is constant, and (e) the thermal conductivity of the medium is constant.
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5-57 Starting with an energy balance on a volume element, the steady two-dimensional finite difference equation for a general
interior node in rectangular coordinates for T(x, y) for the case of variable thermal conductivity and uniform heat generation is
to be obtained.

Analysis We consider a volume element of size AxxAyx1 centered about a general interior node (m, n) in a region in which

heat is generated at a constant rate of é and the thermal conductivity k is variable (see Fig. 5-24 in the text). Assuming the
direction of heat conduction to be towards the node under consideration at all surfaces, the energy balance on the volume
element can be expressed as

_ AEelement _

Qcond,left + Qcond,top + Qcond,right + Qcond,bottom + Gelement - At =0

for the steady case. Again assuming the temperatures between the adjacent nodes to vary linearly and noting that the heat
transfer area is Ay x1 in the x direction and Axx1 in the y direction, the energy balance relation above becomes

Tman =T T =T Ton =T
km’”(Ayxl)w'*km,n(AXXl)%ym’n+km’n(Ayxl)%

m,n-1 =T

T m,n .
+Kppn (AXx1) +65(AxxAyx1)=0

Dividing each term by Ax x Ay x1 and simplifying gives

Tm—l,n - 2Tm,n +Tm+1,n 4 Tm,n—l - 2Tm,n +Tm,n+l + e'o -0
AX? Ay2 km,n

For a square mesh with Ax = Ay = |, and the relation above simplifies to

12

&l
0

Tm—l,n +Tm+l,n +Tm,n—1 +Tm,n+1 _4Tm,n + =0

m,n
It can also be expressed in the following easy-to-remember form

112
€ol
Tiett +Ttop +Tright + Thottom —4Thode T =0
node
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5-58 A square cross section is undergoing a steady two-dimensional heat transfer. The finite difference equations and the
nodal temperatures are to be determined.

Assumptions 1 Steady heat conduction is two-dimensional. 2 Thermal properties are constant. 3 There is no heat generation
in the body.

Analysis (a) There are 4 unknown nodal temperatures, thus we need to have 4 equations to determine them uniquely. For
nodes 1 to 4, we can use the general finite difference relation expressed as

Tm—l,n - 2Tm,n +Tm+1,n i Tm,n—l - 2Tm,n +Tm,n+l _

0 ¥
AX? Ay? _— 100°C

Since Ax = Ay, we have {
Tinn =0.25(T i + Trean + Tnnea + Tnan) 1 2

or Thode = 0.25(Tiop + Tright + Tohottom + Tiett ) 500 °C 200 °C

Then I"‘-\u 3 3 _//"I
Node 1: T, =0.25(100+ T, +T, +500) i i ‘
Node 2: T, =0.25(100+200+T, +T,) X o '

Node 3: T, = 0.25(T, +T, +300+500)
Node 4: T, =0.25(T, +200+300+T,)

(b) By letting the initial guesses as T, = 300°C, T, = 150°C, T5 = 400°C, and T, = 250°C the results obtained from successive
iterations are listed in the following table:

Nodal temperature,°C

Iteration T, T, T, T,

1 287.5 209.4 334.4 260.9
2 285.9 211.7 336.7 262.1
3 287.1 212.3 337.3 262.4
4 287.4 2125 337.5 262.5
5 287.5 2125 337.5 262.5
6 287.5 2125 337.5 262.5

Hence, the converged nodal temperatures are
T,=287.5°C, T,=212.5°C, T3=337.5°C, T,=262.5°C

Discussion The finite difference equations can also be calculated using the EES. Copy the following lines and paste on a
blank EES screen to solve the above equations:

T_1=0.25*(100+T_2+T_3+500)

T_2=0.25*(100+200+T_4+T_1)

T_3=0.25*(T_1+T_4+300+500)

T_4=0.25*(T_2+200+300+T_3)

Solving by EES software, we get the same results:

T,=287.5°C, T,=2125°C, T3=337.5°C, T,=262.5°C
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5-59 A long solid body is subjected to steady two-dimensional heat transfer. The unknown nodal temperatures are to be
determined.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 There is no heat generation in the
body.

Properties The thermal conductivity is given to be k = 45 W/m-°C.

Analysis The nodal spacing is given to be Ax = Ax =1 =0.02 m, and the general finite difference form of an interior node for
steady two-dimensional heat conduction for the case of no heat generation is expressed as

Tleft +Ttop +Tright +Tbottom _4Tnode =0 - Tnode = (Tleft +Ttop +Tright +Tbottom) /4

There is symmetry about the horizontal, vertical, and

diagonal lines passing through the midpoint, and thus we 150 180 200 180 150°C
need to consider only 1/8" of the region. Then,
non ® |® |®
S 180 180

Therefore, there are there are only 3 unknown nodal
temperatures, T;, T,,and Ts, and thus we need only 3
equations to determine them uniquely. Also, we can
replace the symmetry lines by insulation and utilize the
mirror-image concept when writing the finite

difference equations for the interior nodes. @ @

® & |®

S
I'g)

Node 1 (interior) : T, =(180+180+2T,)/ 4 180 180
Node 2 (interior) : T, =(200+T5 +2T,)/ 4 2cm
Node 5 (interior) : Ts =4T,/4=T, 2 cm

Solving the equations above simultaneously gives 150 180 200 180 150

Discussion Note that taking advantage of symmetry simplified the problem greatly.
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5-60 A long solid body is subjected to steady two-dimensional heat transfer. The unknown nodal temperatures are to be
determined.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 There is no heat generation in the
body.

Properties The thermal conductivity is given to be k = 20 W/m-°C.

Analysis The nodal spacing is given to be Ax = Ax =1 = 0.01 m, and the general finite difference form of an interior node for
steady two-dimensional heat conduction for the case of no heat generation is expressed as

Tleft +Ttop +Tright +Tbottom _4Tnode =0 - Tnode = (Tleft +Ttop +Tright +Tbottom) /4

(a) There is symmetry about the insulated surfaces as well as about the diagonal line. Therefore T, =T, , and
T,,T,,and T, are the only 3 unknown nodal temperatures. Thus we need only 3 equations to determine them uniquely. Also,

we can replace the symmetry lines by insulation and utilize the mirror-image concept when writing the finite difference
equations for the interior nodes.

Node 1 (interior) : T, =(180+180+T, +T5)/4 150 180 200
Node 2 (interior) : T, =(200+T, +2T,)/ 4
Node 4 (interior) : T,=(2T,+2T5)/4 l—
180 1 24 Insulated
AISO, T3 :TZ
Solving the equations above simultaneously gives 3 4
200
T, =T; =T, =190°C
284 /nsulated
T, =185°C

(b) There is symmetry about the insulated surface as well as the diagonal line. Replacing the symmetry lines by insulation, and
utilizing the mirror-image concept, the finite difference equations for the interior nodes can be written as

Node 1 (interior) : T, =(120+120+T, +T3)/ 4 120 120

Node 2 (interior) : T, =(120+120+T, +T,)/ 4 100 * 100

Node 3 (interior) : T, =140+ 2T1+T,)/4=T,

Node 4 (interior) : T, = (2T, +140+2T;)/ 4 120 1 2 120
Solving the equations above simultaneously gives

T, =T, =122.9°C 140 3 4 140

Ty =T,=128.6°C / Insulated

Discussion Note that taking advantage of symmetry simplified the problem greatly.
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5-61 A square cross section geometry is subjected to four different boundary conditions. The temperature distribution within
the geometry is to be determined using Gauss-Seidel iteration method.

Assumptions 1 Steady heat conduction is two-dimensional without internal heat generation. 2 Thermal conductivity is
constant.

Properties Thermal conductivity is given as k=20 W/m-K. 100 °C

Analysis: (a) There are 4 internal nodes (node 2, 2, 6 and . . . :
7) and 4 boundary nodes (node 1, 4, 5 and 8). Thus we
need to have 8 equations for 8 unknown temperatures. For | o) 3 4
internal nodes we can use the general form of the finite

difference equation expressed as q= 1000W/m’

h=45 Wm™C
T.=20°C

5 6

Tm—l,n - 2Tm,n +Tm+l,n n Tm,n—l - 2Tm,n +Tm,n+l _

0
AX? Ay?

. - . .

For Ax= Ay, above equation simplifies to 300 °C

Tm, n=— 0-25(Tm, n+l +Tm+l, n +Tm, nat Tm—l, n)

The finite difference equation of the boundary nodes can be found by energy balance at the boundary node control volume
assuming all heat transfer is to the node volume.

Node 1: (Left boundary node)

(T,-T)) | AX(00-T,)  ax (T,—T,)

JAY + KA
ay y 2 Ay 2 Ay

Node 2: (Internal node)

T, =0.25(T, +100+ T, +T¢)
Node 3: (Internal node)

T, =0.25(T, +100+T, +T;)
Node 4: (Right boundary node)

kﬂwwﬂm _T4)+kAy (73 _T4)+hAy(Tw ~T,)=0 = T, =0.4944(50.45+0.5T3 +T,)
2 Ay 2 Ay AX

Node 5: (Left boundary node)

(Te—Ts), \ Ax(T,—Ts) , Ax (300-T,)

=0 = T, =0.5(0.5T, +150.5+T;)
AX 2 Ay 2 Ay

dAy +kAy

Node 6: (Internal node)

T =0.25(T; +T, + T, +300)
Node 7: (Internal node

T, =0.25(Tg + T4 + T, +300)
Node 8: (Right boundary node)

kg(SOO—_Tg)+kg (T, _T8)+kAy T _T8)+ hAy(T, —Tg)=0 = T, =0.4944(150.45+0.5T, + T )
2 Ay 2 Ay AX
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(b) By letting the initial guess as 200°C at each node, the temperature distribution obtained using Gauss-Seidel iteration

method is as follows

Nodal temperature, °C

Iteration T, T, Ts T, Ts Te T7 Ts
0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0
1 175.3 168.8 167.2 157.0 219.1 222.0 222.3 223.1
2 167.6 164.2 160.9 159.6 228.1 228.7 228.2 226.6
3 166.1 163.9 162.9 161.5 231.1 230.8 230.1 228.1
4 166.1 165.0 164.1 162.5 232.2 231.8 231.0 228.8
5 166.3 165.6 164.8 162.9 232.7 232.3 2315 229.1
6 166.6 165.9 165.1 163.2 233.1 232.6 231.7 229.3
7 166.8 166.1 165.3 163.3 233.3 232.8 231.8 229.4
8 167.0 166.2 165.3 163.4 233.4 232.9 231.9 229.4
9 167.1 166.3 165.4 163.4 2335 232.9 231.9 229.5
10 167.2 166.4 165.4 163.5 2335 233.0 232.0 229.5
11 167.2 166.4 165.5 163.5 2335 233.0 232.0 229.5
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5-62 A rectangular cross section is undergoing a steady two-dimensional heat transfer. The finite difference equations and the
nodal temperatures are to be determined.

Assumptions 1 Steady heat conduction is two-dimensional. 2 Thermal properties are constant. 3 There is no heat generation
in the body.

Analysis (a) There are 10 unknown nodal temperatures, thus we need to have 10 equations to determine them uniquely. For
nodes 1 to 10, we can use the general finite difference relation expressed as

To-1n = 2Tmn + T N Tt = 2Tmn + T ~0
AX? Ay? W
Since Ax = Ay, we have 100 sin( 7x/60) °C
Tinn =0.25(T a2 + Tinean + Tonna + Tsan)
or Thode =0.25(Tiop + Tiet + Thottom + Tright) et (|
Then 0°C l 0°C
Node 1: T, = 0.25[100sin(z/6) + 0+ T, +T, ] A () G, ) (T
Node 2: T, =0.25[100sin(27/6) + T, +T7 +T;] x
Node 3: Ty =0.25[100sin(37/6) + T, +Tg +T,] 0 °C

Node 4: T, =0.25[100sin(47/6) + Ty +Tg +T5 |
Node 5: T = 0.25[100sin(57z/6) + T, + Ty + 0]
Node 6: Tg =0.25[T, +0+0+T, ]

Node 7: T, =0.25[T, +Tg +0+Tg]

Node 8: Tg =0.25[T; +T, +0+T,]

Node 9: Ty =0.25[T, +Tg +0+Ty0]

Node 10: T, =0.25[T5 + T, +0+0]

(b) The nodal temperatures under steady conditions are determined by solving the 10 equations above simultaneously with an
equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:

T_1=0.25*(100*sin(pi/6)+0+T_6+T_2)
T_2=0.25*(100*sin(2*pi/6)+T_1+T_7+T_3)
T_3=0.25*(100*sin(3*pi/6)+T_2+T 8+T 4)
T_4=0.25*(100*sin(4*pi/6)+T_3+T_9+T_5)
=0.25*(100*sin(5*pi/6)+T_4+T_10+0)
0.25%(T_1+0+0+T_7)
0.25%(T_2+T_6+0+T_8)
=0.25*(T_3+T_7+0+T_9)
T_9=0.25%T_4+T_8+0+T_10)
T_10=0.25*(T_5+T_9+0+0)

T.5
T_6
T 7
T 8=

Solving by EES software, we get
T, =27.4°C, T,=47.4°C, T3=54.7°C, T,=47.4°C, Ts=27.4°C
Te=12.1°C, T;=20.9°C, Tg=24.1°C, T9=20.9°C, Typ=12.1°C
Discussion The numerical solution can be verified using the following analytical solution:
100sinh(z y/60)sin(z x/60)
T(xy)= :
sinh(307 /60)

For example, at x = 30 cm and y = 20 cm, we have
100sinh(207 / 60)sin(307 / 60)
sinh(307 / 60)

When compared with the numerical solution, T; = 54.7°C, the difference is within 0.8%.

=54.3°C

T(30cm, 20cm) =
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5-63 A rectangular metal block is subjected to specified boundary conditions. The finite difference equations and the nodal
temperatures are to be determined.

Assumptions 1Two-dimensional steady state heat conduction. 2 No internal heat generation. 3 Thermal conductivity is
constant.

Properties Thermal conductivity of the metal block is given as k = 35 W/m-K.

Analysis (a) There are 15 unknown temperatures while the temperatures on the top surface of the block are to be determined
from the given sinusoidal temperature distribution. Given that Ax = Ay =25cm, the number of nodes in x and y directions are

5 and 4, respectively. For internal nodes i.e., 2, 3, 4, 7, 8 and 9 we can use the general form of the finite difference equations
without heat generation expressed as

Tm—l,n _2Tm,n +Tm+1,n + m n-1 2Tm nt m N+l _ 0 . IH()SInlg\-‘LV).'('
AX? Ay?

Since Ax = Ay, we have

—¢  h=50 (W/m*C)
T,=15°C

h=50 (W/m*C)
T.=13°C
Tm,n = 0-25(Tm, n+l +Tm—l,n +Tm,n—l +Tm+l,n) ’

For the boundary (external nodes) the finite
difference formulation is obtained using energy
balance and considering all heat transfer towards
these nodes.

Insulation

Thus the finite difference equations at each node are expressed as follows

Node 1: hAy(Too Tl) n kAy( Tl) Lk22 AX (TG _Tl) + kg (1005”1(07[) _Tl) 0
AX 2 Ay 2 Ay
Node 2: T, +T; + T4 +100sin(z/ 4) — 4T, =0
Node 3: T, +Tg +T, +100sin(z/2) - 4T; =0
Node 4: T, +T, +T5 +100sin(37/4)—4T, =0
Node 5: hay(T. T5)+kAy( ~Ts) A (100sin(xz) —T5)+kg (To—Ts) 0
AX 2 Ay 2 Ay
Node 6: hay(T,, T6)+kAy( T6) M (M=Te) | AX (T =Ts)
2 Ay 2 Ay
Node 7: Te+T+Tg+T, —4T, =0
Node 9: Teg+Ty+ T +T, 4Ty =0
Node 10: hAy(T, —Tyo) + Myw (M (5-T) | Ax(Ts-To) _
AX 2 Ay 2 Ay
Node 11: hﬂ(Tw ~Ty)+ qﬂ Ay (T2 —Tw1) LK AX (Te —Tuy) 0
2 AX 2 Ay
Node 12: kﬂ (Tll_TIZ) + kﬂ (T13 _T12) + KAX (T7 _TlZ) +0AX=0
AX 2 AX Ay
Node 13: Ay (T2 —Tis) kY (Ta—Tis) + KAX (Ts _T13)+qAx -0
AX 2 AX Ay
Node 14: K AY (Tls—T14)+kﬂ (Tis _let)Jr KAX (Ty —T14)+qAX 0
2 AX 2 AX Ay
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Node 15: WY1 1)+ kY (Ta—Tis) | A (To—Tis) _
2 2 2 X 2 Ny

(b) The nodal temperatures at these different nodes can be determined by solving the equations simultaneously in equation
solver.

Solving these equations simultaneously in EES or any other software gives
T, =32.91°C, T,=53.77°C, T3=64.77°C, T,=53.77°C, T5=32.91°C,
Te=36.87°C, T;=46.69°C, Tg = 51.55°C, To = 46.69°C, Ty = 36.87°C,
T11=36.82°C, T, =44.56°C, T.3=48.06°C, T, =44.56°C, Ty5=36.82°C.

Discussion Thermal symmetry is observed about the centerline due to sinusoidal temperature distribution on the top surface
and similar convective environments on both sides of the metal block. Thermal symmetry may not exist in case of the change
in environment temperature or heat transfer coefficient on either side.
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5-64 A rectangular cross section is subjected to convection on the top surface and constant temperature boundary condition
on the other three surfaces. The temperatures at nodes 1, 2, and 3 are to be determined using Gauss-Seidel iteration method.

Assumptions 1Steady heat conduction is two-dimensional without internal heat generation. 2 Thermal conductivity is
constant.

Properties Thermal conductivity is given as k = 1 W/m-K.
Analysis:
Node 1: Follow the development of the equation for node 7 of example problem 5-3 in the text with Ax = Ay

(r . k.‘mS[]—TL T,-T, k.‘*.xE[]—T1 0
haxlT. —Ty) +k — + kAx tk— = —> T = 100°C
2 Ax Ax 2 Ax —pl h= 100 Wim2-K

hax

_{T:r: _Tj_:]‘l'EU_TL‘l'T: _Tj_:':l

k T, = 50°C
o? 6‘/‘1—

Ay =30 mm

where
{1002 K (0.02 m)

s = iwmr o endT,=100% Ty=50"C—

hix

o ¢

T,=50°C |4—D—Ax=30mm

The eq. for Node 1 reducesto — 3(100-T,)+50-2T;+T,=0 —» T,;=02T,+70

Node2: This is an interior node, use Eq. 5-35 — 50+ T;+50+ T3 -4T,=0 — T,=0.25T, +0.25T3 +25

Node 3: This is an interior node, use Eq. 5-35 — 50+ T, +50+50-4T3=0 — T3=0.25T, +37.5

Nodal temperature, °C

Iteration T, T, Ts
Initial Guess 0 0 0

1 70.00 42.50 48.13

2 78.50 56.66 51.67

3 81.33 58.25 52.06

Final answer
4 81.65 58.43 52.11
€ < 0.35 for all temps.
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5-65 A long solid body is subjected to steady two-dimensional heat transfer. The unknown nodal temperatures and the rate of
heat loss from the top surface are to be determined.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 Heat is generated uniformly in the
body.

Properties The thermal conductivity is given to be k = 180 W/m-°C.

Analysis (a) The nodal spacing is given to be Ax=Ax=1=0.1 m, and the general finite difference form of an interior node
equation for steady two-dimensional heat conduction for the case of constant heat generation is expressed as
. I 2

€node
Tiett +Ttop +Tright + Thottom —4Thode + =0

There is symmetry about a vertical line passing through the middle of the region, and thus we need to consider only half of the
region. Then,

Therefore, there are there are only 2 unknown nodal temperatures, T, and T,, and thus we need only 2 equations to determine

them uniquely. Also, we can replace the symmetry lines by insulation and utilize the mirror-image concept when writing the
finite difference equations for the interior nodes.

42
Node 1 (interior) : 100+120+T, + T3 — 4T, +% =0 100 100 100 100
42
Node 3 (interior) : 150+200+T; +T, —4T; + a° =0
k 1 2
; - 120 120
Noting that T, =T, and T; =T, and substituting, 6
7 3 2 3 4
150 W/m-°C 01
7 3 2 A m
3504, 3T, + (1x10° W/m*)(0.1m)" _ 0
150 W/m-°C

200 200 200 200
The solution of the above system is

T, =T, =404.0°C
Ty =T, =436.5°C

(b) The total rate of heat transfer from the top surface Qtop can be determined from an energy balance on a volume element
at the top surface whose height is 1/2, length 0.3 m, and depth 1 m:

|%1120I—100 + o1l _|100j:0

Qtop +6,(0.3x1x1/2) +(2k

im

Quop =—(1x10" W/m®)(0.3x0.1/2)m* — 2(150 W/m- °C)(7 (120 —100)°C + (1 m)(404.0 - 1oo>ocj

=263,050 W (per m depth)
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3
5-66 Prob. 5-65 is reconsidered. The unknown nodal temperatures and the rate of heat loss from the top surface are to
be determined.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

e_gen=1e7 [W/m”3] "heat generation"
k=180 [W/m-K] "thermal conductivity"
L=0.10 [m] "mesh size"

"ANALYSIS"

"(a) Using the finite difference method, the nodal temperatures can be determined"
100+120+T_2+T_3-4*T_1+e_gen*L"2/k=0 "for node 1"

T _2=T_1 "for node 2"

150+200+T_1+T_4-4*T_3+e_gen*L"2/k=0 "for node 3"

T _4=T_3 "for node 4"

"(b) The rate of heat loss from the top surface is calculated using”
Q_dot=e_gen*(0.3*1*L/2)+(2*k*L/2*(120-100)/L+2*k*L*(T_1-100)/L)

(a) The nodal temperatures are determined to be
T1=T,=404.0°C and T;=T,=436.5°C
(b) The rate of heat loss from the top surface is Q =263,050W .
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3
5-67 Prob. 5-65 is reconsidered. The effects of the thermal conductivity and the heat generation rate on the
temperatures at nodes 1 and 3, and the rate of heat loss from the top surface are to be investigated.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

k=180 [W/m-C]

e _dot=1E7 [W/m"3]

DELTAXx=0.10 [m]

DELTAy=0.10 [m]

d=1 [m] “depth"

"Temperatures at the selected nodes are also given in the figure"

"ANALYSIS"

Il(a)ll

[=DELTAX

T_1=T_ 2 "due to symmetry"

T _3=T_4 "due to symmetry"

"Using the finite difference method, the two equations for the two unknown temperatures are determined to be"
100+120+T_2+T_3-4*T_1+(e_dot*"2)/k=0

150+200+T_1+T_4-4*T_3+(e_dot*"2)/k=0

"(b)"

"The rate of heat loss from the top surface can be determined from an energy balance on a volume element
whose height is I/2, length 3*|, and depth d=1 m"
-Q_dot_top+e_dot*(3*1*d*I/2)+2*(k*(I*d)/2*(120-100)/I+k*I*d*(T_1-100)/1)=0

k T; Ts Qtop 5000 280000
[W/m.C] | [C] [C] W]

10 5126 | 5159 | 250725 4000 275000
30.53 1764 | 1797 | 252213 _

51.05 1106 | 1138 | 253701 ) 270000
71.58 824.8 | 857.3 | 255189 > 3000 1 3
92.11 669.1 | 701.6 | 256678 T 265000
112.6 570.2 602.7 258166 ‘UH 2000 1 'd‘e
133.2 501.7 | 534.2 | 259654 = 260000
153.7 4516 | 4841 | 261142 ]

174.2 4133 | 4458 | 262630 1000 255000
194.7 383 4155 | 264118 - ]

215.3 358.5 | 391 265607 o2 . L 1550000
2358 338.3 370.8 267095 0 50 100 150 200 250 300 350 400

256.3 321.3 | 353.8 | 268583 k [W/m-C]

276.8 306.9 | 3394 | 270071
297.4 2944 | 326.9 | 271559
317.9 2835 | 316 273047
338.4 274 306.5 | 274536
358.9 265.5 | 298 276024
379.5 258 290.5 | 277512
400 251.2 | 283.7 | 279000
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e T, T, Qt
/m? [Cl |I[C] °°
100000 129 161.5 15550

5.358E+06 | 275.1 | 307.6 | 146997
1.061E+07 | 421.1 | 453.6 | 278445
1.587E+07 | 567.2 | 599.7 | 409892
2.113E+07 | 713.2 | 745.7 | 541339
2.639E+07 | 859.3 | 891.8 | 672787
3.165E+07 1005 | 1038 | 804234
3.691E+07 1151 | 1184 | 935682
4.216E+07 1297 | 1330 | 1.067E+06
4.742E+07 1444 | 1476 | 1.199E+06
5.268E+07 1590 | 1622 | 1.330E+06
5.794E+07 1736 | 1768 | 1.461E+06
6.319E+07 1882 | 1914 | 1.593E+06
6.845E+07 | 2028 | 2060 | 1.724E+06
7.371E+07 | 2174 | 2206 | 1.856E+06
7.897E+07 | 2320 | 2352 | 1.987E+06
8.423E+07 | 2466 | 2498 | 2.119E+06
8.948E+07 | 2612 | 2644 | 2.250E+06
9.474E+07 | 2758 | 2790 | 2.382E+06
1.000E+08 | 2904 | 2937 | 2.513E+06

3500 ettt ettt 2.5X105
3000 - ]
I “12.0x108
2500} |
O, - 6 =
L 2000| 11.5410° =
= I ] o
= ar}
8 1500 11.04108 -C¥
= i
1000 | .
- 45.0x10°
500 |
O FRNET R TN T N T TN T N T T TN T N T Y NN T Y T Y T [N Y T TN T NN T Y T N T Y T Y N T S T A | 00
0.0 2.2x107 4.4x107 6.6x107 8.8x107
e [W/md
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5-68 A long solid body is subjected to steady two-dimensional heat transfer. The unknown nodal temperatures and the rate of
heat loss from the bottom surface through a 1-m long section are to be determined.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 Heat is generated uniformly in the
body. 3 Radiation heat transfer is negligible.

Properties The thermal conductivity is given to be k = 45 W/m-°C.

Analysis The nodal spacing is given to be Ax= Ay =1=0.05m,
and the general finite difference form of an interior node for steady 260 305 |350
two-dimensional heat conduction is expressed as 200°C
Tleft +Tto +Tri ht +Tbottom - 4Tnode + enodel =0 Insulated
P 9 k 3 290 2
where 5 cm -
€nogd 2 _ é,l2 _ (4x10° W/m3)(:).05 m)® _ 992 2°C 240 |1
k k 45 Wim-°C Convection
The finite difference equations for boundary nodes are obtained by applying an h, T,
energy balance on the volume elements and taking the direction of all heat transfers
to be towards the node under consideration:
. 240 -T 290 -T 325-T éol?
Node 1 ( convection) IE I Lk I lJrkIE L 4hi(T, _T1)+OTZO
o 5ol 2
Node 2 (interior) : 350+290+325+290-4T, + Sl _ 0
k
. éol?
Node 3 (interior) : 260 + 290 + 240 + 200 - 4T + OT =0

where

k =45W/m°C, h=50W/m?.°C, é=4x10° W/m*, T, =20°C
Substituting,

T, =333.1°C, T,=369.3°C, T;=303.1°C,

(b) The rate of heat loss from the bottom surface through a 1-m long section is

Q = ZQelement, m= z hAsu rface,m (Tm - Too)
m m

=h(1/2)(200-T, ) +hl(240—T, )+ hI(T, - T..) + h(1/2)(325-T..)
= (50 W/m? - °C)(0.05 m x 1 m)[(200 - 20)/2 + (240 - 20) + (333.1- 20) + (325 - 20)/2]°C
=1939 W
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3
5-69 Prob. 5-68 is reconsidered. The unknown nodal temperatures and the rate of heat loss from the bottom surface
through a 1-m long section are to be determined.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

e_gen=4e6 [W/m"3] "heat generation"
h=50 [W/m~2-K] "convection coefficient"
k=45 [W/m-K] "thermal conductivity"
L=0.05 [m] "mesh size"

T_inf=20 [C] "ambient temperature"

"ANALYSIS"

"(a) Using the finite difference method, the 3 equations for the 3 nodal temperatures can be determined”
k*L/2*(240-T_1)/L+k*L*(290-T_1)/L+k*L/2*(325-T_1)/L+h*L*(T _inf-T_1)+e_gen*L"2/2=0 "for node 1"
350+290+325+290-4*T_2+e_gen*L"2/k=0 "for node 2"

260+290+240+200-4*T_3+e_gen*L"2/k=0 "for node 3"

"(b) The rate of heat loss from the bottom surface is calculated by summing the heat loss from each node"

Q_dot=h*L/2*(200-T_inf)+h*L*(240-T_inf)+h*L*(T_1-T_inf)+h*L/2*(325-T_inf)

(a) The nodal temperatures are determined to be
T, =333.1°C, T,=2369.3°C, T;=303.1°C,
(b) The rate of heat loss from the bottom surface is Q =1939W .
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5-70 A rectangular block is subjected to uniform heat flux at the top, and iced water at 0°C at the sides. The steady finite
difference formulation of the problem is to be obtained, and the unknown nodal temperatures as well as the rate of heat
transfer to the iced water are to be determined.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 There is no heat generation within
the block. 3 The heat transfer coefficient is very high so that the temperatures on both sides of the block can be taken to be
0°C. 4 Heat transfer through the bottom surface is negligible.

Properties The thermal conductivity is given to be k = 23 W/m-°C. 8 KW heater Insulated

Analysis The nodal spacing is given to be Ax=Ax=1=0.1 m, ( | \
and the general finite difference form of an interior node b |
equation for steady 2-D heat conduction is expressed as 1

U'I'

e 0°C
Tiett +Ttop +Tright + Thottom — 4T node +% =0 2 6 6

There is symmetry about a vertical line passing through the
middle of the region, and we need to consider only half of ,
the region. Note that all side surfaces are at T, = 0°C, and

there are 8 nodes with unknown temperatures. Replacing the 4 8 / 8
symmetry lines by insulation and utilizing the mirror-image \/‘ i L

(f:olr:cept, the finite difference equations are obtained to be as Symmetry ! Insulated
ollows:

|

|

|

|

0°C ! /

T|ft+TI +T'ht+Tb tt —4T d :0 I
€ op ng ottom node \ i

|

|

To-T
Node 1 (heat flux): q0|+|<'E 0 1

T.-T, . T,-T
PRl S Sl E R
[ 2 | [

0
Node 2 (interior): To+T +T3+Tg—4T, =0
Node 3 (interior): To+T, +T,+T; —4T; =0

Node 4 (insulation): Ty +2T3+Tg —4T, =0

ILTs yle=Ts o9
| |

Node 6 (interior): Ty, +T5+Tg +T;, —4Tg =0

Node 5 (heat flux): Gol +

Node 7 (interior): T3 +Tg+T; +Tg—4T; =0

Node 8 (insulation): T, +2T; +Tg —4Tg =0
where

I =0.1m, k=23 W/m-°C, To =0°C, and ¢, = Q, / A= (8000 W)/(5x 0.5m?) = 3200 W/m?
This system of 8 equations with 8 unknowns constitutes the finite difference formulation of the problem.

(b) The 8 nodal temperatures under steady conditions are determined by solving the 8 equations above simultaneously with an
equation solver to be

T,=18.2°C, T,=9.9°C, T3=6.2°C, T,=5.2°C, T5=25.4°C, Tg=15.0°C, T;=9.9°C, Tg=8.3°C
(c) The rate of heat transfer from the block to the iced water is 8 kW since all the heat supplied to the block from the top must
be equal to the heat transferred from the block. Therefore, Q = 8KW .

Discussion The rate of heat transfer can also be determined by calculating the heat loss from the side surfaces using the heat
conduction relation.
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5-71 A square cross section with uniform heat generation is undergoing a steady two-dimensional heat transfer. The finite
difference equations and the nodal temperatures are to be determined.

Assumptions 1 Steady heat conduction is two-dimensional. 2 Thermal properties are constant. 3 The heat generation in the
body is uniform.

Properties The conductivity is given to be k=25 W/m'K .

Analysis (a) There are 4 unknown nodal temperatures, thus we need to have 4 equations to determine them uniquely. For
nodes 1 to 4, we can use the general finite difference relation expressed as

Toan —2Tmn +T N Tong—2Tmn +T, e

m, n+1 m,n
+ =0

AXZ AyZ k ¥

m+1,n

— 100 °C

-

Tm,n =0-25(Tm—1,n +Tm+1,n +Tm, n-1 +Tm, nt1 Tt e.m,nsz k)

Since Ax = Ay, we have

Tm,n = 0-25(Tm, n+l +Tm+l,n +Tm,n—1 +Tm—1, nt ém,nAX2 /k)
. 2 500 °C & 200 °C
or Tnode = 0-25(Ttop +Tright +Tbottom +Tleft + enodeAX /k) | )

Then >l 3 4 |/

Node 1: T, =0.25(100+T, +T5 +500 +&,,4,A%? / k) x

Node 2: T, =0.25(100+ 200+ T, +T; +€y0qeAX” / k) N 300°C
Node 3: T, =0.25(T; +T, +300 + 500 + &, 4eAX? / k)
Node 4: T, =0.25(T, + 200+ 300 + T3 + €,,4eAX? / k)

where €,,4,Ax% /k = 20°C.

(b) By letting the initial guesses as T, = 300°C, T, = 150°C, T3 = 400°C, and T, = 250°C the results obtained from successive
iterations are listed in the following table:

Nodal temperature,°C

Iteration
T, T, T, T,

1 292.5 215.6 340.6 269.1
2 294.1 220.8 345.8 271.6
3 296.6 222.1 347.1 272.3
4 297.3 222.4 347.4 272.4
5 297.4 222.5 347.5 272.5
6 297.5 222.5 347.5 272.5
7 297.5 222.5 347.5 272.5

Hence, the converged nodal temperatures are
T,=297.5°C, T,=2225°C, T;=347.5°C, T,=272.5°C
Discussion The finite difference equations can also be calculated using the EES. Copy the following lines and paste on a
blank EES screen to solve the above equations:
T_1=0.25%(100+T_2+T_3+500+20)
T_2=0.25*%(100+200+T_4+T_1+20)
T_3=0.25*%(T_1+T_4+300+500+20)
T_4=0.25*%(T_2+200+300+T_3+20)
Solving by EES software, we get the same results:

T,=297.5°C, T,=2225°C, T3=347.5°C, T,=272.5°C
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5-72E A long solid bar is subjected to steady two-dimensional heat transfer. The unknown nodal temperatures and the rate of
heat loss from the bar through a 1-ft long section are to be determined.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 Heat is generated uniformly in the
body. 3 The heat transfer coefficient also includes the radiation effects.

Properties The thermal conductivity is given to be k = 16 Btu/h.ft-°C.
Analysis The nodal spacing is given to be Ax=Ay=1=0.25 ft, and the general finite difference form of an interior node for
steady two-dimensional heat conduction is expressed as

. I 2

€nod
Tiett +Ttop +Tright +Thottom = 4Thode + noke =0 h T,

(a) There is symmetry about the vertical, horizontal, and diagonal lines passing
through the center. Therefore, T, =T; =T, =Tgand T, =T, =T =Tg, and
T,,T,,and Tsare the only 3 unknown nodal temperatures, and thus we need only 4 5 6

3 equations to determine them uniquely. Also, we can replace the symmetry lines h T h T
by insulation and utilize the mirror-image concept for the interior nodes. t

The finite difference equations for boundary nodes are obtained by o
applying an energy balance on the volume elements and taking the direction of all h T
heat transfers to be towards the node under consideration: ’

: T,-T &ol?
Node 1( convection) : 2k%%+2h|§(ﬂo —T1)+°T:O

: T,-T, , Ts-T &ol”
Node 2 ( convection) : ZKIE L I 2 4k 5| 2 +hI(T, —T2)+°T=O
- é,l?
Node 5 (interior) : 4T, —4T5 + B 0

where €, =0.19x10° Btu/h-ft 3, 1 = 0.25 ft, k = 16 Btu/h.ft-°F, h =7.9 Btu/h.ft%-°F, and T, =70°F. The 3 nodal temperatures
under steady conditions are determined by solving the 3 equations above simultaneously with an equation solver to be

T, =T, =T =T, = 379.37°F, Ts = 397.93°F

(b) The rate of heat loss from the bar through a 1-ft long section is determined from an energy balance on one-eight section of
the bar, and multiplying the result by 8:

. . I I I
Q=8x Qone—eightsection,conv =8x |:h E (M -T,)+h E T, -T, ):|(11t) =8xh E [Tl +T, - 2T, )](1f[)

=8(7.9Btu/h-t 2 -°F)(0.25/2ft)(1 f)[361.89 +379.37 - 2x 70]°F
=4750Btu/h (per f flength)

Discussion Under steady conditions, the rate of heat loss from the bar is equal to the rate of heat generation within the
bar per unit length, and is determined to be

Q = Ege, =60V =(0.19x10° Btu/h.#°)(0.51t x 0.5f x11) =4750 Btu/h (per & length)

which confirms the results obtained by the finite difference method.
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5-73 Heat transfer through a square chimney is considered. The nodal temperatures and the rate of heat loss per unit length
are to be determined with the finite difference method.

Assumptions 1 Heat transfer is given to be steady and two-dimensional since the height of the chimney is large relative to its
cross-section, and thus heat conduction through the chimney in the axial direction is negligible. It is tempting to simplify the
problem further by considering heat transfer in each wall to be one dimensional which would be the case if the walls were thin
and thus the corner effects were negligible. This assumption cannot be justified in this case since the walls are very thick and
the corner sections constitute a considerable portion of the chimney structure. 2 There is no heat generation in the chimney. 3
Thermal conductivity is constant.

Properties The thermal conductivity and emissivity are given to hoT Tky
be k = 1.4 W/m-C and & = 0.9. o

1 2 3 4

Analysis (a) The most striking aspect of this problem is the
apparent symmetry about the horizontal and vertical lines

passing through the midpoint of the chimney. Therefore, we Insulated
need to consider only one-fourth of the geometry in the solution
whose nodal network consists of 10 equally spaced nodes. No 5 6 7 8
heat can cross a symmetry line, and thus symmetry lines can be
treated as insulated surfaces and thus “mirrors” in the finite- Hot gases
difference formulation. Considering a unit depth and using the hi, T 9/ 10

energy balance approach for the boundary nodes (again
assuming all heat transfer to be into the volume element for
convenience), the finite difference formulation is obtained to be Insulated

IT-T 1T,
2 1 2 |

T,-T To-T, | Te—T
ll 2+kIE 3I 2+k| 6I 2

Node 1: holz(l'o—Tl)+k +ea|§rrs“w—(Tl+273)4]=0

+0l[Tgy —(T, +273)*1=0

Node 2: h,I(T, —T2)+k|5

T,-T T,-T
Node 3: hOI(TO—T3)+kI 2=Ts 41 Ta

T,-T
S 7| 2+ eol[Tgy — (T3 +273)*1=0

2 1 2
Ty T Te—T
Node 4: hol(TO_T4)+kIE o 4+k12 o+ eollTiy =T, +273) =0
I | To-Ts 1 T,-Tg
Node 5: h. —(T: =T:)+k — +k— =0
|2(r| 5) 2 I 2 |
T -T T,-Tg  T,-T
Node 6: hiI(Ti—T6)+k|§ 5| 6+k|5 7| ® K 2| -0

T —T Ty =T T,-T Tg =T
Node 7: hi'(ri_T7)+k|E 6| 7+k|§ gl LAY 3| L 8| T-0

4 _TS +kI_TlO _T8 +k T7 _T8

I T
Node 8: hyl(T, T, k —
ol (To =Tg) + 5 I 5 I I

+&0l[Tgy — (Tg +273)*]=0

| 1 T, -Ty I Tg—Ty
Node 9: h. —(T: = Tg)+k — +k— =0
1 2(TI 9) 2 I 2 I

Te—Tio 1 To—Tio

2 1

+k

Node 10: ho'E(r0 —Tm)+|<'E +galzrr;;y—(rlo+273)4]=o

where 1=0.1m, k=1.4 W/m-°C, h; = 75 W/m%°C, T; =280°C, h, = 18 W/m?°C, T, =15°C, Tqyy =250 K, £ = 0.9, and ¢ =
5.67x10°® W/m”.K". This system of 10 equations with 10 unknowns constitutes the finite difference formulation of the
problem.
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(b) The 10 nodal temperatures under steady conditions are determined by solving the 10 equations above simultaneously with
an equation solver to be

T,=945°C, T,=93.0°C, T3=82.1°C, T,=36.1°C, Ts=250.6°C,
Te=249.2°C, T;=229.7°C, Tg=82.3°C, Tg=261.5°C, Ty =94.6°C

(c) The rate of heat loss through a 1-m long section of the chimney is determined from

Q= 42 Qonefourthof chimney = 42 Qelement, innersurface = 42 h; Asurface,m (M -Tw)
m

=A4[hy (11 2)(T; =Tg) + Ml (T; =Tg) + Ml (T; =T7) +h; (17 2)(T; —To)]
= 4(75 W/m? -°C)(0.1m x1m)[(280 - 250.6)/2 + (280 - 249.2) + (280 - 229.7) + (280 - 261.5)/2]°C
=3153 W

Discussion The rate of heat transfer can also be determined by calculating the heat loss from the outer surface by convection
and radiation.
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5-74 Heat transfer through a square chimney is considered. The nodal temperatures and the rate of heat loss per unit length

are to be determined with the finite difference method.

Assumptions 1 Heat transfer is given to be steady and two-dimensional since the height of the chimney is large relative to its
cross-section, and thus heat conduction through the chimney in the axial direction is negligible. It is tempting to simplify the
problem further by considering heat transfer in each wall to be one dimensional which would be the case if the walls were thin
and thus the corner effects were negligible. This assumption cannot be justified in this case since the walls are very thick and
the corner sections constitute a considerable portion of the chimney structure. 2 There is no heat generation in the chimney. 3

Thermal conductivity is constant. 4 Radiation heat transfer is negligible.

Properties The thermal conductivity of chimney is given to
be k = 1.4 W/m-°C.

Analysis (a) The most striking aspect of this problem is the
apparent symmetry about the horizontal and vertical lines
passing through the midpoint of the chimney. Therefore, we
need to consider only one-fourth of the geometry in the solution
whose nodal network consists of 10 equally spaced nodes. No
heat can cross a symmetry line, and thus symmetry lines can be
treated as insulated surfaces and thus “mirrors” in the finite-
difference formulation. Considering a unit depth and using the
energy balance approach for the boundary nodes (again
assuming all heat transfer to be into the volume element for
convenience), the finite difference formulation is obtained to be

IT,-T 1 Ts-Ty

- =0
2 1 2 1

Node 1: h, IE(TO -Ty)+k

IT-T, (11T, Te-T,

Node 2: h,l -T,)+k—
oa-o 2) 2 I 2 I I

2 | |

Node 3:

ho! (T, —T3)+k|§T2 |_T3 +k

Node 4: —
2 1 2 1

hol(To ~T4) +k -0

65 +lel_T5
| 2 1

I 1T
Node 5: h; E(Ti —T5)+k5 =0

5TT6 +kIET7 I_TG +k T2 I_TG

T
Node 6: h;I(T, —T6)+|<'E

hOl TO

1 2

Insulated

5 6

Hot gases
hi, T

"/

Insulated

=0

=0

=0

T8 _T7

1 Te-T; (I To-Tr  T-Ts

Node 7: —
2 1 2 1 |

hil (T; =T7) +k

IT4_T8+le10_T8+kI T7

Node 8: —
2 | 2 | |

hol(T ~Tg) +k

T,-T T,o-T
hiE(Ti —Tg)+|<'E 7| 9 ) T0=To

2 1

Node 9: =0

| Ts_T10+k|_T9_T10 -0

|
Node 10: h, — (T, -T;o) +k —
0 2 (TO 10) 2 I 2 I

+kl

~Tg

=0
|

0

10

where 1=0.1m, k = 1.4 W/m-°C, h; = 75 W/m*°C, T; =280°C, h, = 18 W/m*°C, T, =15°C, and & = 5.67x10® W/m?.K*.

This system of 10 equations with 10 unknowns constitutes the finite difference formulation of the problem.
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(b) The 10 nodal temperatures under steady conditions are determined by solving the 10 equations above simultaneously with
an equation solver to be

T,=118.8°C, T,=116.7°C, T3=103.4°C, T,=53.7°C, Ts=254.4°C,
Te=253.0°C, T;=235.2°C, Tg=103.5°C, Tg=263.7°C, Ty =117.6°C

(c) The rate of heat loss through a 1-m long section of the chimney is determined from

Q= 42 Qonefourthof chimney = 42 Qelement, innersurface = 42 hi Asurface,m (M =Tw)
m

=A4[hy (11 2)(T; =Tg) + Ml (T; =Tg) + Ml (T; =T7) +hi (17 2)(T; —To)]
= 4(75 W/m? -°C)(0.1m x1m)[(280 - 254.4)/2 + (280 - 253.0) + (280 - 235.2) + (280 - 263.7)/2]°C
=2783 W

Discussion The rate of heat transfer can also be determined by calculating the heat loss from the outer surface by convection.
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5-75 A thin film heater is sandwiched between copper alloy and stainless steel blocks. By developing finite difference
formulation at different nodes, the location of maximum temperature is to be determined.

Assumptions 1 Heat transfer is steady state and two-dimensional without heat generation. 2 Thermal conductivities of both

copper alloy and stainless steel stay constant.

Properties: The thermal conductivity of the copper alloy =T =50°C
and stainless steel is given to be 120 W/m-K and 15 <
W/m-K, respectively.
2 3 S
Analysis: (a) The finite difference formulation at each Top = 20 'C ! ; 4 =
node is calculated using energy balance at each node b =78 WK Top = 20°C
such that all heat transfer is to the node control volume. 6 £ S 2 10 | Wk
Nodes 1, 5, 6, 10, 11 and 15 are the boundary nodes '
subjected to convection boundary condition while nodes 1 12, 134 14) 15,
2,4,7,9, 12 and 14 are the internal nodes. The nodes 3,
8 and 13 are the internal node but are subjected to a Copper alloy | Stainless stecl
uniform heat flux by a thin film heater. Electric film 7
;::lcrL 2 =T=30°
Node 1: hAy(T, —T, )+ klgw+ klAyM+ klgw =0
2 Ay AX 2 Ay
Node 2: k Ay (1, -T) + Ky AX (0-T,) + kg AX (1, -T) +k Ay (3-T,) 0
AX Ay AX
T,-T. Ax (50-T Ax (Tg—T T,-T) .
Node 3: klAy—( 2Ax 3)+(k1 + kz)?( N 3)+(k1 + kz)?( 8A 3)+ szy( 4 3)+qu =0
Node 4: k,Ay (T —T4) +kyAX (0-T,) + szx—(T9 ~T4) + szy—(T5 o) _ 0
AX y Ay AX
Node 5: hAY(T, —Ts)+k, x (80-T) +kyAy (s —Ts) +k, Mx (T —Ts) _ 0
A AX 2 Ay
Ax (T, -Tg) (T,-Te) |, Ax (T —Te)
Node 6: AY(T, —Tg)+k — 284 gAYy~ 81 g — 11 6/
hy y( ® 6) 15 A AV Ax 175 Ay
Node 7: k, Ay (s ;) + kyAX (T -T;) + kle—(le ~T) +k,Ay (M=) _ 0
AX Ay Ay AX
T, -Tg) Ax (T3 =Tg) AX (T3 -Tg) (To—Tg) .
Node 8: aty TT8) 4 (1) X T =To) i) X Tha=Ta) o (o =To) g0y o
1Y Ax (k 2)2 A (ky 2)2 Ay 28y Ax qAy
Node 9: k,Ay (Ts —To) +kyAX (e —Ts) +kyAX (e —Ts) + kZAy—(Tlo ~To) =0
AX Ay Ay AX
Node 10: hoAY(T,, —Tpo)+ ks &—(E ~Tio) +k,Ay —(Tg ~Tio) +k, ¢ (15 ~Tio) =0
2 Ay A 2 Ay
Node 11: hAy(T, —Ty,)+ klg (Te ~Ta) +k Ay (T2 ~Taa) +ky ax (30-Tu,) =0
2 Ay 2 Ay
Node 12: klAy (Tll _TlZ) + klAX (T7 _T12) + klAX (30 _TlZ) + klAy (T13 _T12) =0
AX Ay Ay
Node 13: iy T2 =T) ) T —Toa) 1) 30-Toa) |y py (e =Taa) g
AX 2 Ay 2 Ay AX
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AX Ay Ay AX

. AX (llO I15) (|14 15) AX (30 I15)
Node 15: h,Ay(T  —T +k, ——— 2 4 KAy =2t Kk, ———— =22 =
ode 2 y( 0 15) 2 2 !y 28Y AX 2 2 ,y

For a 500 W heater, the heat flux on each slab of 100 mm x 100 mm cross section is 50000 W/m?.

(b) The temperature at each node is determined by solving the 15 equations for 15 unknown nodal temperatures using EES or
any other software. The temperature at different nodes are as follows

T.=49.07°C, T,=50.71°C, T;=5597°C, T,=50.46°C, Ts=48.38°C,
Te=45.76°C, T;=47.8°C, Tg=54C, To=47.49°C, Ty, =44.98°C,
Tll = 39.160C, T12 = 40.740C, T13 = 45.990C, T14 = 40.5200, T15 = 386200

The maximum temperature occurs at node 8 (Center node) where the temperature is 54°C.
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5-76 Two dimensional ridges are machined on the cold side of a heat exchanger. The smallest section of the wall is to be
identified. A two-dimensional grid is to be constructed and the unknown temperatures in the grid are to be determined.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 Thermal conductivity is constant.
3 There is no heat generation.

Analysis (a) From symmetry, the smallest domain is between the top and the base of one ridge.

Tg
10 mm
M |
5Smm
/ 10 mm T
Ta < >

(b) The unknown temperatures at nodes 1, 2, and 3 are to be determined from finite difference formulations
Node 1:

k1o T g Tl A To =T AX To
AX AX 2 AX 2
2Ty —2T, +T, T, +Tg -T, =0
4T, -T, =3T3 =3x10=30 1 T
Node 2:
Ts
_ _ _ 2 3
kT AX  To7To g Ta—Te AX
AX 2 AX AX 2
T, -T, +2T3—2T, +T,-T, =0 AX
T, 44T, —2T, =T, =90 ax
Node 3 Ta Ta Ta
oaQe o.

—T,+4T; =2Tg +T, =2x10+90=110
The matrix equation is
4 -1 0T 30
-1 4 -2|T,|=|90
0 -1 4 |T, 110
(c) The temperature T, is 46.9°C. Then the temperatures T, and T5 are determined from equations 1 and 3.
4T, -46.9=30——T, =19.2°C
-T, +4T; =110
~46.9+4T, =110——>T, =39.2°C
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5-77 Two long solid bodies are subjected to steady two-dimensional heat transfer. The unknown nodal temperatures are to be
determined.

Assumptions 1 Heat transfer through the bodies are given to be steady and two-dimensional. 2 There is no heat generation in
the body.

Properties The thermal conductivity is given to be k = 20 W/m-°C.

Analysis The nodal spacing is given to be Ax=Ax=I=0.01m, and the general finite difference form of an interior node for
steady two-dimensional heat conduction for the case of no heat generation is expressed as
. 2

enodeI
Tleft +Ttop +Tright +Tbottom - 4Tnode +

=0—>Tie +Ttop +Tright +Thottom = 4Tnoge =0
(a) There is symmetry about a vertical line
passing through the nodes 1 and 3. Therefore,
Ty=T,, Tg=T,,and T;,T,,T,,and T are the
only 4 unknown nodal temperatures, and thus we
need only 4 equations to determine them
uniquely. Also, we can replace the symmetry
lines by insulation and utilize the mirror-image
concept when writing the finite difference
equations for the interior nodes.

Node 1 (interior) : 150+150+2T, —4T, =0

Node 2 (interior) : 200+T; +T5 +T, —4T, =0 300 300
Node 4 (interior) : 250+250+T, +T, —4T, =0 /‘

Node 5 (interior) : 4T, — 4T =0 Insulated

Solving the 4 equations above simultaneously gives

T, =175°C

T,=T;=200°C

T,=Te=225°C

Ts = 200°C
(b) There is symmetry about a vertical line passing through the middle. Therefore, T; =T,and T, =T, . Replacing the
symmetry lines by insulation and utilizing the mirror-image concept, the finite difference equations for the interior nodes 1
and 2 are determined to be

Node 1 (interior) : 50+150+ 2T, —4T, =0 5 50 50 50

Node 2 (interior) :50+50+150+T, —4T, =0

Solving the 2 equations above simultaneously gives 1 2 50 3 4 Insulated

- = o} = = °
T1=T,=929°C, T,=T;=85.7°C Insulated /

Discussion Note that taking advantage of symmetry
simplified the problem greatly.

150 150 150 150 150
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5-78 The exposed surface of a long concrete damn of triangular cross-section is subjected to solar heat flux and
convection and radiation heat transfer. The vertical section of the damn is subjected to convection with water. The
temperatures at the top, middle, and bottom of the exposed surface of the damn are to be determined.

Assumptions 1 Heat transfer through the damn is given to be steady and two-dimensional. 2 There is no heat generation
within the damn. 3 Heat transfer through the base is negligible. 4 Thermal properties and heat transfer coefficients are
constant.

Properties The thermal conductivity and solar absorptivity are given to be k = 0.6 W/m-°C and o = 0.7.

Analysis The nodal spacing is given to be Ax=Ax=I=1 m, and all nodes are boundary nodes. Node 5 on the insulated
boundary can be treated as an interior node for which Ty +Tiop + Tright + Thotiom —4Tnode = 0. Using the energy balance

approach and taking the direction of all heat transfer to be towards the node, the finite difference equations for the nodes are
obtained to be as follows:

| I T,-T, 1/2 .
Node 1: hy =T -T))+k=——+ a.G. +h -T)]=0 1
i 2(r| 1) 2 I sin45[ sqs O(TO l)] ho, To
T, -T T,-T T,-T j
Node 2: hil(Ti—Tl)+|<'E l| 2+k'E 4| 2 4K 3| 2=0 Water | 2 3 qs
T, -T T -T | hi, T;
Node 3: 22> 4 a.G. +ho (T, =T2)]=0
| | sin45[ SqS OCI-O 3)] 4 5 6
T, -T T -T
NOde4 hil(Ti —T4)+kl— 2 4+kl_ 5 4:0 /
2 2 | 2 1
Insulated
1 Tg-Tg 1/2 .
Node 6: k——=—>2+ a.f. +h -Tg)|=0
2 I S|n45[ qu O(TO 6)]
where

I =1 m, k=0.6 Wm-°C, h; =150 W/m*°C, T; =15°C, h, = 30 W/m%°C, T, =25°C, o, = 0.7, and ¢, =800 W/n?.
The system of 6 equations with 6 unknowns constitutes the finite difference formulation of the problem. The 6 nodal

temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an equation solver
to be

T1 =T =21.3°C, T, =15.1°C, T3 = Thigale =43.2°C
T4 :15.10C, T5 :36.30(:, T6 = Tbonom =43.6°C

Discussion Note that the highest temperature occurs at a location furthest away from the water, as expected.
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5-79 The top and bottom surfaces of an L-shaped long solid bar are maintained at specified temperatures while the left surface
is insulated and the remaining 3 surfaces are subjected to convection. The finite difference formulation of the problem is to
be obtained, and the unknown nodal temperatures are to be determined.

Assumptions 1 Heat transfer through the bar is given to be steady and two-dimensional. 2 There is no heat generation within
the bar. 3 Thermal properties and heat transfer coefficients are constant. 4 Radiation heat transfer is negligible.

Properties The thermal conductivity is given to be k =5 W/m-°C.

/ 50°C
Analysis (a) The nodal spacing is given to be Ax=Ax=I=0.1 m, and all nodes h, T,
are boundary nodes. Node 1 on the insulated boundary can be treated as an el /_

3

interior node for which Tye, +Tiop + Trignt + Thottom —4Tnoge = 0 Using the
Insulated

energy balance approach and taking the direction of all heat transfer to be
towards the node, the finite difference equations for the nodes are obtained to —
be as follows:

Node 1: 50+120+2T, —4T, =0
2 120°CJ

_ T.-T _ _
150-T, 1T-T, , T-T,  120-T
2 | 2 1 | |
1T-T, | 1120-T,
2 | 2 1

Node 2: hi(T, -T,)+k

Node 3: hI(T, —T3)+k =0

where
I =0.1m, k=5W/m-°C, h =40 W/m?°C, and T, =25°C.
This system of 3 equations with 3 unknowns constitute the finite difference formulation of the problem.

(b) The 3 nodal temperatures under steady conditions are determined by solving the 3 equations above simultaneously with an
equation solver to be

T,=78.8°C, T,=72.7°C, T3=64.6°C
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5-80 Heat conduction through a long L-shaped solid bar with specified boundary conditions is considered. The unknown
nodal temperatures are to be determined with the finite difference method.

Assumptions 1 Heat transfer through the body is given to be steady and two-dimensional. 2 Thermal conductivity is constant.
3 Heat generation is uniform.

Properties The thermal conductivity is given to be k = 45 W/m-°C.

Analysis (a) The nodal spacing is given to be
Ax=Ax=1=0.015 m, and the general finite difference form of 1
an interior node for steady two-dimensional heat conduction
for the case of constant heat generation is expressed as

s ]2 d.
€
Tiett +Ttop +Tright + Thottom— HTnode + nolziel =0 — 4 /

Insulated

We observe that all nodes are boundary nodes except node 5
that is an interior node. Therefore, we will have to rely on )
energy balances to obtain the finite difference equations. Using J
energy balances, the finite difference equations for each of the 120

8 nodes are obtained as follows:

- I T,-T, IT,-T, 12
Node 1: —+h—-(T, -T)+k—- +k— +€g—=0
Gy +hy (T rks = 2 1 04
T,-T T,-T Ts-T 2
Node 2: hi(T, ~Ty)+kL T2y 1Ta=Te g Ts=To 0 174
2 0
2 1 2 | | 2
T,-T Te—T 2
Node 3: hI(TOO—T3)+k|§ 2| 3+k|E GI 3+é°IZ:O
- 0-T T -T 2
Node 4: qL|+lel To ( 1120-Ts s 4+e0|_:o
2 | 2 | [ 2
. |2
Node 5: Ty +T, +Tg +120— 4T, + 2 — =0
T,-T T, -T 120-T T, -T 2
Node 6: hI(TOO—T)+kl 3 To  pgTs—To  g120-Te (1T -Ts 3" 4
6 0
2 | | [ 2 | 4
Te-T Tg-T 120-T 2
Node 7: hI(TOO—T)+kl 6 7+kl 8 T4k LAY I_:()
7 0
2 | 2 | [ 2
T, -T 120-T 2
Node 8: hl(Tw—T8)+kl ! 3+kl 8+e0|_:o
2 2 | 2 1 4

where
&, =5x10° W/m®, ¢, =8000 W/m?, | =0.015 m, k = 45 W/m-°C, h = 55 W/m?-°C, and T, =30°C.
This system of 8 equations with 8 unknowns is the finite difference formulation of the problem.

(b) The 8 nodal temperatures under steady conditions are determined by solving the 8 equations above simultaneously with an
equation solver to be

T, =163.6°C, T,=160.5°C, T3=156.4°C, T,=154.0°C, T5=151.0°C, Tg=144.4°C,
T;=134.5°C, Tg=132.6°C

Discussion The accuracy of the solution can be improved by using more nodal points.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-77

5-81 T shaped bar with known thermal properties is subjected to convection environment. Taking the advantage of symmetry

develop finite difference formulation and determine the nodal temperatures.

Assumptions 1 Steady state two-
dimensional heat conduction. 2 Constant Insulation
thermal conductivities. 3 No internal heat ) p——
generation. 1 cml i
Properties: The thermal conductivity of ' - 14
the T shaped bar is given as 28 W/m-K. c h =30 Wm* K
- +6 - 0
Analysis The finite difference formulation S ]; e
at all boundary nodes is done by doing 7 eQ
energy balance at each node assuming all
heat transfer entering the node. . 9 Jo 1l 12
> 13 J4 &3 168 Insuation
L 17 18 19} 20
Tem “Z2em
4T =200°C
Node 1: = 2T, -Ty) + 2KAX (s —T,) =0
2 A
Node 2: Y, 1)k Y T) X[ =T)
2 2 AX 2 Ay
Node 4: hAy(T,, —T, )+ kay (T:~T) LKA (T, ~Ts) LKA (Ts —Ts) =0
2 Ay 2 Ay
Node 5: 2T +T3+T, —4T5; =0
Node 6: hay(T,, —T6)+kAy( —T) kX & (T T6)+k&(-r8 _T6)=O
AX 2 Ay 2 Ay
Node 7: 2Ty +T5+Tg —4T, =0
Node 8: hAy(T,, —Tg )+ kAy (T ~Te) LR (Ts ~Ta) LK AX (T1o=Ts) =0
AX 2 Ny 2 Ay
Node 9: 2T o+ T, +T3—4Tg =0
Node 10: h( 28 AyJ(T 1o kay T =T0) s T =Tao) Y (1 Tao) Ly 5 TaTao) g
2 2 AX Ay 2 2AX Ay
Node 11: n@M(T,, ~Tyy) k2 (Tio=Tia) &Y (2 =Taa) o000 Tas=Tua) g
2Ax 2 2Ax Ay
Node 12: hAX(T, —T,,)+k ﬂ—(-r“ ~Ti2) +k %—(Tm ~Ty2) =0
2  2Ax 2 Ay
Node 14: kay (o —Toa) kay (s —Toa) k(1.5Ax) (o), k(1.5Ax) (e -Toe) g
AX 2 Ay Ay

This equation for node 14 reduces to
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Node 15: (Tyy +Ti6 — 2Tys) 4 (Tyy +Tyo —2Ty) -0
(2AX)2 (Ay)z

This equation for node 15 reduces to

Node 16: kAyMJrkzﬂMJrkZAx (T20-Tie) _

2AX 2 Ay 2 Ay

Solving these 16 equations simultaneously for 16 unknown nodal temperatures using EES or any other software gives
T, =174.8°C, T,=173.7°C, T,=175.3°C, T,=1744°C, Ts5=177.7°C,
Te=176.8°C, T,=181.8°C, Tg=181°C, To=187.5°C, Ty =187.2°C,
T;; =1941°C, T1,=195.2°C, Ty;3=193.9°C, Ty =194°C, Ti5 = 196.8°C,
Tis=197.4°C, Ty, =200°C, Tis = 200°C, Ti9 = 200°C, Ty = 200°C.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-79

5-82 Nickel and Copper are embedded into stainless steel material during a sintering process. For the given boundary
conditions, the finite difference equations and the temperatures at different nodes are to be determined.

Assumptions 1 Two-dimensional steady state heat conduction with no heat generation. 2 Thermal conductivities for each
material are constant. 3 Perfect contact at the interface.

Properties: The thermal conductivities of Nickel, Copper, and stainless steel are given as k = 90.7 W/m-K, k = 401 W/m-K,
and k = 15.1 W/m-K, respectively.

Analysis The top surface is exposed to the h =125 Wm*K P

convection while the two sides are insulated. Nickel T.=15°C opper

The bottom surface is subjected to a non- \ 1' 4 £ A’ .

uniform temperature. Nodes 9, 10, 11, 12, 13, ! —— >~ '/. Stainless steel
16, 17, 18, 19, 20 are the internal nodes. N 10 n 12 /|

However due to different  thermal Insulated 8 < . 413 414
conductivity of the three materials in use, Eq. = , |~ insulated
(5-35) cannot be used for all internal nodes 15¢ 16 X 18 2 20 ¢21

except node 10 and node 12. The nodes 8, 14,

15 and 21 at the two insulated sides can also 22 23 24 35 26 27 28

be treated as the interior node using the 600 700 800 900 800 700 600

mirror image concept at adiabatic boundary.

For all other nodes, the finite difference formulation can be obtained by doing an energy balance at the node volume and
assuming all heat transfers entering the node volume. At node 18, the effect of thermal conductivity of stainless steel, nickel
and copper on the heat transfer and hence the nodal temperature must be considered.

For the case of two-dimensional steady state heat conduction without internal heat generation, the finite difference
formulations for different nodes are expressed as follows

Node 1: h&(Tw _Tl)+kAﬂM+kA AX (Ts -Ty) -0
2 2 AX 2 Ay
Node 2: (T, —T,)+iy W TTe) o Y (Ta) X (Ta=To) g
. © 2 A AX B 2 AX A B 2 Ay
Node 3: hAx(T,, —T;)+kg ﬂ(TLT?')JrkB Ay (T4 =Ts) kg AX (o-Ta) _,
2 2 A Ay
Node 4: (T, —T, )+ ko Y T2 Te) o Y (T5=Ta) oy & (3 =Ta)
2 A 2 AX 2 Ay
Node 5: hAX(T,, —Tg )+ ke = 8y (T4 =Ts) T5) +ke ﬂ@+k0AX(T12 —T5)=0
2 A 2  AX Ay
Ay (T, -T, Ay (T-T AX (T3 T,
Node 6: hax(T,, —Tg )+ kA—y(7A—X"")+kC7y( 5Ax 6)+(kA+kC)7'( 13Ay 6)=0
Node 7: h&(Tw —T7)+k Y(T6 T7) +ky H(TM_T?):O
2 AX 2 Ay
T T, Tyo T, Ax (T, T, AX (Ty6 T,
Node 9: kAAy( BAX 9)+kBAy( 10AX 9)+(kA+kB)7( ZAy 9) (k +k ) 5 (lGAy 9)20
Node 10: T3 +T7+Tg+T—4To=0
Tyo—T. T,-T Ax (T, -T AX (Tyg—T
Node 11: kBAy%_FkCAy%_’_(kB +kC)?( 4Ayll)+(kB +kC)7( 18Ay ll):0
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) (T14 _TlS) (T12 —T13) AX (Te _T13) AX (Tzo _Tls) _
Node 13: kady ===k Ay =2 +(ka +ke) > &y +(ka +ke) T =0
Node 14: T, +T,,+2T,3—-4T;, =0
Te—T Ts—T AX (Tg =T Ay (T —T,
Node 16: kAAy( 15AX 16)+kAAX( 23Ay l6)+(kA +kB)7( 9Ay16)+(kA +kB)?y( 17AX 16) =0
Node 17: K AX(TlO_Tl7)+k AX(T24_T17)+(|( +k )ﬂ (T16_T17)+(k +k )ﬂ (T18 _T17):O
B Ay A Ay ATTBID AX ATTBI D AX
Ay (T T, Ay (To—T, AX (T T Toe—T
Node 18: (ky + ks)%( 17AX 18)+(kA +ke )?y( 19AX 18)+(kB +ke )?( 11Ay 18)+ kAAx( 25Ay 18) -0
Node 19: K AX(T12 _T19)+k AX (TZG_T19)+(|( +k )ﬂ (T18 _T19)+(k +k )ﬂ (TZO_Tlg):O
c Ay A Ay ATTCT AX ATTCT AX
) (To1—Tao) (To7 —Tao) A (T3 = Tyo) Ay (Tig —Tyo)

Solving these 21 equations simultaneously for 21 unknown nodal temperatures using EES or any other software we get,
T, =605.4°C, T, = 641.6°C, T3 = 652.9°C, T, = 664.7°C, Ts = 665.7°C, Ts = 663.5°C, T; = 620°C,
Tg = 642.4°C, Ty = 659.3°C, T4 = 665.9°C, Ty, = 671°C, T4, = 670.3°C, T13 = 668.8°C, Ty, = 651.7°C,
Ti5 = 645.8°C, T15 = 670.5°C, T17 = 680.2°C, T4 = 680.5°C, T19 = 675.7°C, Ty = 672.4°C, T, = 649.1°C.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-81

5-83E The top and bottom surfaces of a V-grooved long solid bar are maintained at specified temperatures while the left and
right surfaces are insulated. The temperature at the middle of the insulated surface is to be determined.

Assumptions 1 Heat transfer through the bar is given to be steady and two-dimensional. 2 There is no heat generation within
the bar. 3 Thermal conductivity is constant.

Analysis The nodal spacing is given to be Ax=Ay=I=1 ft, and the general finite difference form of an interior node for steady
two-dimensional heat conduction with no heat generation is expressed as

| 2
enodeI
Tleft +Ttop +Tright +Tbottom - 4Tnode +

=0 = Tier +Ttop +Tright +Thottom = 4Tnode =0

There is symmetry about the vertical plane passing through the center. Therefore, T; = Tg, To = Typ, T3 =Ty, T4 =T7,and Ts=
Tg. Therefore, there are only 6 unknown nodal temperatures, and thus we need only 6 equations to determine them uniquely.
Also, we can replace the symmetry lines by insulation and utilize the mirror-image concept when writing the finite difference
equations for the interior nodes.

The finite difference equations for boundary
nodes are obtained by applying an energy balance on
the volume elements and taking the direction of all 30°F
heat transfers to be towards the node under 1

consideration: ! / 2
1 32-T, 32-T,; . | T,-T, 2 4 7 10

Node 1: k — + ki k— =0
2 1 | 2 1 /
(Note that k and | cancel out) Insulated A

Insulated

Node 3: T, +212+2T; —4T; =0
Node 4: 2x32+T, +T; —4T, =0

Node 5: Ty +212+T, +Tg —4T5 =0 k 212°F
Node 6: 32+212+2T; — 4T, =0

The 6 nodal temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an
equation solver to be

T,=44.7°F, T,=82.8°F, T3=143.4°F, T,=71.6°F T5=139.4°F, Tg=130.7°F
Therefore, the temperature at the middle of the insulated surface will be T, = 82.8°F.
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5-84E Prob. 5-83E is reconsidered. The effects of the temperatures at the top and bottom surfaces on the temperature in

the middle of the insulated surface are to be investigated.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"
T _top=32 [F]

T_bottom=212 [F]

DELTAx=1 [ft]
DELTAy=1 [ff]

"ANALYSIS"
[=-DELTAX

T_1=T_9 "due to symmetry"

2=T_10 "due to symmetry"

3=T_11 "due to symmetry"

4=T_7 "due to symmetry"

5=T_8 "due to symmetry"

Using the finite difference method, the six equations for the six unknown temperatures are determined to be"

T
T
T
T

"k¥/2%(T_top-T_1)/I+k**(T_top-T_1)/l+k*/2%(T_2-T_1)/I=0 simplifies to for Node 1"

1/2%(T_top-T_1)+(T_top-T_1)+1/2%(T_2-T_1)=0 "Node 1"

T_1+42*T_4+T_3-4*T_2=0 "Node 2"
T_2+T_bottom+2*T_5-4*T_3=0 "Node 3"

2*T_top+T_2+T_5-4*T_4=0 "Node 4"
T_3+T_bottom+T_4+T_6-4*T_5=0 "Node 5"

T _top+T_bottom+2*T_5-4*T_6=0 "Node 6"

Ttop [F] T2 [F]
32 82.81
41.47 89.61
50.95 96.41
60.42 103.2
69.89 110
79.37 116.8
88.84 123.6
98.32 130.4
107.8 137.2
117.3 144
126.7 150.8
136.2 157.6
145.7 164.4
155.2 171.2
164.6 178
174.1 184.8
183.6 191.6
193.1 198.4
202.5 205.2
212 212
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Tbottom [F] TZ [F]
32 32
41.47 34.67
50.95 37.35
60.42 40.02
69.89 42.7
79.37 45.37
88.84 48.04
98.32 50.72
107.8 53.39
117.3 56.07
126.7 58.74
136.2 61.41
145.7 64.09
155.2 66.76
164.6 69.44
174.1 72.11
183.6 74.78
193.1 77.46
202.5 80.13
212 82.81
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5-84

Transient Heat Conduction

5-85C The formulation of a transient heat conduction problem differs from that of a steady heat conduction problem in that
the transient problem involves an additional term that represents the change in the energy content of the medium with time.

This additional term pAAXxc , r:fl —TrL)/At represent the change in the internal energy content during At in the transient

finite difference formulation.

5-86C The two basic methods of solution of transient problems based on finite differencing are the explicit and the implicit
methods. The heat transfer terms are expressed at time step i in the explicit method, and at the future time step i + 1 in the
implicit method as

N N B T i+1 _T i
Explicit method: ZQI + Eéen,element = pvelementcp = At .
Allsides
o B B T i+1 _T i
Implicit method: ZQHl + Eé;%,element = PVtementCp = At .

Allsides

5-87C The explicit finite difference formulation of a general interior node for transient heat conduction in a plane wall is

m - m M The finite difference formulation for the steady case is obtained by
T

simply setting T =T and disregarding the time index i. It yields

givenby T\, —2T) +T) ., +

&, AX?
T —2Th +Tm+1+—mk =0

5-88C For transient one-dimensional heat conduction in a plane wall with both sides of the wall at specified temperatures, the
stability criteria for the explicit method can be expressed in its simplest form as
L alt < 1
(ax)? 2

5-89C For transient one-dimensional heat conduction in a plane wall with specified heat flux on both sides, the stability
criteria for the explicit method can be expressed in its simplest form as

alt <1

Tt 2

which is identical to the one for the interior nodes. This is because the heat flux boundary conditions have no effect on the
stability criteria.
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5-90C The explicit finite difference formulation of a general interior node for transient two-dimensional heat conduction is

< 2

€node

given by Taode=7(Ties +Tiop + Tiignt + Tootiom) + L= 40) Tnoge+ 7 . The finite difference formulation for the steady

case is obtained by simply setting Tnifl :TrL and disregarding the time index i. It yields

N 2
e
+ node’ _ 0

+T node k

Tiett +Ttop +T 4T

right bottom —

5-91C There is a limitation on the size of the time step At in the solution of transient heat conduction problems using the
explicit method, but there is no such limitation in the implicit method.

5-92C The general stability criteria for the explicit method of solution of transient heat conduction problems is expressed as
follows: The coefficients of all T, in the Tr:,*l expressions (called the primary coefficient) in the simplified expressions must
be greater than or equal to zero for all nodes m.

5-93C For transient two-dimensional heat conduction in a rectangular region with insulation or specified temperature
boundary conditions, the stability criteria for the explicit method can be expressed in its simplest form as
e aAt < 1
(Ax)? 4

which is identical to the one for the interior nodes. This is because the insulation or specified temperature boundary
conditions have no effect on the stability criteria.

5-94C The implicit method is unconditionally stable and thus any value of time step At can be used in the solution of transient
heat conduction problems since there is no danger of unstability. However, using a very large value of At is equivalent to
replacing the time derivative by a very large difference, and thus the solution will not be accurate. Therefore, we should still
use the smallest time step practical to minimize the numerical error.
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5-95 Starting with an energy balance on a volume element, the two-dimensional transient explicit finite difference equation
for a general interior node in rectangular coordinates for T(x,y,t) for the case of constant thermal conductivity and no heat

generation is to be obtained.

Analysis (See Figure 5-49 in the text). We consider a rectangular region in which heat conduction is significant in the x andy
directions, and consider a unit depth of Az = 1 in the z direction. There is no heat generation in the medium, and the thermal
conductivity k of the medium is constant. Now we divide the x-y plane of the region into a rectangular mesh of nodal points
which are spaced Axand Ay apart in the x and y directions, respectively, and consider a general interior node (m, n) whose
coordinates are x =mAx and y =nAy . Noting that the volume element centered about the general interior node (m, n)

involves heat conduction from four sides (right, left, top, and bottom) and expressing them at previous time step i, the
transient explicit finite difference formulation for a general interior node can be expressed as

i i i i i i i
Tm,rH—l _Tm m+1,n =T Tm,n—l _Tm,n

T
T+ k(Ayx1) BT+ k(Axx1)

TI_ _TI
k(Ayxl)$+k(Ax><l)
(A A 1) Tr:rr%_ r:m
= XxAyxl)c, ————
1% Yy p AL

Taking a square mesh (Ax = Ay = I) and dividing each term by k gives, after simplifying,
Tmn =T

T

4T,

m,n+

i i i i
Tm—l,n +Tm+1,n 1 +Tm,n—l _4Tm,n -

where a =k / pc, is the thermal diffusivity of the material and 7 = cAt/| 2 s the dimensionless mesh Fourier number. It can
also be expressed in terms of the temperatures at the neighboring nodes in the following easy-to-remember form:
lezft +Ttlop +Tr=ght +Tb|ott0m _4Tnlode = w

Discussion We note that setting T3, =T .. gives the steady finite difference formulation.
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5-96 Starting with an energy balance on a volume element, the two-dimensional transient implicit finite difference equation
for a general interior node in rectangular coordinates for T(x, y,t) for the case of constant thermal conductivity and no heat

generation is to be obtained.

Analysis (See Figure 5-49 in the text). We consider a rectangular region in which heat conduction is significant in the x and y
directions, and consider a unit depth of Az =1 in the z direction. There is no heat generation in the medium, and the thermal
conductivity k of the medium is constant. Now we divide the x-y plane of the region into a rectangular mesh of nodal points
which are spaced Axand Ay apart in the x and y directions, respectively, and consider a general interior node (m, n) whose
coordinates are x =mAx and y = nAy . Noting that the volume element centered about the general interior node (m, n)

involves heat conduction from four sides (right, left, top, and bottom) and expressing them at previous time step i, the
transient implicit finite difference formulation for a general interior node can be expressed as

K(Ayx 1)~ M0 (Ax D) ST Ay sd) —MEED M g (A1) L ma
AX Ay AX Ay
i+l i
= p(Axx Ay x1)c , ——T0
A( yx1)c, o

Taking a square mesh (Ax = Ay = I) and dividing each term by k gives, after simplifying,
m m

m-1,n m+1,n m, N+ m,n-1

where a =k / pc, is the thermal diffusivity of the material and 7 = cAt/| 2 s the dimensionless mesh Fourier number. It can
also be expressed in terms of the temperatures at the neighboring nodes in the following easy-to-remember form:

i+l i
i+1 i+1 i+1 i+1 i+l node — "node
Tietc +Tt0p +Tright +Thottom = 4Tnode = 7
Discussion We note that setting T,'5, =T, 4 gives the steady finite difference formulation.
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5-97 Starting with an energy balance on a disk volume element, the one-dimensional transient explicit finite difference
equation for a general interior node for T(z,t) in a cylinder whose side surface is insulated for the case of constant thermal
conductivity with uniform heat generation is to be obtained.
Analysis We consider transient one-dimensional heat conduction in the axial z direction in an insulated cylindrical rod of
constant cross-sectional area A with constant heat generation g, and constant conductivity k with a mesh size of Az inthe z

direction. Noting that the volume element of a general interior node m involves heat conduction from two sides and the
volume of the element is V. = AAZ , the transient explicit finite difference formulation for an interior node can be

expressed as

Ths~Th | i Tk T Tt

kA kA M +é,AAX = pAAXC , —
AX 0 PR TN

Insulation

Canceling the surface area A and multiplying by Ax/k, it simplifies to

€ AX? _ (AX)? i T

r':1—1 _2Tnl1 +TnI1+1 + K aAt m m)

where a =k / pc, is the thermal diffusivity of the wall material.

. L . . . At .
Using the definition of the dimensionless mesh Fourier number z = a_2 , the last equation reduces to
AX

oMx? _Tgt Ty

T

r:1—1 - ZTniw +Tniw+1 +

Discussion We note that setting Tnifl :Tni1 gives the steady finite difference formulation.

5-98 A plane wall with no heat generation is subjected to specified temperature at the left (node 0) and heat flux at the right
boundary (node 6). The explicit transient finite difference formulation of the boundary nodes and the finite difference
formulation for the total amount of heat transfer at the left boundary during the first 3 time steps are to be determined.

Assumptions 1 Heat transfer through the wall is given to be transient, and the thermal conductivity to be constant. 2 Heat
transfer is one-dimensional since the plate is large relative to its thickness. 3 There is no heat generation in the medium.

Analysis Using the energy balance approach and taking the direction of all
heat transfers to be towards the node under consideration, the explicit finite o~ —_

difference formulations become q
. 0
Left boundary node: Tg =T, =50°C
i i il i To L
. T5 —Te . AX TG _TG ~—|
Right boundary node: k=—=+dy=p—Cp— AX
AX 2 At A
. T, -T Ax T -1 0123 456
Heat transfer at left surface: ' +kAL 0 - pa"c 56
Qeft surface AX P 5 P At
Noting that Q = QAt = ZQiAt , the total amount of heat transfer becomes —
i
i : To-T) A Tt -Tg
Qeft surface = ZQleﬂ surface AL :Z kA A_"‘,UA—Cp — |At
i1 i1 X 2 At
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5-99 A plane wall with variable heat generation and constant thermal conductivity is subjected to uniform heat flux ¢, at the

left (node 0) and convection at the right boundary (node 4). The explicit transient finite difference formulation of the
boundary nodes is to be determined.

Assumptions 1 Heat transfer through the wall is given to be transient, and the thermal conductivity to be constant. 2 Heat
transfer is one-dimensional since the wall is large relative to its thickness. 3 Radiation heat transfer is negligible.

Analysis Using the energy balance approach and taking the direction of all

heat transfers to be towards the node under consideration, the explicit finite
difference formulations become
Left boundary node: q e(x.t)
0
T -7/ , ThA T — h, T..
KA-L "0 4 g A+e)(AMX/2) = pA Ko 10 —T0 A
AX 2 At —

Right boundary node: 0o 1 2 3 4

KA-3 14 L hATE —Ti) 46l (AAX/2) =pA%Cp S

—

5-100 A plane wall with variable heat generation and constant thermal conductivity is subjected to uniform heat flux g, at the

left (node 0) and convection at the right boundary (node 4). The implicit transient finite difference formulation of the
boundary nodes is to be determined.

Assumptions 1 Heat transfer through the wall is given to be transient, and the thermal conductivity to be constant. 2 Heat
transfer is one-dimensional since the wall is large relative to its thickness. 3 Radiation heat transfer is negligible.

Analysis Using the energy balance approach and taking the direction

of all heat transfers to be towards the node under consideration, the T N————
implicit finite difference formulations become
Left boundary node: g e(x,t)
0
kAL —C g A+e,t (AAX/2) = pA—c, 2 —2C | Ax T
AX qO 0 ( ) P 2 p At r_Ll A A

Right boundary node: 0 1 2 3 4

A AT T 6 (A 2) = pA%Cp R

X —
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5-101 A plane wall with variable heat generation and constant thermal conductivity is subjected to insulation at the left (node
0) and radiation at the right boundary (node 5). The explicit transient finite difference formulation of the boundary nodes is to
be determined.

Assumptions 1 Heat transfer through the wall is given to be transient and one-dimensional, and the thermal conductivity to be
constant. 2 Convection heat transfer is negligible.

Analysis Using the energy balance approach and taking the direction
of all heat transfers to be towards the node under consideration, the
explicit transient finite difference formulations become

, 6(x)
Left boundary node: Insulated
kA1_0+é5A&:pA&cpu ‘éef o Tsurr
AX 2 2 At

Right boundary node:

TI-Td . A Ax  Tat-Td
AT ML
AX 2 2 At

coM(Tor)* —(Td) 1+ kA

5-102 A plane wall with variable heat generation and constant thermal conductivity is subjected to combined convection,
radiation, and heat flux at the left (node 0) and specified temperature at the right boundary (node 4). The explicit finite
difference formulation of the left boundary and the finite difference formulation for the total amount of heat transfer at the
right boundary are to be determined.

Assumptions 1 Heat transfer through the wall is given to be transient and one-dimensional, and the thermal conductivity to be
constant.

Analysis Using the energy balance approach and taking the direction of all heat transfers to be towards the node under
consideration, the explicit transient finite difference formulations become

Left boundary node:
: 4 i\4 i i T =Tg i o AX A Tg™ =T
Ao A+ eoA[Tgyr —(Tg) "1+ hA(T,, —Tp) + KA +90A7=PA7CpT
Heat transfer at right surface:
.. TI_Tl r AX AX TH—l_TI
Q:ightsurface +KA 3AX ! +€!1A7 = ,0A7 Cp T Tsurr . T,
. E(X,t) A/
Noting that Yo
| Ax
=QAt = 'At h, T.. e
Q=Q ZQ 0o 1 2 3 4
the total amount of heat transfer becomes
e

20
_ yi
Qrightsurface - Z Qrightsurﬁ:-;lceAt
i=1

20 i i i+l i
TioTi T T
=t —é:,A&wAﬂcp—“ 4 At
= AX 2 2 At
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5-103 A composite plane wall consists of two layers A and B in perfect contact at the interface where node 1 is at the
interface. The wall is insulated at the left (node 0) and subjected to radiation at the right boundary (node 2). The complete

transient explicit finite difference formulation of this problem is to be obtained.

Assumptions 1 Heat transfer through the wall is given to be transient and one-dimensional, and the thermal conductivity to be

constant. 2 Convection heat transfer is negligible. 3 There is no heat generation.

Analysis Using the energy balance approach with a unit area A = 1 and taking the direction of all heat transfers to be towards

the node under consideration, the finite difference formulations become

Node 0 (at left boundary): — T ~————————
=p,— 0 0 A B Radiation
Ka AX Pr— Co.A At Insulated T
. —— A Tsurr
Node 1 (at interface): X &
TS -7, T -7, AX Ax T =T 0 1 o
ky 2—2 kg 2—L=| pp—Cya+pp —Cq | +—™t
AT A BT Ax Pa 9 “PA PB 5 B At \
. ) Interface
Node 2 (at right boundary): L~
4 i\4 1 2 2 2
EG[Tsurr_(Tz) ]+kB Ax =PB 7Cp,BT

5-104 A pin fin with negligible heat transfer from its tip is considered. The complete explicit finite difference formulation for

the determination of nodal temperatures is to be obtained.

Assumptions 1 Heat transfer through the pin fin is given to be steady and one-
dimensional, and the thermal conductivity to be constant. 2 Convection heat transfer
coefficient is constant and uniform. 3 Heat loss from the fin tip is given to be
negligible.

Analysis The nodal network consists of 3 nodes, and the base temperature T, at node

0 is specified. Therefore, there are two unknowns T; and T,, and we need two

equations to determine them. Using the energy balance approach and taking the 0

direction of all heat transfers to be towards the node under consideration, the explicit
transient finite difference formulations become

Node 1 (at midpoint): =

4 4 21 0 "1 1 1
EOPAX[Tgyr _(Tll) 1+ hpAX(T,, _T1I)+kA A +kA A = pAAXCp T
Node 2 (at fin tip):
AX\qa _riye AX N T A TT-T,
go—(F’?j[Tsurr_(rz!) ]+h[p?J(Too_T2l)+kA A :,0A7CpT

where A=7D?/4 isthe cross-sectional areaand p = 7D is the perimeter of the fin.

. TSUI’I’
Convection
h, T, Radiation
(¢
- -
1 Ax 2
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5-105 A pin fin with negligible heat transfer from its tip is considered. The complete implicit finite difference formulation for
the determination of nodal temperatures is to be obtained.

Assumptions 1 Heat transfer through the pin fin is given to be steady . Tour
and one-dimensional, and the thermal conductivity to be constant. 2 g Convection .
Convection heat transfer coefficient is constant and uniform. 3 Heat h, T, Radiation
loss from the fin tip is given to be negligible. ( (
Analysis The nodal network consists of 3 nodes, and the base A . A .
temperature T, at node O is specified. Therefore, there are two 0 1 >
unknowns T; and T,, and we need two equations to determine them. AX
Using the energy balance approach and taking the direction of all heat
transfers to be towards the node under consideration, the implicit
transient finite difference formulations become -
) _ T+l it T+l it T+l _qi
Node 1: goPAX[Ta e — (T )41+ hpAx(T, - T/ ™) +kA2—L 1 kA0 ~ L= pAAXc, #
X

AX )\ 4 i1 4 AX i+1 T -1 X Tt -T,

Node 2: ol p— - +hfp—|(T,-T," )+ kKA——*—=pA—cCc, ———=
o R B O

where A=7D?/4 is the cross-sectional area and p = 7D is the perimeter of the fin.
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5-106 A hot brass plate is having its upper surface cooled by impinging jet while its lower surface is insulated. The implicit
finite difference equations and the nodal temperatures of the brass plate after 10 seconds of cooling are to be determined.

Assumptions 1 Transient heat conduction is one-dimensional. 2 Thermal properties are constant. 3 Convection heat transfer
coefficient is uniform. 4 Heat transfer by radiation is negligible. 5 There is no heat generation.

Properties The properties of the brass plate are given as p = 8530 kg/m?, C, =380 J/kgK, k=110 Wm'K, and o = 33.9 x
10°° m%s.

Analysis The nodal spacing is given to be Ax = 2.5 cm. Then the number of nodes becomes M = L/Ax +1 = 10/2.5 + 1 =5,
This problem involves 5 unknown nodal temperatures, and thus we need to have 5 equations. The finite difference equation
for node 0 on the top surface subjected to convection is obtained by applying an energy balance on the half volume element
about node 0 and taking the direction of all heat transfers to be towards the node under consideration;

0T, ity T Ax ToT Tg he Ty
0 AX 2 P At 3
or —(1+ 2f+2%roo”l+ZrTl”l+Toi +2%ﬂw 0
|

Node 4 is on insulated boundary, and thus we can treat it as an
interior node by using the mirror image concept. Nodes 1, 2, and 3
are interior nodes, and thus for them we can use the general
explicit finite difference relation expressed as

J

Tod— 2Tt + Ty =—2—" — \\'{ ;
or T @+ 20T i Tl =0 1
Thus, the explicit finite difference equations are " Go=0
Node 0: —(1+ 2r+2%rj‘(o”l+2rTl”l+Toi +2%1Tw =0
Node 1: et — @+ 20T+, 4T =0
Node 2: M =+ 20T, 42T 4T, =0
Node 3: Myt — A+ 20) T 42T, 4T, =0
Node 4: At — @+ 20T+ 4T =0

where Ax = 2.5 cm, k=110 W/m'K, h = 220 W/m?K, T,, = 15°C, & = 33.9 x 10~° m?/s, and hAx/k = 0.05. For time step of At
=10 s. Then the mesh Fourier number becomes

oAt (33.9x107° m?/s)(105s)

- s = 0.5424 (for At=10's)
AX (0.025m)

(b) The nodal temperatures of the brass plate after 10 seconds of cooling can be determined by solving the 5 equations above
simultaneously with an equation solver. Copy the following lines and paste on a blank EES screen to solve the above
equations:

-(1+2*0.5424+2*0.05*0.5424)*T_0+2*0.5424*T_1+650+2*0.05*0.5424*15=0

0.5424*T_0-(1+2*0.5424)*T_1+0.5424*T_2+650=0

0.5424*T_1-(1+2*0.5424)*T_2+0.5424*T_3+650=0

0.5424*T_2-(1+2*0.5424)*T_3+0.5424*T_4+650=0

0.5424*T_3-(1+2*0.5424)*T_4+0.5424*T_3+650=0
Solving by EES software, we get the same results:

To=631.2°C, T;=644.7°C, T,=648.5°C, T3=649.6°C, T,=649.8°C

Discussion Unlike the explicit method, the implicit method does not require any stability criterion, and the solution will
converge with large values of time step. However, the large time step tends to give less accurate the results.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-94

5-107 A uranium plate initially at a uniform temperature is subjected to insulation on one side and convection on the other.
The transient finite difference formulation of this problem is to be obtained, and the nodal temperatures after 5 min and under
steady conditions are to be determined.

Assumptions 1 Heat transfer is one-dimensional since the plate is large relative to its thickness. 2 Thermal conductivity is
constant. 3 Radiation heat transfer is negligible.

Properties The conductivity and diffusivity are given to be k = 28 W/m-°C and & =12.5x10°° m?/s.

Analysis The nodal spacing is given to be Ax = 0.015 m. Then the number of nodes becomes M =L/ Ax+1 = 0.09/0.015+1
= 7. This problem involves 7 unknown nodal temperatures, and thus we need to have 7 equations. Node 0 is on insulated
boundary, and thus we can treat it as an interior note by using the mirror image concept. Nodes 1, 2, and 3 are interior nodes,
and thus for them we can use the general explicit finite difference relation expressed as

enAX? Tt T él Ax?

T

2T AT+ Tod =T +Th)+A-20)T) +7
The finite difference equation for node 4 on the right surface subjected to convection is obtained by applying an energy
balance on the half volume element about node 4 and taking the direction of all heat transfers to be towards the node under
consideration:

Node O (insulated) :  Tg™ =7(T) + T, )+ (1 - 22)Tg + 72 .
o : Do P €gAX? '
Node 1 (interior) : T =2(Tyg +T,) + A= 20)T) + 72 Instilated €
2 AX h T
) A . . . . e AX (_A_\ A
Node 2 (interior) : T, =o(T) +T3) + A-20)T, + 72 b o o o o 4
5 N1 2 3 456
Node 3 (interior) : Tah =Ty +T)+A-20)T3 +7 Go2X
. — ]
. . i i i i A 2
Node 4 (interior) : T =T +T) +(1-20)T, +7 CoaX
. - P TS
Node 5 (interior) : Tot = o(T) +Td)+A-20)T, + 72 X
. S p L AX  Ax Tt -1
Node 6 (convection): h(T, —-Tgd)+k—=>——5 +¢,—=p—c, > 6
( ) (I—oo 6) AX 0 2 P 2 p At
_ : . &, (Ax)?
or TGHl:(l—ZT—ZT% d + 20T +22‘%TEE+T%

where
Ax =0.015m, €&, =10°® W/m®, k =28 W/m-°C, h=35W/m*-°C, T, =20°C, and a =12.5x10"% m’/s.
The upper limit of the time step At is determined from the stability criteria that requires all primary coefficients to be greater

than or equal to zero. The coefficient of T4i is smaller in this case, and thus the stability criteria for this problem can be
expressed as

2
1-2r-20MXs o et g X
k 2(1+ hAx/K) 2a(L+ hAx/k)

since 7= At/ Ax?. Substituting the given quantities, the maximum allowable the time step becomes

2
At < (0.015m) ~88s

 2(12.5x107% m?/s)[1+ (35 W/m?.°C)(0.015 m) /(28 W/m°C)]

Therefore, any time step less than 8.8 s can be used to solve this problem. For convenience, let us choose the time step to be
At = 7.5 s. Then the mesh Fourier number becomes
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_aAt  (125x10°° m?/s)(7.55)

= 0.4167
AX? (0.015m)?

Substituting this value of ¢ and other given quantities, the nodal temperatures after 5x60/7.5 = 40 time steps (5 min) are
determined to be

After 5 min:
To=229.9°C, T, = 229.7°C, T, = 229.0°C, T; = 227.7°C, T, = 225.8°C, T5 = 223.3°C, and Tg = 220.0 °C

(b) The time needed for transient operation to be established is determined by increasing the number of time steps until the
nodal temperatures no longer change. Using EES, we increased time steps for 16.8 hours (60500 seconds). The temperatures
seem to remain constant at about this time. Then, the nodal temperatures under steady conditions are

To=2736°C, T, =2732°C, T,=2720°C, T,=2700°C, Ts=2672°C, T¢=2636°C, and T,=2591°C
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€6
5-108 Prob. 5-107 is reconsidered. The effect of the cooling time on the temperatures of the left and right sides of the
plate is to be investigated.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

L=0.09 [m]

k=28 [W/m-C]
alpha=12.5E-6 [m”2/s]
T_i=100 [C]
g_dot=1E6 [W/m"3]

T _infinity=20 [C]

h=35 [W/m"2-C]
DELTAx=0.015 [m]
"time=300 [s]"

"ANALYSIS"

M=L/DELTAx+1 "Number of nodes"
"DELTAt=7.5 [s]"
tau=(alpha*DELTALt)/DELTAx"2

"The technique is to store the temperatures in the parametric table and recover them (as old temperatures) using
the variable ROW. The first row contains the initial values so Solve Table must begin at row 2. Use the
DUPLICATE statement to reduce the number of equations that need to be typed. Column 1 contains the time,
column 2 the value of T[1], column 3, the value of T[2], etc., and column 9 the Row."
Time=TableValue(Row-1,#Time)+DELTAt

Duplicate i=1,7
T_old[i]=TableValue(Row-1,#T[i])
end

"Using the explicit finite difference approach, the six equations for the six unknown temperatures are determined
to be"

T[1]=tau*(T_old[2]+T_old[2])+(1-2*tau)*T_old[1]+tau*(g_dot*DELTAx"2)/k "Node 0, insulated"
T[2]=tau*(T_old[1]+T_old[3])+(1-2*tau)*T_old[2]+tau*(g_dot*DELTAx"2)/k "Node 1"
T[3]=tau*(T_old[2]+T_old[4])+(1-2*tau)*T_old[3]+tau*(g_dot*DELTAx"2)/k "Node 2"
T[4]=tau*(T_old[3]+T_old[5])+(1-2*tau)*T_old[4]+tau*(g_dot*DELTAx"2)/k "Node 3"
T[5]=tau*(T_old[4]+T_old[6])+(1-2*tau)*T_old[5]+tau*(g_dot*DELTAx"2)/k "Node 4"
T[6]=tau*(T_old[5]+T_old[7])+(1-2*tau)*T_old[6]+tau*(g_dot*DELTAx"2)/k "Node 5"

T[7]=(1-2*tau-
2*tau*(h*DELTAX)/K)*T_old[7]+2*tau*T_old[6]+2*tau*(h*DELTAX)/K*T_infinity+tau*(g_dot*DELTAx"2)/k "Node 6,
convection"
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Time T T, Ts T, Ts Ts T, Row
[s] [C] [C] [C] [C] [C] [C] [C]

0 100 100 100 100 100 100 100 1
75 103.3 103.3 103.3 103.3 103.3 103.3 | 1033 |2
15 106.7 106.7 106.7 106.7 106.7 106.2 | 106.7 | 3
22.5 110 110 110 110 109.8 109.3 | 1098 | 4
30 113.4 113.4 113.4 113.3 113.1 112.3 | 1131 |5
375 116.7 116.7 116.7 116.6 116.2 1155 | 116.2 | 6
45 120.1 120.1 120 119.8 119.4 1185 | 1194 |7
52.5 123.4 123.4 123.3 123.1 122.6 121.7 | 1226 | 8
60 126.8 126.7 126.6 126.3 125.7 1248 | 125.7 | 9
67.5 130.1 130 129.9 129.5 128.9 1279 | 1289 | 10
3525 1276 1274 1268 1259 1246 1230 | 1209 | 471
3533 1277 1276 1270 1261 1248 1232 1211 | 472
3540 1279 1277 1272 1263 1250 1233 1213 | 473
3548 1281 1279 1274 1265 1252 1235 | 1215 | 474
3555 1283 1281 1276 1266 1254 1237 1216 | 475
3563 1285 1283 1277 1268 1255 1239 1218 | 476
3570 1287 1285 1279 1270 1257 1240 | 1220 | 477
3578 1288 1287 1281 1272 1259 1242 1222 | 478
3585 1290 1288 1283 1274 1261 1244 | 1223 | 479
3593 1292 1290 1285 1275 1262 1246 1225 | 480
3600 1294 1292 1286 1277 1264 1247 1227 | 481

0 500 1000 1500 2000 2500 3000 3500
Time [s]
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5-109E A plain window glass initially at a uniform temperature is subjected to convection on both sides. The transient finite
difference formulation of this problem is to be obtained, and it is to be determined how long it will take for the fog on the
windows to clear up (i.e., for the inner surface temperature of the window glass to reach 54°F).

Assumptions 1 Heat transfer is one-dimensional since the window is large relative to its thickness. 2 Thermal conductivity is
constant. 3 Radiation heat transfer is negligible.

Properties The conductivity and diffusivity are given to be k = 0.48 Btu/h.ft-°F and o =4.2x107° f?/s.

Analysis The nodal spacing is given to be Ax = 0.125 in. Then the number of nodes becomes M =L/Ax+1 =
0.375/0.125+1 = 4. This problem involves 4 unknown nodal temperatures, and thus we need to have 4 equations. Nodes 2 and
3 are interior nodes, and thus for them we can use the general explicit finite difference relation expressed as

m_—_--m Tt =7(Tp g +Tohar) +(@—22)T,,

i i i
m-1" 2Tm +Tm+l + K T m+1

since there is no heat generation. The finite difference equation for nodes 1 and 4

on the surfaces subjected to convection is obtained by applying an energy T
balance on the half volume element about the node, and taking the direction of all .
heat transfers to be towards the node under consideration: V\I/'ndOW
o ) _ glass
o T -T Ax . T-T hi ho
H . _Tl 2 1 _ 24 S AX
Node 1 (convection): h; (T; —T;)+k =P Cp N T, T,
i h,AX ) _; i h; Ax
or Tt = 1-2r 20 525 iy ot 420 2T, 12 3 4
k k Vel
Node 2 (interior) :  T,™ = z(T} +T3)+(1-27)T, Fog | ]

Node 3(interior) :  T3™ =z(T, +T,)+(1-27)T,
314 :pﬂc 4 4
AX 2 At

Node 4 (convection) : h, (T, —=T,})+k

- hyAX )i i . hoA
or T;*lz[l—zr—zr . jU+2TT3'+2r°TXTO

where Ax = 0.125/12 ft , k = 0.48 Btu/h.ft-°F, h; = 1.2 Btu/h.ft>.°F, T; =35+2*(t/60)°F (t in seconds), h, = 2.6 Btu/h.ft*°F,
and T, =35°F. The upper limit of the time step At is determined from the stability criteria that requires all primary coefficients

to be greater than or equal to zero. The coefficient of T4i is smaller in this case, and thus the stability criteria for this
problem can be expressed as

1 AX?

1-20—2: ™ 5 g L. SNy S,
k 2(1+ hAx/K) 2a(L+ hAx/K)

since 7 = @At/ Ax?. Substituting the given quantities, the maximum allowable time step becomes

2
A< (0.125/12 )

< =12.2s
2(4.2x107° 1t ?/s)[1+ (2.6 Btu/h.f?.°F)(0.125/12 m) /(0.48 Btu/h.1t.°F)]

Therefore, any time step less than 12.2 s can be used to solve this problem. For convenience, let us choose the time step to be
At =10 s. Then the mesh Fourier number becomes

aAt  (4.2x107° 1t 2/s)(10s)

. 7 =0.3871
AX (0.125/12 )

T =

Substituting this value of 7 and other given quantities, the time needed for the inner surface temperature of the window glass
to reach 54°F to avoid fogging is determined to be never. This is because steady conditions are reached in about 156 min, and
the inner surface temperature at that time is determined to be 48.0°F. Therefore, the window will be fogged at all times.
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5-110 The roof of a house initially at a uniform temperature is subjected to convection and radiation on both sides. The
temperatures of the inner and outer surfaces of the roof at 6 am in the morning as well as the average rate of heat transfer
through the roof during that night are to be determined.

Assumptions 1 Heat transfer is one-dimensional. 2 Thermal properties, heat transfer coefficients, and the indoor and outdoor
temperatures are constant. 3 Radiation heat transfer is significant.

Properties The conductivity and diffusivity are given to be k = 1.4 W/m.°C and « =0.69 x10° m?/s . The emissivity of both
surfaces of the concrete roof is 0.9.

Analysis The nodal spacing is given to be Ax = 0.03 m. Then the Tsy
number of nodes becomes M =L/Ax+1 = 0.15/0.03+1 = 6. Radiation Convection  Concrete
This problem involves 6 unknown nodal temperatures, and thus h, T,  roof

we need to have 6 equations. Nodes 2, 3, 4, and 5 are interior £ ya
nodes, and thus for them we can use the general explicit finite \ \ '/
difference relation expressed as

e Ax? _ T T
k T

r:1—l - 2Tni1 +Trri1+l +

HN WSS OO

| fr f
él Ax? \ \

= Tat =e(Mh oy +To) + @-20)T ) +7 -1

k ¢ Convection
- . . . Radiation
The finite difference equations for nodes 1 and 6 subjected to convection hi, Ti

and radiation are obtained from an energy balance by taking the direction

of all heat transfers to be towards the node under consideration:
T 2. _Tli T1i+l _Tli
At

Node 1 (convection): h; (T, -T,)+k +gahv‘v‘a” —(T; +273)4]=p%0p
Node 2 (interior) : T, = (T +T3)+A-27)T,
Node 3 (interior) : Tat = (M) +T))+(1-20)T4
Node 4 (interior) : T, =o(Td +Td) +@-20)T)
Node 5 (interior) : T = o(T) +T4d)+(@-27)Te

Td -Td Ax  Tat-T{

Node 6 (convection):  hy (T, —Tg)+k +50[T5iy—(r6i+273)4]:p7cp "

where k=1.4 W/m.°C, a =k /pcp =0.69x10"° m?/s, T; = 20°C, Ty =293 K, T, =6°C, Tay =260 K, hj=5 W/m?.°C, h,
=12 W/m?.°C, Ax =0.03 m, and At =5 min. Also, the mesh Fourier number is

_aAt  (0.69x107° m?/s)(3005)

=0.230
AX? (0.03m)?

Substituting this value of = and other given quantities, the inner and outer surface temperatures of the roof after 12x(60/5) =
144 time steps (12 h) are determined to be T;=10.3°C and Tg=-0.97°C.

(b) The average temperature of the inner surface of the roof can be taken to be

T +T
Tomg = 1@6PM _ 1@6AM :18+210.3 _14.15°C

Then the average rate of heat loss through the roof that night becomes

Qug = M ATy —Typ0) + 60A, Tl — (T4 +273)*
= (5 W/m? -°C)(18x32 m?)(20 -14.15)°C
+0.9(18x32m?)(5.67x10® W/m? - K*)[(293K)* — (14.15+273K)*]
= 33,640 W
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5-111 A refrigerator whose walls are constructed of 3-cm thick urethane insulation malfunctions, and stops running for 6 h.
The temperature inside the refrigerator at the end of this 6 h period is to be determined.

Assumptions 1 Heat transfer is one-dimensional since the walls are large relative to their thickness. 2 Thermal properties, heat
transfer coefficients, and the outdoor temperature are constant. 3 Radiation heat transfer is negligible. 4 The temperature of
the contents of the refrigerator, including the air inside, rises uniformly during this period. 5 The local atmospheric pressure is
1 atm. 6 The space occupied by food and the corner effects are negligible. 7 Heat transfer through the bottom surface of the
refrigerator is negligible.

Properties The conductivity and diffusivity are given to be k = 0.026 o

W/m-K and o =0.36x10"° m?/s. The average specific heat of food Refrigerator

items is given to be 3.6 kJ/kg-K. The specific heat and density of air ho wall hi

at 1 atm and 3°C are ¢, = 1.006 kJ/kg-K and p = 1.28 kg/m® (Table A- To A T,

15). X

) —

Analysis The nodal spacing is given to be Ax = 0.01 m. Then the y . -
. 1 2 3 4 5

number of nodes becomes M =L/Ax+1 = 0.03/0.01+1 = 4. This

problem involves 4 unknown nodal temperatures, and thus we need to

have 4 equations. Nodes 2 and 3 are interior nodes, and thus for them |~ ]

we can use the general explicit finite difference relation expressed as

enAx? Tt T él Ax?

rilfl - 2Tni1 +Tr:1+1 +

- > T =T T ) +A-20)T) +7 mk
T

The finite difference equations for nodes 1 and 4 subjected to convection and radiation are obtained from an energy balance
by taking the direction of all heat transfers to be towards the node under consideration:

Node1 (convection): h, (T, —T,) +k 2—1 :pﬂc 1 1

2 P At
Node 2 (interior) : Tah =T +T)+A-20)T,
Node 3 (interior) : Tt = o(T) +T))+@—-27)Td
. Do Ta-T) 0 ax o Ti-T,
Node 4 (convection): h;(Td -T)+k=2—4=p—¢ 4+ 4

AX 2 P At
where T =T; = 3°C (initially), T, = 25°C, h; = 6 W/m?-K, h, = 9 W/m*-K, Ax =0.01 m, and At = 1 min. Also, the mesh
Fourier number is
ant  (0.36x10°° m?/s)(60s)

=0.216
AX? (0.01m)?

T =

The volume of the refrigerator cavity and the mass of air inside are

V = (1.80—0.03)(0.8—0.03)(0.7 - 0.03) = 0.913m?
My, = pV = (1.28 kg/m®)(0.913m*) =1.17 kg

Energy balance for the air space of the refrigerator can be expressed as

Node 5 (refrig. air): by A (T4 —Ta ) = (MC,AT) 5y +(MC ,AT) 104

or A T4 =T4) = (M6 ) i +(1C ) 00 |-

where A =2(1.77x0.77) + 2(1.77 % 0.67) + (0.77 x0.67) = 5.6135 m?

Substituting, temperatures of the refrigerated space after 6x60 = 360 time steps (6 h) is determined to be
Tin=Ts=19.6°C
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3
5-112 E Prob. 5-111 is reconsidered. The temperature inside the refrigerator as a function of heating time is to be plotted.
Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

t_ins=0.03 [m]
k=0.026 [W/m-C]
alpha=0.36E-6 [m"2/s]
T_i=3[C]

h_i=6 [W/m"2-C]
h_0=9 [W/m"2-C]
T_infinity=25 [C]
m_food=15 [kg]
C_food=3600 [J/kg-C]
DELTAx=0.01 [m]
DELTAt=60 [s]
time=6*3600 [s]

"PROPERTIES"
rho_air=density(air, T=T_i, P=101.3)
C_air=CP(air, T=T_i)*Convert(kJ/kg-C, J/kg-C)

"ANALYSIS"

M=t_ins/DELTAx+1 "Number of nodes"
tau=(alpha*DELTALt)/DELTAx"2
RhoC=k/alpha "RhoC=rho*C"

"The technique is to store the temperatures in the parametric table and recover them (as old temperatures)
using the variable ROW. The first row contains the initial values so Solve Table must begin at row 2.
Use the DUPLICATE statement to reduce the number of equations that need to be typed. Column 1
contains the time, column 2 the value of T[1], column 3, the value of T[2], etc., and column 7 the Row."
Time=TableValue('Table 1',Row-1,#Time)+DELTAt
Duplicate i=1,5

T_old[i]=TableValue('Table 1',Row-1,#T[i])
end

"Using the explicit finite difference approach, the six equations for the six unknown temperatures are
determined to be"
h_o*(T_infinity-T_old[1])+k*(T_old[2]-T_old[1])/DELTAx=RhoC*DELTAX/2*(T[1]-T_old[1])/DELTAt "Node 1,
convection"

T[2]=tau*(T_old[1]+T_old[3])+(1-2*tau)*T_old[2] "Node 2"

T[3]=tau*(T_old[2]+T_old[4])+(1-2*tau)*T_old[3] "Node 3"
h_i*(T_old[5]-T_old[4])+k*(T_old[3]-T_old[4])/DELTAx=RhoC*DELTAXx/2*(T[4]-T_old[4])/DELTAt "Node 4,
convection"
h_i*A_i*(T_old[4]-T_old[5])=m_air*C_air*(T[5]-T_old[5])/DELTAt+m_food*C_food*(T[5]-T_old[5])/DELTAt
"Node 5, refrig. air"

A_i=2*(1.8-0.03)*(0.8-0.03)+2*(1.8-0.03)*(0.7-0.03)+(0.8-0.03)*(0.7-0.03)
m_air=rho_air*V_air
V_air=(1.8-0.03)*(0.8-0.03)*(0.7-0.03)
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Time [s] | T.[C] T, [C] T2 [C] T.[C] Ts [C] Row
0 3 3 3 3 3 1
60 35.9 3 3 3 3 2
120 5.380 10.11 3 3 3 3
180 36.75 7.552 4535 3 3 4
240 6.563 1321 4.855 3.663 3 5
300 37 9.968 6.402 3517 3.024 6
360 7.374 15.04 6.549 4.272 3.042 7
420 37.04 1155 7.801 4.03 3.087 8
480 8.021 16.27 7.847 4.758 3.122 9
540 36.97 12.67 8.908 4.461 3.182 10
35460 24.85 24.23 23.65 23.00 22.86 592
35520 24.81 24.24 23.65 23.1 22.87 593
35580 24.85 24.23 23.66 23.11 22.88 504
35640 24.81 24.24 23.67 23.12 22.88 505
35700 24.85 24.24 23.67 23.12 22.89 596
35760 24.81 24.25 23.68 23.13 22.9 597
35820 24.85 24.25 23.68 23.14 2201 598
35880 24.81 24.26 23.60 23.15 22.92 599
35040 24.85 24.25 23.60 23.15 22.93 600
36000 24.82 24.26 23.7 23.16 22.94 601
25

20.5

2.5
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5-113 Heat conduction through a long L-shaped solid bar with specified boundary conditions is considered. The temperature
at the top corner (node #3) of the body after 2, 5, and 30 min is to be determined with the transient explicit finite difference
method.

Assumptions 1 Heat transfer through the body is given to be

transient and two-dimensional. 2 Thermal conductivity is h T,
constant. 3 Heat generation is uniform. 1 2 3
Properties The conductivity and diffusivity are given to _
= o - 6 m?2 Ao Insulated
be k=15 W/m-°Cand a=3.2x107" m*/s. | 4 5 6 7 8
Analysis The nodal spacing is given to be Ax=Ax=1=0.015 m. /

The explicit finite difference equations are determined on the
basis of the energy balance for the transient case expressed as

Tt =T} 140°C J

At

ZQi + Eélement = pvelementcp
Allsides
The quantities h,T_,,é and g do not change with time, and thus we do not need to use the superscript i for them. Also, the
energy balance expressions can be simplified using the definitions of thermal diffusivity « =k/ oc, and the dimensionless

mesh Fourier number 7 = aAt/1? where Ax = Ay =1. We note that all nodes are boundary nodes except node 5 that is an

interior node. Therefore, we will have to rely on energy balances to obtain the finite difference equations. Using energy
balances, the finite difference equations for each of the 8 nodes are obtained as follows:

I T L e C R L7 e P S G Pl
Node 1: i, —+h— Ty 4k—2 Lk 4 e —p L 1
A5 +ho (L —T+ko = 2 1 G TP AL
W T -T T -T Te =T, 12 12 Tt T
Node 2: hi(T, -T))+k—-2+—24k—-233 2 44> 2,6 —=p—c, 22
(T =T2) 27 1 | 0 TP T A
. | Ti-Td | T/ -Td |2 (2 TiH_Ti
Node 3: hi(T, -Td)+k——2—34+k—-58 346 —=p—c-2 3
(T ~Te) ko= 2 1 G TP AL

. . S é.12
(Itcanberearrangedas  T4™ :(1—42'—41 %)Ts.' +2{T4' +Tq +2%Tm +%J)

TI_TI 140_TI Ti_Ti 2 2 Ti+1_-|-i
I1h-T ! CRPPILL Sl SR N LY Sl

Node 4: e
i 2 | | 2 2 At

. i i . i 4 |2
Node 5 (interior): T2 = (14T + {Tz' +T, +T, +140+e°TJ

Node 6: hI(TOO—TG')+kl 30 iKM=>—C4k 6 k1 I7 6+eoi=picu
2 | | [ 2 1 4 4 At
Node 7: hI(Tw—T7')+kl 517y dTe =17y 7+é0|—=p|—0¥
2 1 2 1 | 2 2 At
| i I T)-Td  1140-T4 12 12 Tgt-Tg
Node 8: h—(T, -Tg)+k———28 +k— 8 tép—=p—c-3 %
2 (=) ko= 21 4 TP A
where

g, =2x10" W/m®, ¢, =8000 W/m?, 1=0.015 m, k =15 W/m-°C, h = 80 W/m®-°C, and T,, =25°C.
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The upper limit of the time step At is determined from the stability criteria that requires the coefficient of Tni, in the Tr:fl
expression (the primary coefficient) be greater than or equal to zero for all nodes. The smallest primary coefficient in the 8
equations above is the coefficient of T3i in the T3f+1 expression since it is exposed to most convection per unit volume (this
can be verified), and thus the stability criteria for this problem can be expressed as

1 12

1-ar—arso 5 <Y a1
k 4(L+hl/k) 4a/(1+hl 1K)

since 7= At /12 . Substituting the given quantities, the maximum allowable value of the time step is determined to be

2
A< (0.015m)

< = 5 =16.3s

4(3.2x107° m*“/s)[1+ (80 W/m=.°C)(0.015m) /(15 W/m~*C)]
Therefore, any time step less than 16.3 s can be used to solve this problem. For convenience, we choose the time step to be At
=15 s. Then the mesh Fourier number becomes

-6 2
pooat_B2A07 mUASS) ;51 (for At=155)
|2 (0.015m)?

Using the specified initial condition as the solution at time t = 0 (for i = 0), sweeping through the 9 equations above will give
the solution at intervals of 15 s. Using a computer, the solution at the upper corner node (node 3) is determined to be 441,
520, and 529°C at 2, 5, and 30 min, respectively. It can be shown that the steady state solution at node 3 is 531°C.
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€6
5-114 Prob. 5-113 is reconsidered. The temperature at the top corner as a function of heating time is to be plotted.

Analysis The problem is solved using EES, and the solution is given below.

"GIVEN"

T_i=140 [C]

k=15 [W/m-C]
alpha=3.2E-6 [m"2/s]
e_dot=2E7 [W/m"3]
T_bottom=140 [C]

T _infinity=25 [C]
h=80 [W/m"2-C]
g_dot_L=8000 [W/m"2]
DELTAx=0.015 [m]
DELTAy=0.015 [m]
time=120 [s]

"ANALYSIS"

[=DELTAX

DELTAt=15 [s]
tau=(alpha*DELTALt)/I"2
RhoC=k/alpha "RhoC=rho*C"

"The technique is to store the temperatures in the parametric table and recover them (as old temperatures)
using the variable ROW. The first row contains the initial values so Solve Table must begin at row 2.
Use the DUPLICATE statement to reduce the number of equations that need to be typed. Column 1
contains the time, column 2 the value of T[1], column 3, the value of T[2], etc., and column 10 the Row."
Time=TableValue('Table 1',Row-1,#Time)+DELTAt
Duplicate i=1,8

T_old[i]=TableValue('Table 1',Row-1,#Tl[i])
end

"Using the explicit finite difference approach, the eight equations for the eight unknown temperatures are
determined to be"

g_dot_L*I/2+h*I/2*(T _infinity-T_old[1])+k*I/2*(T_old[2]-T_old[1])/I+k*I/2*(T_old[4]-
T_old[1])/I+e_dot*I"2/4=RhoC*|"2/4*(T[1]-T_old[1])/DELTAt "Node 1"
h*[*(T_infinity-T_old[2])+k*I/2*(T_old[1]-T_old[2])/I+k*I/2*(T_old[3]-T_old[2])/I+k*I*(T_old[5]-
T_old[2])/I+e_dot*I"2/2=RhoC*I"2/2*(T[2]-T_old[2])/DELTAt "Node 2"
h*[*(T_infinity-T_old[3])+k*I/2*(T_old[2]-T_old[3])/I+k*I/2*(T_old[6]-T_old[3])/I+e_dot*I"2/4=RhoC*|"2/4*(T[3]-
T_old[3])/DELTAt "Node 3"
g_dot_L*I+k*I/2*(T_old[1]-T_old[4])/1+k*I/2*(T_bottom-T_old[4])/I+k*I*(T_old[5]-
T_old[4])/I+e_dot*I"2/2=RhoC*|"2/2*(T[4]-T_old[4])/DELTAt "Node 4"
T[5]=(1-4*tau)*T_old[5]+tau*(T_old[2]+T_old[4]+T_old[6]+T_bottom+e_dot*|"2/k) "Node 5"
h*I*(T_infinity-T_old[6])+k*I/2*(T_old[3]-T_old[6])/I+k*I*(T_old[5]-T_old[6])/I+k*I*(T_bottom-
T_old[6])/I+k*I/2*(T_old[7]-T_old[6])/I+e_dot*3/4*1"2=RhoC*3/4*I"2*(T[6]-T_old[6])/DELTAt "Node 6"
h*[*(T_infinity-T_old[7])+k*I/2*(T_old[6]-T_old[7])/I+k*I/2*(T_old[8]-T_old[7])/I+k*I*(T_bottom-
T_old[7])/I+e_dot*1"2/2=RhoC*I"2/2*(T[7]-T_old[7])/DELTAt "Node 7"
h*l/2*(T_infinity-T_old[8])+k*I/2*(T_old[7]-T_old[8])/I+k*I/2*(T_bottom-
T_old[8])/I+e_dot*1"2/4=RhoC*I"2/4*(T[8]-T_old[8])/DELTAt "Node 8"
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Time T, T, Ts T, Ts Te T, Tg Row
[s] [C] [C] [C] [C] [C] [C] [C] [C]
0 140 140 140 140 140 140 140 140 1
15 203.5 200.1 196.1 207.4 204 201.4 200.1 200.1 2
30 265 259.7 252.4 258.2 253.7 243.7 232.7 232.5 3
45 319 312.7 300.3 299.9 293.5 275.7 252.4 250.1 4
60 365.5 357.4 340.3 334.6 326.4 300.7 265.2 260.4 5
75 404.6 394.9 373.2 363.6 353.5 320.6 274.1 267 6
90 437.4 426.1 400.3 387.8 375.9 336.7 280.8 271.6 7
105 464.7 451.9 422.5 407.9 394.5 349.9 286 275 8
120 487.4 473.3 440.9 424.5 409.8 360.7 290.1 2775 9
135 506.2 491 456.1 438.4 422.5 369.6 293.4 279.6 10
1650 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 111
1665 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 112
1680 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 113
1695 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 114
1710 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 115
1725 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 116
1740 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 117
1755 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 118
1770 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 119
1785 596.3 575.7 528.5 504.6 483.1 411.9 308.8 288.9 120
550
500
450
400
g 350-
™
— 300_
250
200
150
100
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5-115 A long solid bar is subjected to transient two-dimensional heat transfer. The centerline temperature of the bar after 20
min and after steady conditions are established are to be determined.

Assumptions 1 Heat transfer through the body is given to be transient and two-dimensional. 2 Heat is generated uniformly in
the body. 3 The heat transfer coefficient also includes the radiation effects.

Properties The conductivity and diffusivity are given to be k = 28 W/m-°C and & =12x107° m?/s.

Analysis The nodal spacing is given to be Ax=Ax=I=0.1 m. The explicit finite

difference equations are determined on the basis of the energy balance for the h, T,
transient case expressed as 1 2 3
. . T i+1 _T i
ZQI + Eélement = pvelementcp % e
Allsides
iy . . h T, ki 5 6hT,
The quantities h,T_,, and &, do not change with time, and thus we do not need to e ‘
use the superscript i for them. The general explicit finite difference form of an
interior node for transient two-dimensional heat conduction is expressed as 7 8 9
) . ) . . ) @l a2
Tnlgée = z'(l-lézft +Ttlop +Trlight +Tt;ottom) + (1_4T)Tnlode + T% h, T..

There is symmetry about the vertical, horizontal, and diagonal lines passing through the center. Therefore,
T,=T3=T;, =Tgand T, =T, =T4 =Ty, and T,,T,, and Tz are the only 3 unknown nodal temperatures, and thus we need

only 3 equations to determine them uniquely. Also, we can replace the symmetry lines by insulation and utilize the mirror-
image concept when writing the finite difference equations for the interior nodes. The finite difference equations for boundary
nodes are obtained by applying an energy balance on the volume elements and taking the direction of all heat transfers to be
towards the node under consideration:

i I T)-T, I T,-T} 12 2 TteT
Node 1: hi(T, -T))+k—-—2—L +k——2+—L 46, —=p—cL+—21
(Mo =T+ = 2 4 TP A
Node 2: hI—(Tw—T2')+kI— Ll SRS Sl +e0'—=p'—c¥
2 2 1 2 4 4 At

Node 5 (interior): Te ™ = (1—47)T4 +{4T2' +OTJ

where &, =8x10° W/m®, 1=0.1 m, and k = 28 W/m-°C, h = 45 W/m*-°C, and T., = 30°C.
The upper limit of the time step At is determined from the stability criteria that requires the coefficient of Tni, in the

Tr:fl expression (the primary coefficient) be greater than or equal to zero for all nodes. The smallest primary coefficient in the
3 equations above is the coefficient of Tli in the Tli+1 expression since it is exposed to most convection per unit volume (this

can be verified), and thus the stability criteria for this problem can be expressed as

2
1mar—arMso 5 et e
k 4(L+hl/k) 4a(L+hl/K)

since 7 =aAt/1? . Substituting the given quantities, the maximum allowable value of the time step is determined to be

2
At < (0.1m) ~179s

 4(12x107% m2/s)[1+ (45 W/m?.°C)(0.1m) /(28 W/m°C)]
Therefore, any time step less than 179 s can be used to solve this problem. For convenience, we choose the time step to be At
=60 s. Then the mesh Fourier number becomes

At (12x107 m?2/s)(60's)
|2 (0.1m)?

Using the specified initial condition as the solution at time t = 0 (for i = 0), sweeping through the 3 equations above will give

the solution at intervals of 1 min. Using a computer, the solution at the center node (node 5) is determined to be 227.5°C,

312.0°C, 387.6°C, 455.1°C, 515.5°C, 617.7°C, 699.3°C, and 764.5°C at 10, 15, 20, 25, 30, 40, 50, and 60 min, respectively.

Continuing in this manner, it is observed that steady conditions are reached in the medium after about 6 hours for which the
temperature at the center node is 1023°C.

=0.072 (for At=605s)
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5-116 The formation of fog on the glass surfaces of a car is to be prevented by attaching electric resistance heaters to the
inner surfaces. The temperature distribution throughout the glass 15 min after the strip heaters are turned on and also when

steady conditions are reached are to be determined using the explicit method.

Assumptions 1 Heat transfer through the glass is given to be transient and two-
dimensional. 2 Thermal conductivity is constant. 3 There is heat generation only at
the inner surface, which will be treated as prescribed heat flux.

Thermal
symmetry line

Properties The conductivity and diffusivity are given to be k = 0.84 W/m-°C 1 2 3
and & =0.39x10"° m?/s.
Analysis The nodal spacing is given to be Ax = 0.2 cm and Ay = 1 cm. The explicit /' ‘\
finite difference equations are determined on the basis of the energy balance for the Outer
transient case expressed as lﬂ?gce 5 6| surface
. . T i+1 _TI
ZQI +Eéen£lenlent :pvlementc % AT
Allsides 7—| 8 9 Glass
We consider only 9 nodes because of symmetry. Note that we do not have a square |
mesh in this case, and thus we will have to rely on energy balances to obtain the Heater
finite difference equations. Using energy balances, the finite difference equations for 25 W/m
each of the 9 nodes are obtained as follows: 0.2 cm
I_H
T -1/ T -1/ T T
Node 1: Oy A (PP QL Sl R AL Sl EEp RS B
2 2 Ay 2 AX 2 2 At
lcm
TI_TI Ti_Ti Ti_Ti TH—l_Ti
Node 2: k% 1A 2+k% 3A 2+kAx%:pcprA2yT2 L k J_
X X y
Ay AXTg-T3  AyT, T3 AxAy T3 -Tg Thermal
Node 3: hy —=— (T, -T3)+k— +k— = - i
° (To —T3)+ 2 Ay > T Ax P 2 At symmetry line
AX T1 T, AXTS =T, Td -T) AX T -T]
Node 4: h, A -T k +k— + kA = Ay ——=
AY(T; —T)+ 2 Ay Y= TS T
T, -Ta Te -Ts -Td T, -Tq T -Td
Node 5: kay 43 ykay &3 Tkax e Ts +kAx —2—2 = oo AxAy = >
AX AX Ay
AXT3-Tg  AxTg-T¢ Td —T¢ AT =T,
Node 6: h, A —Tg)+k— +k— + kA = Ay ———=>
oAy (T - T¢) 2 Ay 2 Ay Y= TS T
- T, -T, T -T; T, -1,
Node 7: 125W+h DT -tk Xl (ATl o XA
2 2 Ay 2 Ax 2 2 At
i i i i i i [
Node 8: kYT =Ts  AYTo-Ts \nT5-Ts _ prAy!
2 AX 2 AX Ay 2 At
Tg —Tq Te —To _ Ty -Tg
Node 9: hy AT —Tiy+ kAX 6 lo (W e—lo_ o &XAJo —T9
2 Ay 2 AX 2 2 At
where

k=0.84 Wm.°C, a =k/ pc =0.39x10° m?/s, T; = T, = -3°C h; = 6 W/m2.°C,

h, = 20 W/m%.°C, Ax=0.002 m, and Ay = 0.01 m.
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The upper limit of the time step At is determined from the stability criteria that requires the coefficient of Tni, in the Tr:fl
expression (the primary coefficient) be greater than or equal to zero for all nodes. The smallest primary coefficient in the 9
equations above is the coefficient of T6i in the T6i+l expression since it is exposed to most convection per unit volume (this
can be verified). The equation for node 6 can be rearranged as

i h i h Ty +Tg  Ta
To =|1-20At Do L1 Td +2aAt| 0 Ty 4379 15
kA Ay?  Ax? kAx Ay?  AX?

Therefore, the stability criteria for this problem can be expressed as

1 1

h
1_2aA{_0+_ —Jzo | as !

h
kAX  Ay?  AXx?

Substituting the given quantities, the maximum allowable value of the time step is determined to be

+
kAX  Ay?  Ax?

or,
At < 21 =4.7s
2x(039x100 m? /g - 2Wm e 1, 1
(0.84 W/m-°C)(0.002m) ~ (0.002m)*  (0.01m)

Therefore, any time step less than 4.8 s can be used to solve this problem. For convenience, we choose the time step to be At
=4 s. Then the temperature distribution throughout the glass 15 min after the strip heaters are turned on and when steady
conditions are reached are determined to be (from the EES solutions in CD)

15 min: T, =10.2°C, T, =10.2°C, T3 =9.8°C, T, = 16.0°C, T5 = 15.9°C,
Te =15.3°C, T; = 41.1°C, Tg = 36.8°C, Tg = 34.3°C

Steady-state: T,=11.8°C, T, =11.7°C, T3 = 11.3°C, T, = 17.6°C, Ts = 17.5°C,
Te=16.8°C, T; = 42.7°C, Tg = 38.4°C, Tg = 35.8°C

Discussion Steady operating conditions are reached in about 20 min.
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5-117 The formation of fog on the glass surfaces of a car is to be prevented by attaching electric resistance heaters to
the inner surfaces. The temperature distribution throughout the glass 15 min after the strip heaters are turned on and also
when steady conditions are reached are to be determined using the implicit method with a time step of At =1 min.
Assumptions 1 Heat transfer through the glass is given to be transient and two-

dimensional. 2 Thermal conductivity is constant. 3 There is heat generation only at
the inner surface, which will be treated as prescribed heat flux.

Thermal
symmetry line

[_

Properties The conductivity and diffusivity are given to be k = 0.84 W/m-°C -- ---
and & =0.39x10"° m?/s. 2 3
Analysis The nodal spacing is given to be Ax = 0.2 cm and Ay = 1 cm. The implicit v\
finite difference equations are determined on the basis of the energy balance for the /
transient case expressed as Inner Outer
o 5 6| surface
i1 i T =T surface
ZQ + Egen element — p(/ IementC T T~
Allsides Glass
We consider only 9 nodes because of symmetry. Note that we do not have a 1.8 9
square mesh in this case, and thus we will have to rely on energy balances to -
obtain the finite difference equations. Using energy balances, the finite difference Heater
equations for each of the 9 nodes are obtained as follows: 25 W/m 0.2 om
T'+1 T'+1 TiH _Tid T _Ti —A—
Node 1: h y(T, iy X s k¥l o XA
2 Ay 2 AX 2 2 At
i+1 i+1 i+1 i+1 i+1 i+1 i+1 i lcm
T3 -T, T -T, —
Node 2: Ay i T +k Ay +kax = prAyu
2 AX 2 AX Ay 2 At
A -I—|+l T|+1 A T|+1 -I—|+l A T|+l _-I—i \
Node 3: h, (T, ~T4") +k =X =2 Y _po, X —T8 T
2 Ay 2 AX 2 2 At ermal
) ) _ ~ symmetry line
. AX T i+1 —T i+1 AX -|— i+1 T i+1 T i+1 -7 i+1 AX -|— i+1 —T)
N4: h AY(T, =T, +k == +k=— 4 +kay > L —pe Ay— A4 4
iAY(T; =T47) 2y 2 Ay Y = Peply ———
-I—|+l Ti+1 T|+l -I—|+l -I—|+l _-I—|+1 -I—|+l Ti+1 -I—i+l _Ti
Node 5: kay —2 > +kay-2 +kAX +kAX 2= o, Axay >——>
AX AX Ay Ay
A AX T|+1 T|+1 AX T|+1 T|+1 T|+1 _T|+1 AXTI+1 _TI
N6: hoAY(T; —Tg ™ k— +k=-2 +kay2—8 — pc Ay & 6
oAY(T; —Tg ™)+ Ay 2 Ay Y= TS
T|+l T|+1 T|+1 T|+l T|+1 Ti
Node 7: 125 W+h &Y o riy el A Te mhr e XAV T ol
2 Ay 2 AX 2 2 At
TH—l T|+1 T|+1 TH—l T|+1 _T|+1 T|+1 TI
Node 8: kY e +kAx =2 &=, A ls ~Ts
2 AX 2 AX Ay 2 At
Ay AX -I—|+l T|+1 Ay T|+1 -I—|+l AX Ay T|+l _-I—i
Node 9: hy = (T, —Ta™)+k = +k =pc, =22
2 2 Ay 2 AX 2 2 At

where k = 0.84 W/m.°C, a =k/ pc, =0.39x10° m?/s, T; = T, = -3°C h; = 6 W/m*.°C, h, = 20 W/m’.°C, Ax =0.002 m,
and Ay = 0.01 m. Taking time step to be At = 1 min, the temperature distribution throughout the glass 15 min after the strip
heaters are turned on and when steady conditions are reached are determined to be (from the EES solutions in the CD)
15 min: T,=10.2°C, T, =10.2°C, T3 = 9.8°C, T, = 16.0°C, Ts = 15.9°C,

Te =15.3°C, T, =41.1°C, Tg = 36.8°C, Ty = 34.3°C
Steady-state: T,=11.8°C, T, =11.7°C, T3 = 11.3°C, T, = 17.6°C, T5 = 17.5°C,

Te =16.8°C, T, =42.7°C, Tg = 38.4°C, Ty = 35.8°C
Discussion Steady operating conditions are reached in about 20 min.
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5-118 Square cross section geometry is subjected to four different boundary conditions. The transient temperature distribution
within the geometry is to be determined after 15 seconds using the explicit finite difference formulation.

Assumptions 1 Two-dimensional transient heat conduction without internal heat generation. 2 Thermal properties are
constant.

Properties Thermal conductivity is given as k=20 W/m-K and the thermal diffusivity value is o. = 6.694 x 10°® m%s.

Analysis: (a) There are 4 internal nodes (node 2, 3, 6 100 °C

and 7) and 4 boundary nodes (node 1, 4, 5 and 8). Thus =
we need to have 8 equations for 8 unknown

temperatures. Finite difference equations for internal 1
nodes can be expressed directly using Eq. (5-60) while

for the boundary nodes energy balance is carried out q = 1000W/m*
around the node volume. s, 6} 4 8,

rJ
)
=
-

t h=45 Wm*K

T, =20°C

The explicit finite difference formulations for different
nodes are as follows.

Node 1: (Left boundary node) 300 °C

T T f o X !100 Tl? rn-1) ax (-1
qAy + k kAy R A"

ST = 1-40)T +T(100+T5 +2TH+ quij

Node 2: (Interior node) T4 = (1—47)T} + {100+ T +T; +TJ)
Node 3: (Interior node) T4 = (1—47)Td + {100+ T} +T} +T/ )
Node 4: (Right boundary node)

k% !100A;T4i!+k% (TgA—yTj)+kAy(T;A—XTJ)+h Ay(Tm ) p, AyAX T4'*1A;T4

ST = [1 4z —ZTiyth (1OO+T8+2T3 thAyT J

Node 5: (Left boundary node)

iy + kAx(Tl M V(TgiT_Tli)zpcpAy%!Tsi”A;T;)

ST = (- 40T + 7[300 +T, 42T +%)

Node 6: (Interior node) T¢*™ = (1—47)T¢ +r(300 +Td +T) +T7i)
Node 7: (Interior node) T, = (1—47)T; +z'(300 +Td+Td +T8i)
Node 8: (Right boundary node)

kﬂﬁwﬂ(&(u _T8i)+kAy(T7i _T8i)+hAy(Tw _Ts) pCpAy M

2 Ay 2 Ay AX At
ST = (1 4r ZTiyhj'r (300+T4+2T7 thAyij

where Ax=Ay =0.01m, h=45W/m*-K), k=20(W/m-K) and T, =20°C

Next we need to determine the upper limit of the time step from the stability criterion which requires the primary coefficient
of T in the expression of T'*lto be greater than or equal to zero at all nodes. The smallest primary coefficient is for node at
right boundary exposed to convective environment. Thus using the stability criterion we get
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1 Ay?
{———<2>2At—F——7——<
2(2+hay/k) 2a(2 +hAy/k)
Thus the maximum allowable time step is
At < 0.01°(m?)
"~ 2x6.694x107°(m* /s)(2+45(W/m2 -K)x0.01(m)/20(W/m-K)

) <3.69(s)

For convenience let’s select a time step of At =3s .This gives a mesh Fourier number of
r =220 _0.20082
Ay

(b) The temperature distribution is obtained by running the following EES code.

"Given data"

k = 20 [W/mC] " Thermal conductivity"

h =45 [W/m"2C] " Convective heat transfer coefficient"

T_infi = 20 [C] " Convective environment temperature”

g_dot = 1000 [W/m~2] " Heat flux at left boundary"

DELTAt = 3 [s] "Time step”

DELTAy = 0.01 [m] " Mesh size"

tau = 0.20082 "Mesh Fourier number”

"The technique is to store the temperatures in the parametric table and recover them (as old temperatures) using
the variable ROW. The first row contains the initial values so Solve Table must begin at row 2. Use the
DUPLICATE statement to reduce the number of equations that need to be typed. Column 1 contains the time,
column 2 the value of T[1], column 3, the value of T[2], etc., and column 9 the Row.To start the Solve Table at 2
go to 'Calculate’ and select 'Solve table' (or hit F3) and make the 'First Run Number' as 2. The initial
temperatures and the initial time ‘0’ can be set manually in the parametric table"

Row = TableRun#
Time = TableValue('Table 1',Row-1,#Time)+DELTAt

Duplicate i=1,8

T_old[i] = TableValue('Table 1',Row-1,#T[i])

End
"Finite difference Equation"
"Node 1" T[1]=(1-4*tau)*T_old[1]+tau*(100+T_old[5]+2*T_old[2]+2*g_dot*DELTAy/k)
"Node 2" T[2] = (1-4*tau)*T_old[2]+tau*(100+T_old[6]+T_old[1]+T_old[3])
"Node 3" T[3] = (1-4*tau)*T_old[3]+tau*(100+T_old[2]+T_old[4]+T_old[7])
"Node4"T[4] = (1-4*tau-2*tau*h*DELTAy/k)*T_old[4]+tau*(100+T_old[8]+2*T_old[3]+2*h*DELTAY*T _infi/k)
"Node 5" T[5] = (1-4*tau)*T_old[5]+tau*(300+T_old[1]+2*T_old[6]+2*g_dot*DELTAy/k)
"Node 6" T[6] = (1-4*tau)*T_old[6]+tau*(300+T_old[5]+T_old[2]+T_old[7])
"Node 7" T[7] = (1-4*tau)*T_old[7]+tau*(300+T_old[6]+T_old[3]+T_old[8])
"Node8'"T[8] = (1-4*tau-tau*2*h*DELTAY/K)*T_old[8]+tau*(300+T_old[4]+2*T_old[7]+2*h*DELTAY*T_infi/k)

Temperature distribution at different time steps.
Nodal temperature, °C

Time () T, T, T3 T, Ts Ts T; Tsg
0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0
3 180.0 179.8 179.8 178.2 220.1 219.9 219.9 218.3
6 172.0 171.7 171.4 169.6 228.1 227.8 227.5 2254
9 168.8 168.4 167.9 166.1 231.2 230.9 230.3 228.0
12 167.4 167.1 166.4 164.5 232.4 232.0 231.2 228.9
15 166.9 166.5 165.7 163.8 232.8 232.4 2315 229.1
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5-119 A copper alloy with known thermal properties and initially heated to 800°C is subjected to quenching in water with top
surface exposed to air environment. The temperature distribution in the copper alloy after 10 min is to be determined using
explicit finite difference formulation.

Assumptions 1 Two-dimensional transient heat transfer without internal heat generation. 2 Constant thermal properties 3 The
top surface of the copper alloy is always in contact with the air environment.

Properties Thermal conductivity is given as

k =120 W/m-K and the thermal diffusivity value

is . = 3.91 x 10° m?s. hy= 10Wm*K T,=15°C
" 2

Analysis The nodes 1, 2 and 3 are exposed to air I 3 :

environment while nodes 4, 7, 8 and 9 are in

contact with the water environment. Since there 6

is geometrical symmetry we need to find the | Piater = 100 Wim* K

temperatures for only the nodes shown in figure. - 8 9 — 1 Ta=15%

Node 5 can be treated as an internal node and for

all other nodes, the temperature is found using Copper alloy immersed in water for quenching

energy balance at the node volume. The explicit

finite difference formulation at different nodes is

as follows

Node 1. (h —+h, Azy](Too —Tli)+ k% (T“iA_yTl ) Azy ( Ale ) p%%cp T1'+1At T,

da
M

=T, = (1 4t - 27 (hlJth)leli+2r(T4i +T2i+IE(h1+h2)TOO)

k

Node 2: hyAx(T _T;)+kﬂ(Tli ) vt _Tzi)=prﬂc fri 7))
B 2

AX 2 AX Ay 2 At
i+l _ o Ml hll
=T, 1-4¢ 21- S| T 4T, +2Td + 21 "

Node 3: hle(T T)+2k y(TZ Tgi)+kAX<T6i_T3i)=pAXﬂc !TgiJrl—T;)

AX Ay 2 P At

=T = (1 47— 2r—)T (2T2+2T6+2%Tj

Node &1 myfr, 7)ok X T xfri=w) ) e o)
VAR uE

Ay 2 Ay AX 2 At

=T,"= (1 4t — 27—)T +T(T1 +T4 +2T + 2hkI j

|+1

Node 5: T, +T, +Tg +Tg —4Ta = pAxAyc, ~ Ty
=T =(1-47)T, +r(‘|’2 +Tg +T, +T4)
i i

— i_ i i i i+l
Node 6: kAx To —Ts + 2kAy (T5 T6>+ KAX (T3 T6): PAXAYC, Te Te)
Ay Ax Ay At

=T = (4T + (2T + T+ TY)

i i i i il
Node 7: h, 4y A (T T7) kAXMJrkﬂ Ts —T7 :pﬂﬂcp Iz
2 " 2 Ay 2 Ay 2 2

=TI = (1 4t — 4rh§' 7‘+2TET4‘+T8‘+2%TWJ
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Node 8: hyAx(T —Ti)+kﬂ£—T7i _Tsi)+kﬂ(Tgi _Tgi)JrkAx(TSi -T3) _ Y pe 7T
- My 0 8 2 AX 2 AX Ay P 2 p AL

=Ta" :(1—41—21% o +T[2T5i +T+Td +2%ij

Node 9: thx(T —T9‘)+2k Ay !Tgi - Ty )+ KAX ng ~Tq ) _ pﬂmp (-|—9i+1 1
) 2

2 A Ay At

=T4" :(1—41—21% . +T(2T6i +2Tq +2%ij

The unknown nodal temperatures are found by running the following EES program.

"Given"

[ =0.1 [m] "mesh size"

alpha = 3.91e-6 "Thermal diffusivity [m"2/s]"

DELTAt = 10 [s] "Time step”

k = 120 [W/moC] "Thermal conductivity"

h_1 =10 [W/m”"20C] “Convective heat transfer coefficient of air"
h_2 =100 [W/m"20C] “Convective heat transfer coefficient of water"
T _infi = 15 [C] " Ambient temperature”

tau = (alpha*DELTAL)/I"2 "Mesh Fourier number"

"The technique is to store the temperatures in the parametric table and recover them (as old temperatures) using
the variable ROW. The first row contains the initial values so Solve Table must begin at row 2. Use the
DUPLICATE statement to reduce the number of equations that need to be typed. Column 1 contains the time,
column 2 the value of T[1], column 3, the value of T[2], etc., and column 9 the Row.

To start the Solve Table at 2 go to 'Calculate’ and select 'Solve table' (or hit F3) and make the 'First Run
Number' as 2. The initial temperatures and the initial time ‘0’ can be set manually in the parametric table"

Row = TableRun#
Time = TableValue('Table 1',Row-1,#Time)+DELTAt
Duplicate i=1,9
T_old[i] = TableValue('Table 1',Row-1,#T[i])
end

"Finite difference formulation”
"Node 1" T[1] = (1-4*tau-2*tau*(h_1+h_2)*I/k)*T_old[1]+2*tau*(T_old[4]+T_old[2]+(h_1+h_2)**T_infi/k)
"Node 2" T[2] = (1-4*tau-2*tau*h_1*I/k)*T_old[2]+tau*(T_old[1]+T_old[3]+2*T_old[5]+2*h_1*I*T_infi/k)
"Node 3" T[3] = (1-4*tau-2*tau*h_1*I/k)*T_old[3]+tau*(2*T_old[2]+2*T_old[6]+2*h_1**T_infi/k)
"Node 4" T[4] = (1-4*tau-2*tau*h_2*I/k)*T_old[4] + tau*(T_old[1]+T_old[7]+2*T_old[5]+2*h_2*I*T_infi/k)
"Node 5" T[5] = (1-4*tau)*T_old[5]+tau*(T_old[2]+T_old[4]+T_old[6]+T_old[8])
"Node 6" T[6] = (1-4*tau)*T_old[6]+tau*(2*T_old[5]+T_old[3]+T_old[9])
"Node 7" T[7] = (1-4*tau-4*tau*h_2*I/k)*T_old[7]+2*tau*(T_old[4]+T_old[8]+2*h_2*I*T _infi/k)
"Node 8" T[8] = (1-4*tau-2*tau*h_2*I/k)*T_old[8]+tau*(T_old[7]+T_old[9]+2*T_old[5]+2*h_2*I*T_infi/k)
"Node 9" T[9] = (1-4*tau-2*tau*h_2*I/k)*T_old[9]+tau*(2*T_old[8]+2*T_old[6]+2*h_2**T_infi/k)
Temperature distribution in the copper alloy block after 10 min is as follows,

T, =772.7°C, T, = 794.5°C, T, = 796.7°C, T, = 772.7°C, T5 = 794.5°C,

Te=796.7°C, T, = 751.7°C, Tg = 772.9°C, Ty = 775.1°C.

Discussion If the mass and/or heat capacity of the fluid used for quenching is not large enough then the heat released by the
metal parts is absorbed by the fluid thus raising its temperature considerably. In such a case constant temperature of the
convective environment may not be a good approximation as it will alter the rate of heat transfer by convection. Note that
thermal diffusivity of the material dictates the temperature distribution and the quenching time to attain specified temperature.
Use of flowing water (forced convective cooling) instead of stagnant water bath may further drop the temperature of copper
alloy significantly.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-115

5-120 A ceramic strip at a specified initial temperature is exposed to convective environment at top and constant temperature
boundary conditions at its two sides. Using implicit finite difference formulation, the temperature distribution in the ceramic
strip is to be determined after 12 seconds.

Assumptions 1 Two-dimensional transient heat conduction without heat generation. 2 Thermal properties of the ceramic strip
stays constant.

Properties Thermal properties of ceramic strip are given as: k = 3 W/m-K, p = 1600 kg/m® and Cp, = 800 J/kg-K.

Analysis The finite difference equation at each
node is developed by doing an energy balance h=200 Wm*-K T,=50°
assuming all heat transfer is to the control l 9 3
volume of the node under consideration. Nodes 1 T 'j
1, 2 and 3 are the boundary nodes exposed to the |

convection environment. Nodes 7, 8 and 9 are the T =300 °C 4 S W ) T=300°C
boundary nodes at the insulated surface. The -

implicit finite difference formulation for all the

i

Il
v

Nz

nodes is as follows L =
Insulation
. _Tidl i+l i+l i+l i+l i+ i
Node 1: hAx(Tw —Tl'*1)+ = (300 T )+ KA (T2 L )+ KAX (T4 T )= pcprﬂ Ul
2 AX 2 AX Ay 2 At
. i+l i+l i+l i+l i+l i
Node 2: hAx(Tw —T2'+1)+ ZKﬂ(Tl T2 )+kAx(T5 A )=pcprﬂ Ml
2 AX Ay 2 At
_TiHl i+l i+l i+l il i+l i+l i+l i
Node 4: kAy <300 Ta )+ kAy (TS Ta )+ kAx (Tl 4 )+ kAX (T7 T )= PCAXAY LT
AX AX Ay Ay At
i+l i+l i+l i+l i+l i+l ‘ i+l i ’
Node 5: kAX (T2 Ts )+ kAX (TS Ts )+ 2kAy Uil PCAXAY Ul
Ay Ay AX At
_Titl i+l i+l i+l i+l i+l i
Node 7: A B0=T7 ) AV Ts =T77) | pppx\Ta =T 7) pcprAyu
2 AX 2 AX Ay At
i+l i+l i+l i+l i+l i
Node 8: 2k %w-ﬁ- 2kAx T5 A T8 = ﬁpAXAyf%)
X Yy

The unknown temperatures at theses nodes are determined by running the following EES code.

"Given data"

k = 3 [W/mC] "Thermal conductivity of ceramic strip"

h = 200 [W/m”2C] "Convective heat transfer coefficient"
T_infi =50 [C] " Ambient temperature"

DELTAXx = 0.01 [m] "Mesh size in x direction”

DELTAy = 0.01 [m] "Mesh size in y direction"

DELTAt = 2 [s] "Time step”

rho = 1600 [kg/m”3] "Density of ceramic strip"

¢ = 800 [J/kgK] " Specific heat capacity of ceramic strip"
alpha = k/(rho*c) "Thermal diffusivity of ceramic strip [m”2/s]"
tau = DELTAx"2/(alpha*DELTAt)"Mesh Fourier number"

"The technique is to store the temperatures in the parametric table and recover them (as old temperatures) using
the variable ROW. The first row contains the initial values so Solve Table must begin at row 2. Use the
DUPLICATE statement to reduce the number of equations that need to be typed. Column 1 contains the time,
column 2 the value of T[1], column 3, the value of T[2], etc., and column 9 the Row.
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To start the Solve Table at 2 go to 'Calculate’ and select 'Solve table' (or hit F3) and make the 'First Run
Number' as 2. The initial temperatures and the initial time ‘0’ can be set manually in the parametric table"

Row = TableRun#

Time = TableValue('Table 1',Row-1,#Time)+DELTAt

Duplicate i=1,9

T_old[i] = TableValue('Table 1', Row-1,#T[i])

End

"Implicit finite difference formulation"”

"Node 1"
h*DELTAX*(T_infi-T[1])+k*DELTAyY/2*(300-T[1])/DELTAX+k*DELTAY/2*(T[2]-T[1])/DELTAx+k*DELTAx*(T[4]-
T[1])/DELTAYy = rho*c*DELTAX*DELTAyY/(2*DELTALt)*(T[1]-T_old[1])

"Node 2"
h*DELTAX*(T_infi-T[2])+k*DELTAY/2*(T[1]-T[2])/DELTAx+k*DELTAyY/2*(T[3]-T[2])/DELTAx+k*DELTAX*(T[5]-
T[2])/DELTAYy = rho*c*DELTAX*DELTAyY/(2*DELTAt)*(T[2]-T_old[2])

"Node 4"
k*DELTAy*(300-T[4])/DELTAX+k*DELTAX*(T[1]-T[4])/DELTAy+k*DELTAy*(T[5]-T[4])/DELTAX+k*DELTAX*(T[7]-
T[4])/DELTAYy = rho*c*DELTAX*DELTAY/DELTAt*(T[4]-T_old[4])

"Node 5"
K*DELTAY*(T[4]-T[5])/DELTAx+k*DELTAY*(T[6]-T[5])/DELTAx+k*DELTAX*(T[2]-T[5])/DELTAy+k*DELTAX*(T[8]-
T[5])/DELTAYy = rho*c*DELTAX*DELTAY/DELTAt*(T[5]-T_old[5])

"Node 7"
k*DELTAy/2*(300-T[7])/DELTAx+k*DELTAyY/2*(T[8]-T[7])/DELTAXx+2*k*DELTAX*(T[4]-T[7])/DELTAy =
rho*c*DELTAX*DELTAY/(1*DELTAL)*(T[7]-T_old[7])

"Node 8"
K*DELTAY/2*(T[7]-T[8])/DELTAx+k*DELTAy/2*(T[9]-T[8])/DELTAx+2*k*DELTAX*(T[5]-T[8])/DELTAy =
rho*c*DELTAX*DELTAyY/(1*DELTAL)*(T[8]-T_old[8])

"Due to symmetry"
T[3] = T[1]
T[6] = T[4]
T[9] = T[7]

Temperature distribution in the ceramic strip after 12 seconds is as follows
T, =246.6°C, T, = 241.3°C, T5 = 246.6°C, T, = 292.8°C, T5 = 291.6°C, T = 292.8°C, T, = 298.4°C,
Tg =298.1°C, Ty = 298.4°C.

Due to symmetry we have,
Tl = T3, T4 = Te and T7 = Tg

Discussion Usually the ceramic strips in electronic components are embedded into high thermal conductivity material. In such
cases the temperature drop at their interface must be accounted.
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Special Topic: Controlling the Numerical Error

5-121C The results obtained using a numerical method differ from the exact results obtained analytically because the results
obtained by a numerical method are approximate. The difference between a numerical solution and the exact solution (the
error) is primarily due to two sources: The discretization error (also called the truncation or formulation error) which is
caused by the approximations used in the formulation of the numerical method, and the round-off error which is caused by the
computers' representing a number by using a limited number of significant digits and continuously rounding (or chopping) off
the digits it cannot retain.

5-122C The discretization error (also called the truncation or formulation error) is due to replacing the derivatives by
differences in each step, or replacing the actual temperature distribution between two adjacent nodes by a straight line
segment. The difference between the two solutions at each time step is called the local discretization error. The total
discretization error at any step is called the global or accumulated discretization error. The local and global discretization
errors are identical for the first time step.

5-123C Yes, the global (accumulated) discretization error be less than the local error during a step. The global discretization
error usually increases with increasing number of steps, but the opposite may occur when the solution function changes
direction frequently, giving rise to local discretization errors of opposite signs which tend to cancel each other.

5-124C The Taylor series expansion of the temperature at a specified nodal point m about time t; is

T (ki) 102 0Tk ti) |

T(Xpy, t; +A) =T (X, t;) + At P 5 o2

The finite difference formulation of the time derivative at the same nodal point is expressed as

_ . i+l _ i .
aT(gft“’ti);T(X’“’t‘J’AAtz T04 ) _ T AtTm or T(xm,ti+At);T(xm,ti)+At—aT(Xm’t')

which resembles the Taylor series expansion terminated after the first two terms.
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5-125C The Taylor series expansion of the temperature at a specified nodal point m about time t; is
O (s ti) , 12 0T O )
2 ot?

The finite difference formulation of the time derivative at the same nodal point is expressed as

T(Xp, i +AD) =T (X, t;) + At

_ . i+l i
OT Oy ) T O G+ AD =T (X, §) _ T AtTm or T(Xy, t +At) =T (X, t;) + At

T (Xm: 1)
ot At ot

which resembles the Taylor series expansion terminated after the first two terms. Therefore, the 3rd and following terms in the
Taylor series expansion represent the error involved in the finite difference approximation. For a sufficiently small time step,
these terms decay rapidly as the order of derivative increases, and their contributions become smaller and smaller. The first

term neglected in the Taylor series expansion is proportional to (At)?, and thus the local discretization error is also
proportional to (At)?.

The global discretization error is proportional to the step size to At itself since, at the worst case, the accumulated
discretization error after | time steps during a time period t, is IAt? = (t, / At)At® =t,At which is proportional to At.

5-126C The round-off error is caused by retaining a limited number of digits during calculations. It depends on the number of
calculations, the method of rounding off, the type of the computer, and even the sequence of calculations. Calculations that
involve the alternate addition of small and large numbers are most susceptible to round-off error.

5-127C As the step size is decreased, the discretization error decreases but the round-off error increases.

5-128C The round-off error can be reduced by avoiding extremely small mess sizes (smaller than necessary to keep the
discretization error in check) and sequencing the terms in the program such that the addition of small and large numbers is
avoided.

5-129C A practical way of checking if the round-off error has been significant in calculations is to repeat the calculations
using double precision holding the mesh size and the size of the time step constant. If the changes are not significant, we
conclude that the round-off error is not a problem.

5-130C A practical way of checking if the discretization error has been significant in calculations is to start the calculations
with a reasonable mesh size Ax (and time step size At for transient problems), based on experience, and then to repeat the
calculations using a mesh size of Ax/2. If the results obtained by halving the mesh size do not differ significantly from the
results obtained with the full mesh size, we conclude that the discretization error is at an acceptable level.
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Review Problems

5-131 Starting with an energy balance on a volume element, the
steady three-dimensional finite difference equation for a
general interior node in rectangular coordinates for T(x, y, z) for
the case of constant thermal conductivity and uniform heat
generation is to be obtained.

Analysis We consider a volume element of size Axx Ay x Az

centered about a general interior node (m, n, r) in a region in
which heat is generated at a constant rate of &, and the

thermal conductivity k is variable. Assuming the direction of
heat conduction to be towards the node under consideration at
all surfaces, the energy balance on the volume element can be
expressed as

5-119

n+1

eAXAYAz e /' m+1
L Ay

roe— ——r+l

m-1 '/ AX

Azl
n

_ AEelement _

Qcond,left + Qcond,top +Qcond,right + Qcond,bottom +Qc0nd,front + Qcond,back + Egen,element - =0

At

for the steady case. Again assuming the temperatures between the adjacent nodes to vary linearly, the energy balance relation

above becomes
T

m,n+Lr

Ay

m-1,n,r -T m,n,r

T m,n,r T
k(Ay x Az) N4 K(AX X AZ)

m+,n,r —

T m,n,r T
+k(Ay x Az) —— + k(AXx Az)

Ay

m,n,r-1 _Tm

T nr T
+K(AX x Ay) —— +k(AXx AY)

Dividing each term by k Axx Ay x Az and simplifying gives
T

m-1n,r —

2T, 2T,

m,n,r +1,n,r m,n,r
+

+Tm Tm,n—l,r B +Tm,n+1,r

m,n,r+1 _Tm,n,r

T
+

m,n-1r _Tm,n,r

+65(AxxAyxAz) =0

=2 +T, é
m,n,r-1 m,n,r m,n,r+l+_0:0

AX? Ay?

AZ? k

For a cubic mesh with Ax = Ay = Az =1, and the relation above simplifies to

Tm—l,n,r +Tm+1,n,r +Tm,n—l,r +Tm,n—1,r ""Tm,n,r—l +Tm,n,r+1 _6Tm,n,r +

It can also be expressed in the following easy-to-remember form:

éol?

Tleft +Ttop +Tright +Tbottom+Tfront +Tback _6Tnode+

.|2
Sl _p
k

=0
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5-132 Starting with an energy balance on a volume element, the three-dimensional transient explicit finite difference equation
for a general interior node in rectangular coordinates for T(X, y, z, t) for the case of constant thermal conductivity k and no
heat generation is to be obtained.

Analysis We consider a rectangular region in which heat conduction n+l
is significant in the x and y directions. There is no heat generation in
the medium, and the thermal conductivity k of the medium is m+1
constant. Now we divide the x-y-z region into a mesh of nodal points /
which are spaced Ax, Ay, and Az apart in the x, y, and z directions,
respectively, and consider a general interior node (m, n, r) whose Ay

. . r e— — e r+1
coordinates are X = mAx, y = nAy, are z = rAz. Noting that the
volume element centered about the general interior node (m, n, r) /
involves heat conduction from six sides (right, left, front, rear, top, m-1 /
and bottom) and expressing them at previous time step i, the Az {

n

AX

transient explicit finite difference formulation for a general interior
node can be expressed as

m-1,n,r m,n,r + k(AXXAZ) m,n+1,r m,n,r 4 k(AyxAz) m+Ln,r
AX Ay

k(Ayx A )T il
X AZ
Y AX

m,n,r

i i
m,n-1r _Tm,n,r

T
+k(Axx Az)

Ti —Ti Ti _Ti
+k(AXXAy)W+k(AXXAy)%

= p(AXXAyXl)C%tm’n

Taking a cubic mesh (Ax = Ay = Az = |) and dividing each term by k gives, after simplifying,
Tr;rr%r _Tr:m,r

i i i i i i i
Tm—l,n,r +Tm+1,n,r +Tm,n+1,r +Tm,n—1,r +Tm,n,r—1 +Tm,n,r+1 _6Tm,n,r = r

where a =k / pc is the thermal diffusivity of the material and 7 = aAt/1? is the dimensionless mesh Fourier number. It can
also be expressed in terms of the temperatures at the neighboring nodes in the following easy-to-remember form:

i+1 i

i i i i i i i node — 'node
Tleft +Ttop +Tright +Tbottom +Tfront +Tback _6Tnode = r

Discussion We note that setting T3, =T, 4. gives the steady finite difference formulation.
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5-133 A plane wall with variable heat generation and constant thermal conductivity is subjected to combined convection and
radiation at the right (node 3) and specified temperature at the left boundary (node 0). The finite difference formulation of the
right boundary node (node 3) and the finite difference formulation for the rate of heat transfer at the left boundary (node 0)
are to be determined.

Assumptions 1 Heat transfer through the wall is given to be steady and

one-dimensional. 2 The thermal conductivity is given to be constant. . Tsurr
Analysis Using the energy balance approach and taking the direction &(x) P
of all heat transfers to be towards the node under consideration, the To Radiation
finite difference formulations become —{ Ax
Right boundary node (all temperatures are in K): , e .
T.-T 0 1 2 3 Convection
4 4 2 3 3 >
goA(Toyr — T3 ) +hA(T, —T3) +KA +€5(AAX/2)=0 ~T7hT,
i

Heat transfer at left surface:

Tl _TO

Qleﬁ surface + KA +€0(AAX/2)=0

5-134 A plane wall with variable heat generation and variable thermal conductivity is subjected to uniform heat flux ¢, and

convection at the left (node 0) and radiation at the right boundary (node 2). The explicit transient finite difference formulation
of the problem using the energy balance approach method is to be determined.

Assumptions 1 Heat transfer through the wall is given to be — T ~—————————
transient, and the thermal conductivity and heat generation to be Convection &(x)
variables. 2 Heat transfer is one-dimensional since the plate is large h T. 22 T~~ Radiation
relative to its thickness. 3 Radiation from the left surface, and T kM T~

convection from the right surface are negligible. AX Tour

&
Analysis Using the energy balance approach and taking the 0 J e >
direction of all heat transfers to be towards the node under 1 2

consideration, the explicit finite difference formulations become do
—_—

Left boundary node (node 0):

T, -T4 . i T _Ti
1 0 +q0A+hA(TOO—T()')-i-é(l)(AAX/Z):pA%Cp%

koA
Interior node (node 1):
TI_TI ) TI_TI T|+l_Tl|

Kin-0 1 i kiA-2 1 1 6/(AAX) = pAAXC, L
1 Ax 1 AX 1 ( )=p p At

Right boundary node (node 2):

5 A2 ATy +279)* ~(T) +273)4]+e"2(AAx/2)=pA%Cp L
X
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5-135 A plane wall with variable heat generation and variable thermal conductivity is subjected to uniform heat flux g, and

convection at the left (node 0) and radiation at the right boundary (node 2). The implicit transient finite difference formulation
of the problem using the energy balance approach method is to be determined.

- . . T ~——————
Assumptions 1 Heat transfer through the wall is given to be . .
transient, and the thermal conductivity and heat generation to be Convection e(x) Radiation
variables. 2 Heat transfer is one-dimensional since the plate is large h, T, 47~ k(T) Pl
relative to its thickness. 3 Radiation from the left surface, and Teurr
convection from the right surface are negligible. AX €
S -
Analysis Using the energy balance approach and taking the 0 1 o
direction of all heat transfers to be towards the node under )
consideration, the implicit finite difference formulations become Yo —_—
Left boundary node (node 0): i SR
KA 10 4G A+hA(T, —To) +65 (AAx/2) = pA X e 10 —T0
X 2 At
Interior node (node 1):
. Ti+l _-I-i+1 . -I—i+1_ i+1 . -I—i+1 _-|—i
kH—lA 0 1 +k|+lA 2 1 +e-|+1 AAX) = pAAXC R
1 1 Ax 1 ( )=p p At
Right boundary node (node 2):
. -I—i+l _-I—i+1 . . . -I—i+l _-I—i
KFACL 12 oA[(TIHL 4 073)% (I 4 273) ]+ 650 (AAX/ 2) = pA% cp 2t
X

5-136 A pin fin with convection and radiation heat transfer from its tip is considered. The complete finite difference
formulation for the determination of nodal temperatures is to be obtained.

Assumptions 1 Heat transfer through the pin fin is given to be steady and one-dimensional, and the thermal conductivity to be
constant. 2 Convection heat transfer coefficient and emissivity are constant and uniform.

Assumptions 1 Heat transfer through the wall is given to be steady and one-
dimensional, and the thermal conductivity and heat generation to be variable. 2
Convection heat transfer at the right surface is negligible. h 7. Convection

Analysis The nodal network consists of 3 nodes, and the base temperature T, at node 1

0 is specified. Therefore, there are two unknowns T, and T,, and we need two AX - L
equations to determine them. Using the energy balance approach and taking the 0 v 1 3" 2
direction of all heat transfers to be towards the node under consideration, the finite £ ’ o
difference formulations become Radiation

Node 1 (at midpoint): L Tourr

To-Ty T,
AX

kA +kA

-T
I~ L h(pAX)(T,, —Ty) + &0 (PAX)[Teh — (T, +273)*1=0
Node 2 (at fin tip):

T,-T
kAlA—2+h(pr/2+A)(Tw —T,)+e0(pAX/ 2+ A)[Te, — (T, +273)*1=0
X

where A=7D?/4 isthe cross-sectional areaand p=7D is the perimeter of the fin.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-123

5-137E A plane wall in space is subjected to specified temperature on one side and radiation and heat flux on the other. The
finite difference formulation of this problem is to be obtained, and the nodal temperatures under steady conditions are to be
determined.

Assumptions 1 Heat transfer through the wall is given to be steady and

. . P - . f_/\__\’_\’\/\_
one-dimensional. 2 Thermal conductivity is constant. 3 There is no heat
generation. 4 There is no convection in space. s

T
Properties The properties of the wall are given to be k=1.2 Btu/h-ft-°F, Q /
£=0.80,and o =0.6.

Analysis The nodal spacing is given to be Ax = 0.1 ft. Then the number of — -

nodes becomes M =L/Ax+1 =0.3/0.1+1 = 4. The left surface 0 1 2 3 Tourr
temperature is given to be Ty = 520 R = 60°F. This problem involves 3 o
unknown nodal temperatures, and thus we need to have 3 equations to  Radiation
determine them uniquely. Nodes 1 and 2 are interior nodes, and thus for o~
them we can use the general finite difference relation expressed as

WJr%:O—)Tm,l—ZTerTmH:O (sinceé=0), for m=1and2
X

The finite difference equation for node 3 on the right surface subjected to convection and solar heat flux is obtained by
applying an energy balance on the half volume element about node 3 and taking the direction of all heat transfers to be
towards the node under consideration:

Node 1 (interior) : To—-2T,+T, =0
Node 2 (interior) : T,-2T,+T3=0

T,-T
Node 3 (right surface) : asqs+go'[Ts?)ace_(T3+460)4]+k zA 3 _g
X

where k = 1.2 Btu/h.ft.°F, £ = 0.80, a5 = 0.60, d =350 Btu/h.ft?, Tgeee = 0 R, and o = 0.1714x10°® Btu/h.ft*.R * The system
of 3 equations with 3 unknown temperatures constitute the finite difference formulation of the problem.

(b) The nodal temperatures under steady conditions are determined by solving the 3 equations above simultaneously with an
equation solver to be

T,=67.6°F=5276R, T,=752°F=5352R, and T;=82.8°F=542.8R
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5-138 A nuclear fuel element, modeled as a plane wall, generates 3 x 10" W/m® of heat uniformly with both side surfaces
cooled by liquid. The finite difference equations and the nodal temperatures are to be determined, and the surface
temperatures of both sides of the fuel element are to be compared with analytical solution.

Assumptions 1 Heat transfer through the nuclear fuel element is steady and one-dimensional. 2 Thermal properties are
constant. 3 Heat transfer by radiation is negligible.

Properties The thermal conductivity is given as 57 W/m'K. — e

Analysis (a) The nodal spacing is given as AXx = 8 mm. Then the
number of nodes M becomes
L 40 mm

M=—+1= +1=6 :
AX 8 mm h‘ 7:11 ,_,\L‘_\ h. 7:“

There are 6 unknown nodal temperatures, thus we need to have 6 0 1 2 3 4 |5
equations to determine them uniquely. The finite difference equation
for node O on the left surface subjected to convection is obtained by
applying an energy balance on the half volume element about that
node:

_ 2
h(T, —T) k10 e Mo 1 (10 P addr, +e, X0 M ar —o
AX 2 K 2k "k

Nodes 1, 2, 3, and 4 are interior nodes, and we can use the general finite difference relation expressed as
T —2T, +T 2 e
mim T P T -2, T A =0
AX? k k
The finite difference equation for node 5 on the right surface subjected to convection is obtained by applying an energy
balance on the half volume element about that node:

3 2
kT4 Ts +é5&+h(Too_T5):O - T,- 1+DAX 5+Ax—e'5+DAXTOO=0
AX 2 k 2k k
Then
m=0: T, —(L+hAx/K)T, +(Ax?€,) /(2k) + (hAX/K)T,, =0
m=1: To—2T,+T, +(& /k)Ax? =0
m=2: T,—2T, +T;+(&,/k)AX* =0
m=3 T,—2T3+T, +(€/K)AX? =0

m=4: Ty,—2T, +T5+(&,/k)AX? =0
m=5: T, —(1+hAx/k)Ts + (Ax?€5)/(2k) + (hAX/K)T,, =0

(b) The nodal temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an
equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:
e_gen=3E7
h=8000
k=57
Dx=8E-3
T_inf=80
T_1-(1+h*Dx/k)*T_0+(Dx"2*e_gen)/(2*k)+(h*Dx/k)*T_inf=0
T_0-2*T_1+T_2+(e_gen/k)*Dx"2=0
T_1-2*T_2+T_3+(e_gen/k)*Dx"2=0
T_2-2*T_3+T_4+(e_gen/k)*Dx"2=0
T_3-2*T_4+T_5+(e_gen/k)*Dx"2=0
T_4-(1+h*Dx/k)*T_5+(Dx"*2*e_gen)/(2*k)+(h*Dx/k)*T_inf=0
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Solving by EES software, we get
T, =155°C, T, =222°C, T, =256°C
T, =256°C, T,=222°C, Ty;=155°C

(c) Using the analytical solution from Chapter 2, for a plane wall of thickness 2L with heat generation, the surface temperature
exposed to convection can be determined using

oct (3x107 W/m®)(0.02 m)

> =155°C (for both sides)
8000 W/m* - K

€yenl
gen
Ts, planewall = T, + T =80
The analytical solution matches exactly with the results obtained using numerical method for both sides of the surface
temperatures, Ty =T5 =155°C.

Discussion Since both side of the fuel element are exposed to the same liquid temperature and convection heat transfer
coefficient, it is possible to solve half of the plane wall by treating the centerline of the plane wall as symmetry line and get
the same results.
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5-139 A fuel element, modeled as a plane wall, generates 5 x 10" W/m?® of heat uniformly with both side surfaces cooled by
liquid. The finite difference equations and the nodal temperatures are to be determined by making use of the symmetry line of
the plane wall.

Assumptions 1 Heat transfer through the fuel element is steady and one-dimensional. 2 Thermal properties are constant. 3
Heat transfer by radiation is negligible.

Properties The thermal conductivity is given as 67 W/m'K.

Analysis (a) The nodal spacing is given to be AX =4 mm. Then the
number of nodes M becomes

>

./ e
L+1—20mm+1=6

AX 4mm Symmetry Ax h, T,
There are 6 unknown nodal temperatures, thus we need to have 6 line —o—o—o
equations to determine them uniquely. The finite difference equation
for node 0 on the symmetry line is obtained by applying an energy
balance on the half volume element about that node (the symmetry
boundary is similar to the insulated boundary): 22 S |

M

—
2
ad
4

.

_ 2
TTo o &g o 17,46, 20

k 0
AX 2 2k

Nodes 1, 2, 3, and 4 are interior nodes, and we can use the general finite difference relation expressed as

Tot — 2T + Ty € ¢
m-1 m Tt Im1 +=m o N Tmfl_ZTm +Tm+l+_mAX2 =0
AX? k k

The finite difference equation for node 5 on the right surface subjected to convection is obtained by applying an energy
balance on the half volume element about that node:

T,-T AX h AX? h
k—2—24+é —+h(T, -T;)=0 T, |1+ —AX[To + ——6é, +—AXT, =0
AX 5 2 (Too 5) - 4 ( K )TS 2k 5 k ©

Then

m=0: T,—To+(€,Ax?)/(2k)=0

m=1 T,-2T,+T,+ (& /k)Ax* =0
m=2: T, —2T,+T;+ (& /k)AX* =0
m=3: T,—2T,+T, +(&/k)Ax* =0

m=4: Ty—2T, +T5 + (&, /k)AX? =0

m=5 T, — (L+hAX/K)Ts + (Ax%6;) /(2K) + (hAx/K)T,, =0

(b) The nodal temperatures under steady conditions are determined by solving the 6 equations above simultaneously with an
equation solver. Copy the following lines and paste on a blank EES screen to solve the above equations:

e_gen=5E7

h=5000

k=67

Dx=4E-3

T_inf=90

T_1-T_0+(Dx"2*e_gen)/(2*k)=0

T_0-2*T_1+T_2+(e_gen/k)*Dx"2=0

T_1-2*T_2+T_3+(e_gen/k)*Dx"2=0

T_2-2*T_3+T_4+(e_gen/k)*Dx"2=0

T_3-2*T_4+T_5+(e_gen/k)*Dx"2=0

T_4-(1+h*Dx/k)*T_5+(Dx"2*e_gen)/(2*k)+(h*Dx/k)*T_inf=0
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Solving by EES software, we get
T, =439°C, T,=433°C, T, =415°C
T,=386°C, T,=344°C, Tz =290°C

Discussion Using the analytical solution from Chapter 2, for a plane wall of thickness 2L with heat generation, the surface
temperature exposed to convection can be determined using

ocs (5x10" W/m®)(0.02 m)

€genl
T =T, +—22_-90°C : =290 °C
h 5000 W/m? - K

s, planewall —

The analytical solution matches exactly with the results obtained using numerical method for both sides of the surface
temperatures, T; =290 °C.
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5-140 A square cross section with uniform heat generation is undergoing a steady two-dimensional heat transfer. The top and
right surfaces are subjected to convection while the left and bottom surfaces maintain a constant temperature. The finite
difference equations and the nodal temperatures are to be determined.

Assumptions 1 Steady heat conduction is two-dimensional. 2 Thermal properties are constant. 3 The heat generation in the
body is uniform.

Properties The conductivity is given to be k =25 W/m-K.

Analysis (a) There is symmetry about the diagonal line passing through the center. Therefore, T, = T4, and the unknown
temperatures are Ty, T,, and Ts. Thus, we need to have 3 equations to determine them uniquely.

To-T, ., Ay 200-T, Ay

Node 1: hax(T, ~T)+ kY 1271 Je =Ty remY oo
2 AX Ay 2 2
Node2: H X |1 1y XTa-Te (AT-T o, XA _,
2 2 2 Ay 2 A 2 2
- - é
Noge 3. 290 2T23 +T, 200 2T23 T, b r
AX Ay k A
. 2 h. Tm
O Nodel T,=— = |2004T,+27, +2 "X , &iX ,
4+ 2hAXTK k k 3
s Au2 e
Node2: T,=— L | o1, 420y | 88X W,
2+ 2hAx/k k 2k 4
Node 3: T, = 0.25(400 + 2T, + 65Ax2 /k) / %

Then 200°C__/
Node1: T, = (200+T, + 2T, +0.2T, +12)/4.2 -

Node2: T, =(2T; +0.2T +6)/2.2
Node 3: T, =0.25(400 + 2T, +12)

where  €,,4:AX? /k =12°C and 2hAx/k =0.2

(b) By letting the initial guesses as T; = T, = Tz = 200°C, the results obtained from successive iterations are listed in the
following table:

Nodal temperature,°C

Iteration T, T, T

1 198.1 191.9 202.0
2 197.1 191.0 201.6
3 196.7 190.6 201.4
4 196.5 190.5 201.3
5 196.4 190.4 201.2
6 196.4 190.3 201.2
7 196.4 190.3 201.2

Hence, the converged nodal temperatures are
T1=T4=196.4°C, T,=190.3°C, T3=201.2°C
Discussion The finite difference equations can also be calculated using the EES. Copy the following lines and paste on a
blank EES screen to solve the above equations:
T_1=(200+T_2+2*T_3+0.2*100+12)/4.2
T_2=(2*T_1+0.2*100+6)/2.2
T_3=0.25*(400+2*T_1+12)
Solving by EES software, we get the same results:
T,=T,=196.4°C, T,=190.3°C, T3=201.2°C
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5-141 A two-dimensional bar shown in the figure is considered. The simplest form of the matrix equation is to be written and
the grid notes with energy balance equations are to be identified on the figure.

Assumptions 1 Heat transfer through the body is
given to be steady and two-dimensional. 2
Thermal conductivity is constant. 3 There is no

Insulation

heat generation.
Analysis From symmetry, we have only three K
unknown temperatures at nodes 1, 2, and 3. The
finite difference formulations are

ks
Node 1:

To-T, L T,-T, L T,-T, L T,-T, L
A —+ka —+kg —+kg 5=
L 2 L 2 L 2 L 2

Ka(Ma—T1) +Ka(T, =Ty) +kg (T, =Ty) +kg (T3 —T;) =0

Tg

Node 2:

Ty-T T,-T T,-T Te T Tg T Tg T
L L 2 L 2 L L 2 L 2
2Kp(Tp=To) +Ka(Ty =Ty) +kg (T =T,) +2Kg (Tg —T,) +Kg (Tg —T,) +kp(Tg =T,) =0

(ka +kg)Ty —4(kp +kp )T, =2k pTp —(kp +3kg)Tg

Node 3:
T,-T Te-T Te-T
B L 3£+kB B 3L+kB B SEZO
L 2 L 2
The matrix equation is
_2(kA+kB) kA+kB kB Tl kATA
1 0 —4| T, 3T,

Discussion Note that the results do not depend on L (size of the system). If you don’t use the symmetry and get a 4x4 linear
system, two of the equations must be equivalent.
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5-142 Starting with an energy balance on a disk volume element, the one-dimensional transient implicit finite difference
equation for a general interior node for T (z,t) in a cylinder whose side surface is subjected to convection with a convection

coefficient of h and an ambient temperature of T, for the case of constant thermal conductivity with uniform heat generation
is to be obtained.

Analysis We consider transient one-dimensional heat conduction in
the axial z direction in a cylindrical rod of constant cross-sectional Convection
area A with constant heat generation &, and constant conductivity k
with a mesh size of Az in the z direction. Noting that the volume
element of a general interior node m involves heat conduction from
two sides, convection from its lateral surface, and the volume of the
element is Vent = AAZ, the transient implicit finite difference

formulation for an interior node can be expressed as

Ml M + kAL 4 ¢ AAZ = pAAZC, -B—T
Az Az At

hpAz(T,, — T ) + kA

where A=7D? /4 is the cross-sectional area. Multiplying both sides of equation by Az/(kA),

hpAz? i i i i L1 BAZ2 pAzPc, .
A (T T+ (A Ty + (T + 22 =22 (-
Using the definitions of thermal diffusivity & =k / oc, and the dimensionless mesh Fourier number 7 = a—Azt the equation
Az
reduces to
hpAz? 6oA2” _ (Tp™ = Ty)

(T =Ta )+ (3 +Toli - 210 ) +
kA k T

Discussion We note that setting T,-"2 =T,! gives the steady finite difference formulation.

PROPRIETARY MATERIAL. © 2015 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and educators for course
preparation. If you are a student using this Manual, you are using it without permission.




5-131

5-143 A hot surface is to be cooled by aluminum pin fins. The nodal temperatures after 10 min are to be determined using the
explicit finite difference method. Also to be determined is the time it takes for steady conditions to be reached.

Assumptions 1 Heat transfer through the pin fin is given to be one-dimensional. 2 The m

X . . L Convection
thermal properties of the fin are constant. 3 Convection heat transfer coefficient is hT
constant and uniform. 4 Radiation heat transfer is negligible. 5 Heat loss from the fin tip N
is considered. - \
. : . — rt.
Analysis The nodal network of this problem consists of 5 nodes, and the base 0 T 2 31° 4

temperature T, at node 0 is specified. Therefore, there are 4 unknown nodal
temperatures, and we need 4 equations to determine them. Using the energy balance
approach and taking the direction of all heat transfers to be towards the node under
consideration, the explicit transient finite difference formulations become L

. T Tl T T T i
Node 1 (interior):  hpAx(T,, Ty )+kA—2—L kA2 1 — pAAxc, 1L
( ) pAX(T,, —Ty') A~ D PANC, =
Node 2 (interior):  hpAX(T,, —T;) +kA—=—2 +kA2—2 = pAAXC, 2—2%
AX AX
Ti-Td T4t -1,

o : T, -T)
Node 3 (interior):  hpAx(T,, —T3)+kA 4AX 3 KA 3 = pAAXc, ST

AX
o _ Ti_T) TiH _Ti
Node 4 (fintip):  h(pAx/2+ A)(T,, —T4')+kA% = pA(AX] 2)c,, T
X
where A=7D?/4 isthe cross-sectional areaand p=7D is the perimeter of the fin. Also, D = 0.008 m, k = 237 W/m.°C,
a=kl pc, =97.1x10° m?/s, Ax=0.02m, T, = 15°C, Ty = T; = 120°C, h, = 35 W/m’.°C, and At = 1 5. Also, the mesh
Fourier number is

aAt  (97.1x10°° m?/s)(1s)

> 5 =0.24275
AX (0.02m)

Substituting these values, the nodal temperatures along the fin after 10x60 = 600 time steps (4 h) are determined to be
To=120°C, T,=110.6°C, T,=103.9°C, T3=100.0°C, and T, = 98.5°C.

Printing the temperatures after each time step and examining them, we observe that the nodal temperatures stop changing after
about 3.8 min. Thus we conclude that steady conditions are reached after 3.8 min.
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5-144 A large pond is initially at a uniform temperature. Solar energy is incident on the pond surface at for 4 h The
temperature distribution in the pond under the most favorable conditions is to be determined.

Assumptions 1 Heat transfer is one-dimensional since the pond is large relative to its depth. 2 Thermal properties, heat
transfer coefficients, and the indoor temperatures are constant. 3 Radiation heat transfer is significant. 4 There are no
convection currents in the water. 5 The given time step At = 15 min is less than the critical time step so that the stability
criteria is satisfied. 6 All heat losses from the pond are negligible. 7 Heat generation due to absorption of radiation is uniform
in each layer.

Solar
Properties The conductivity and diffusivity are given to be k = 0.61 radiation )
W/m.°C and « =0.15x107° m?/s. The volumetric absorption . G, W/m
coefficients of water are as given in the problem. 0 45 ?\\\\«
Analysis The nodal spacing is given to be Ax = 0.25 m. Then the 1 Top layer Solar pond
number of nodes becomes M =L/Ax+1 = 1/0.25+1 = 4. This 2 Upper mid layer

problem involves 5 unknown nodal temperatures, and thus we need
to have 5 equations. Nodes 2, 3, and 4 are interior nodes, and thus

for them we can use the general explicit finite difference relation 4 Bottom layer A
expressed as |

\ % Black

3 Lower mid layer

él Ax? _ TH_T! 2

T —oTh Tl
k T

. . . . el Ax
= Tot =M +To) +@=20)Ty +7 mk
Node 0 can also be treated as an interior node by using the mirror image concept. The finite difference equation for node 4
subjected to heat flux is obtained from an energy balance by taking the direction of all heat transfers to be towards the node:

Node O (insulation): ~ Tg™ = 7(T} +T,') +(1—22)T] + %, (AX)% 1k
Node O (insulation): T, =7(TJ +T,)+(1—20)T; + 7, (Ax)* /k

Node 2 (interior) : Ty = o(T) +T)+(1-20)T, + 2, (Ax)? [k
Node 3 (interior) : T = o(T) +T))+(1-20)T4 + 8, (AX)? / k
T4 -Ti M T-T,

Node 6 (convection): g, +k +ré4(AX)2/k=p7Cp

At

where k =0.61 W/m.°C, & =k/ pc, =0.15x10"° m?/s, Ax=0.25m, and At =15 min = 900 s. Also, the mesh Fourier
number is

_aAt  (0.15x107° m?/s)(900s)

=0.002160
AX? (0.25m)?

The values of heat generation rates at the nodal points are determined as follows:

Eo _ 0473x500W _ o\ s

Volume  (1m<)(0.25m)
E : :
6 = 1 :[(O473+02061)/2]x500W:534W/m3
Volume (Im<)(©.25m)
E :
& 4 0.024x500 W 48 W/

~ Volume  (1m?2)(0.25m)

Also, the heat flux at the bottom surface is ¢, =0.379x500 W/m? =189.5 W/m? . Substituting these values, the nodal
temperatures in the pond after 4x(60/15) = 16 time steps (4 h) are determined to be

To=18.3°C, T;=16.9°C, T,=15.4°C, T3=15.3°C, and T,=20.2°C
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5-145 A large 1-m deep pond is initially at a uniform temperature of 15°C throughout. Solar energy is incident on the pond
surface at 45° at an average rate of 500 W/m? for a period of 4 h The temperature distribution in the pond under the most
favorable conditions is to be determined.

Assumptions 1 Heat transfer is one-dimensional since the pond is large relative to its depth. 2 Thermal properties, heat
transfer coefficients, and the indoor temperatures are constant. 3 Radiation heat transfer is significant. 4 There are no
convection currents in the water. 5 The given time step At = 15 min is less than the critical time step so that the stability
criteria is satisfied. 6 All heat losses from the pond are negligible. 7 Heat generation due to absorption of radiation is uniform
in each layer.

Properties The conductivity and diffusivity are given to be k = 0.61 W/m.°C

Solar
and a =0.15x10"° m?/s. The volumetric absorption coefficients of water radiation
Can w/m?
are as given in the problem. Qs
Analysis The nodal spacing is given to be Ax = 0.25 m. Then the number of 0 45 8\\«\«
nodes becomes M =L /Ax+1 =1/0.25+1 = 4. This problem involves 5 1 Top layer  Solar pond
unknown nodal temperatures, and thus we need to have 5 equations. Nodes 2, :
3, and 4 are interior nodes, and thus for them we can use the general explicit 2 Upper mid layer
finite difference relation expressed as 3 Lower mid layer
BTl mk _'m m 4 Bottom layer A
4 I
(i Ay 2 v, Black

. . . . e
- TEt =M +Te ) +A=20)T, +7 mk
Node 0 can also be treated as an interior node by using the mirror image concept. The finite difference equation for node 4
subjected to heat flux is obtained from an energy balance by taking the direction of all heat transfers to be towards the node:
Node O (insulation): ~ Tg™ = 7(T} +T,' )+ (1—22)T] + %, (AX)% 1k
Node O (insulation): T, = 7(TJ +T,)+(1—20)T; + 7, (Ax)% /k

Node 2 (interior) : Ty =T +T)+(1-20)T, + 7, (Ax)? [k
Node 3 (interior) : T = o(T) +T)) +(1-20)T4 +8,(AX)? /1 k
Node 6 (convection): gy +k =—2 +2,(Ax)? /k = p Ao Ja—la

2P At
where k = 0.61 W/m.°C, @ =k/ pc, =0.15x10"° m?/s, Ax=0.25m, and At = 15 min = 900 s. Also, the mesh Fourier
number is

_aAt  (0.15x107° m?/s)(900s)

== . =0.002160
AX (0.25m)

The absorption of solar radiation is given to be é(x) = ¢(0.859 —3.415x +6.704x? — 6.339x° +2.278x")

where g, is the solar flux incident on the surface of the pond in W/m?, and x is the distance form the free surface of the pond,
in m. Then the values of heat generation rates at the nodal points are determined to be

Node 0 (x = 0): &, =500(0.859—3.415x0+6.704x 0% —6.339x0° +2.278x0%) = 429.5 W/m®

Node 1(x=0.25): é, =500(0.859 —3.415x0.25+6.704x 0.25% —6.339x 0.25° +2.278x0.25*) =167.1 W/m®
Node 2 (x=0.50): é, =500(0.859—3.415x 0.5+ 6.704x 0.5% —6.339x0.5% + 2.278x0.5*) =88.8 W/m®
Node3 (x=0.75): é, =500(0.859 —3.415%0.75+6.704x 0.75° —6.339x0.75° +2.278x0.75*) = 57.6 W/m®
Node 4 (x = 1.00): é, =500(0.859 —3.415x1+6.704x1% —6.339x1° +2.278x1*) = 43.5 W/m®

Also, the heat flux at the bottom surface is ¢, =0.379x500 W/m? =189.5 W/m? . Substituting these values, the nodal
temperatures in the pond after 4x(60/15) = 16 time steps (4 h) are determined to be
To=16.5°C, T,;=15.6°C, T,=15.3°C, T3=15.3°C, and T,=20.2°C
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5-146 A hot brass plate is having its upper surface cooled by impinging jet while its lower surface is insulated. The explicit
finite difference equations, the maximum allowable value of the time step, and the temperature at the center plane of the brass
plate after 1 minute of cooling are to be determined.

Assumptions 1 Transient heat conduction is one-dimensional. 2 Thermal properties are constant. 3 Convection heat transfer
coefficient is uniform. 4 Heat transfer by radiation is negligible. 5 There is no heat generation.

Propertles The properties of the brass plate are given as p = 8530 kg/m?, C, =380 J/kgK, k=110 Wm'K, and o = 33.9 x
10°° m%s.

. L h,
Analysis The nodal spacing is given to be Ax = 2.5 cm. Then the number t Tog

of nodes becomes M = L/Ax +1 = 10/2.5 + 1 = 5. This problem involves 5
unknown nodal temperatures, and thus we need to have 5 equations. The
finite difference equation for node 0 on the top surface subjected to
convection is obtained by applying an energy balance on the half volume
element about node 0 and taking the direction of all heat transfers to be
towards the node under consideration:

0

()

h(T, —Tiysk L To _ A% Tg" —Tg

Ax T 2P At
or \\'{
Tot=|1-27- 21— 7| 2T 2—T q'\
1 k ~q;=0

Node 4 is on insulated boundary, and thus we can treat it as an interior node by using the mirror image concept. Nodes 1, 2,
and 3 are interior nodes, and thus for them we can use the general explicit finite difference relation expressed as

)

4

TH—l_Tr;l

T

2T + Tm+l =

or T (T} +T ) +@=20)T)

Thus, the explicit finite difference equations are

Node 0: Tg* = (1 20— ZT—)T [2T1+2TTJ

Node 1: T, =7(T§ +T,)+(@1-20)T}
Node2: T % =z(T) +T))+(@1-20)T,
Node 3: Ti™ =¢(T) +T))+A—20)T4

Node 4: Ti" =¢(Td +Td)+@—-20)T)
where
Ax=25cm, k=110 W/m'K, h =220 W/m*K, T,. = 15°C, o= 33.9 x 10 ° m%s, and hAx/k = 0.05.

(b) The upper limit of the time step At is determined from the stability criterion that requires all primary coefficients to be
greater than or equal to zero. The coefficient of T, is smaller in this case, and thus the stability criterion for this problem can
be expressed as

2
T L P .
k 2(1+hax/k) 2a(1+hAx/K)

Since 7 = @At/ Ax? . Substituting the given quantities, the maximum allowable value of the time step is determined to be

(0.025m)?
2(33 9x107® m? /s)[1+ (220 W/m? - K)(0.025 m) /(110 W/m- K)]

=8.779s
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Therefore, any time step less than 8.779 s can be used to solve this problem. For convenience, let us choose the time step to

be At = 6 s. Then the mesh Fourier number becomes

oAt (33.9x107° m?/s)(6s)
AX? (0.025 m)?

=0.32544 (for At=65)

(c) With the initial nodal temperatures of 650°C, the results obtained from successive iterations are listed in the following

table:

Nodal temperature,°C

Time Time,

step,i s T, T, T, T, T,

0 0 650 650 650 650 650
1 6 629.3 650 650 650 650
2 12 622.8 643.3 650 650 650
3 18 616.3 638.8 647.8 650 650
4 24 611.4 634.4 645.6 649.3 650
5 30 607.0 630.6 643.2 648.3 649.5
6 36 603.1 627.0 640.7 647.0 648.7
7 42 599.5 623.7 638.3 645.5 647.6
8 48 596.2 620.6 635.9 643.9 646.3
9 54 593.2 617.6 633.5 642.1 644.7
10 60 590.3 614.8 631.1 640.1 643.0

The temperature at the center plane of the brass plate after 1 minute of cooling is
T}% =T(0.05m, 60s) = 631.1°C

(d) From Chapter 4, the approximate analytical solution is given as

Ol = TxY T _ Ae 47 cos(4,x/ L)
Ti _Too
where
2
Bi — hL _ (220 W/m* - K)(0.120 m) _02
k 110 W/m-K
6 2
; :%t _ (33.9x107° m és)(GOs) 0.2034> 02
L (0.10m)
4, =04328 and A =1.0311 (from Table 4-2)
Hence,

T(x,t) = (T, - T, )Ae A% cos(A4,x/L) +T,,

T(0.05m,1805) = (650 °C —15 °C)(1.0311)e (*4328°(02039 ¢6[(0.4328)(0.5) |+ 15°C

=630.6°C

Discussion The comparison between the approximate analytical and numerical solutions is within £0.08% agreement.
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5-147 A uranium nuclear fuel rod experiencing a uniform heat generation and enclosed in a stainless steel cladding is cooled
by pressurized water at specified conditions. The temperature distribution in the nuclear rod and the cladding material is to be

determined at different time spans.

Assumptions 1 One-dimensional transient heat transfer with constant thermal conductivity. 2 Perfect contact between the fuel

rod and cladding material. 3 No internal heat generation in the cladding material.

Properties For uranium nuclear fuel element we are given: k = 35 W/m-K, p = 19070 kg/m® and c, = 116 J/kg-K. For
stainless steel we are given: k = 15 W/m-K, p = 8055 kg/m® and Cp, =480 J/kg-K.

Analysis For the given geometry, nodes 0 and 7 are the boundary nodes while node 5 is the interface node. Use the finite
difference formulation for the internal node as given by Eq. (5-48) for nodes 1, 2, 3, 4 and 6. Due to thermal symmetry about

the centerline at node 0 it can be also treated as an internal node.

&MX* _To"-Tg

ky 7

Node 0: 2T, — 2T " +

Ky 2t

Node 1: Tg™ 2T, + T3 +

Ms_,.r_"‘

h = 1000 Wm*K
6 o

_ _ _ s A2 i
Node 2: Ty — 2T i+t 4 225 2 =0
Ky 1

Scadmimidpaiasmrem
L

£

éAX° Tt -T)

Node 3: T2i+1 — 2-|—3i+1 +-|—4i+1 + = ¥ Uranium fuel rod

ky 71

Node 4: T — 2T 4Tt 22X _ 14— 14

1 71
-I—i+l_ i+l) (—I—i+l_ i+l) AX  AX
Node 5: (Interface node) k (4 5 [y, 8 5 Jye. = =""ApcC.q+0,C T
( ) Ky ~ 2 ™ 57 2At(pl pit P2 p,ZX
Node 6: Td™ — 2T 41 = Lar]
72

. . . i+l i
Node 7: (Right boundary node) 2(TE-:+l —T7'*1)+ 2%(@} —T7'+1): -1

2 T2

The EES code used to solve the implicit finite difference equations is as follows

"Given data"

k_1 =35 [W/mK] " Thermal conductivity of nuclear rod"
k_2 =15 [W/mK] " Thermal conductivity of caldding material"
h = 1000 [W/m”2K] "Convective heat transfer coefficient"
T_infi = 50 [C] " Temperature of cooling water"

DELTAx = 0.02 [m] "mesh size"

DELTAt =60 [s] " time step"

rho_1 = 19070 [kg/m~3] "Density of nuclear rod"

rho_2 = 8055 [kg/m"3] "Density of cladding material”

c_1 =116 [J/kgK] "Specific heat of uranium rod"

c_2 =480 [J/kgK] "Specific heat of cladding material"
e_gen = 4e5 [W/m”3] " Volumetric heat generation"

alpha_1 =k_1/(rho_1*c_1) " Thermal diffusivity of uranium rod"
alpha_2 = k_2/(rho_2*c_2) " Thermal diffusivity of cladding material"

tau_1 = (alpha_1*DELTAt)/DELTAx"2 " Mesh Fourier number"

.
N

I

|

i

i

i

i

be

JE. ,

H T,=50°C
i

|

|

I Stainless steel cladding

i+l_-|—5i)
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tau_2 = (alpha_2*DELTAt)/DELTAX2

"The technique is to store the temperatures in the parametric table and recover them (as old temperatures) using
the variable ROW. The first row contains the initial values so Solve Table must begin at row 2. Use the
DUPLICATE statement to reduce the number of equations that need to be typed. Column 1 contains the time,
column 2 the value of T[1], column 3, the value of T[2], etc., and column 9 the Row.

To start the Solve Table at 2 go to 'Calculate’ and select 'Solve table' (or hit F3) and make the 'First Run
Number' as 2. The initial temperatures and the initial time ‘0’ can be set manually in the parametric table"

Row = TableRun#
Time = TableValue('Table 1', Row-1, #Time)+DELTAt/60

Duplicate i = 0,7
T_old[i] = TableValue('Table 1', Row-1, #T[i])
End
" Finite difference equations"

"Node 0" 2*T[1]-2*T[0]+e_gen*DELTAx"2/k_1 = (T[0] - T_old[0])/tau_1

"Node 1" T[0]-2*T[1]+T[2]+e_gen*DELTAx"2/k_1 = (T[1] - T_old[1])/tau_1

"Node 2" T[1]-2*T[2]+T[3]+e_gen*DELTAx"2/k_1 = (T[2] - T_old[2])/tau_1

"Node 3" T[2]-2*T[3]+T[4]+e_gen*DELTAX"2/k_1 = (T[3] - T_old[3])/tau_1

"Node 4" T[3]-2*T[4]+T[5]+e_gen*DELTAx"2/k_1 = (T[4] - T_old[4])/tau_1

"Node 5" k_1*(T[4]-T[5])/DELTAX + k_2*(T[6]-T[5])/DELTAx+e_gen*(DELTAX/2) =
1/2*(((rho_1*c_1*DELTAX)/DELTAt)+(((rho_2*c_2*DELTAX)/DELTAL)))*(T[5]-T_old[5])
"Node 6" T[5]-2*T[6]+T[7] = (T[6] - T_old[6])/tau_2

"Node 7" 2*(T[6]-T[7])+2*DELTAX*h/k_2*(T_infi-T[7]) = (T[7]-T_old[7])/tau_2

Temperature distribution in the fuel rod and cladding at different times

Node temperature (°C) Time = 10 min Time =20 min | Time = 30 min
Node temperature (°C)

To 468.3 389.8 339.1
T, 464.1 386.1 335.9
T, 4514 375.2 326.5
Ts 430.3 357.1 310.9
Ty 400.8 331.9 289.1
Ts 362.9 299.8 261.3
Te 257.2 213 187

T, 140 120.4 109

Discussion In most of the practical cases, during the cooling of nuclear reactor rods, the water used for convective cooling
undergoes a phase change process that enhances the rate of heat removal from the nuclear rods. Determination of the exact
heat transfer rates to the cooling water and the estimation of pressure drop due to two- phase flow of water (as the water
undergoes phase change) are quite challenging.
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5-148 Starting with an energy balance on a volume element, the two-dimensional transient explicit finite difference equation
for a general interior node in rectangular coordinates for T(x, y, t) for the case of constant thermal conductivity k and uniform
heat generation € is to be obtained.

Analysis (See Figure 5-24 in the text). We consider a rectangular region in which heat conduction is significant in the x and y
directions, and consider a unit depth of Az = 1 in the z direction. There is uniform heat generation in the medium, and the
thermal conductivity k of the medium is constant. Now we divide the x-y plane of the region into a rectangular mesh of nodal
points which are spaced Ax and Ay apart in the x and y directions, respectively, and consider a general interior node (m, n)
whose coordinates are X =mAx and y =nAy . Noting that the volume element centered about the general interior node (m, n)
involves heat conduction from four sides (right, left, top, and bottom) and expressing them at previous time step i, the
transient explicit finite difference formulation for a general interior node can be expressed as

Ti —Ti Ti _Ti Ti _-I—i Ti —Ti
K(Ayx1) —mE0 M0 (A D) T T Ay ) ST T A D) ML
Ax Ay AX Ay
[EE
+éo(AXXAy><1)Zp(AXXAyX]_)Cp%tm’n

Taking a square mesh (Ax = Ay = I) and dividing each term by k gives, after simplifying,
éol 2 TrTI1+r% _Tr:nn

k T

i +T! +T!

m-1,n m+1,n m,Nn+

1 +Tr:1,n—1 _4Tr:1,n +

where a =k / pc,, is the thermal diffusivity of the material and 7 = cAt/I 2 s the dimensionless mesh Fourier number. It
can also be expressed in terms of the temperatures at the neighboring nodes in the following easy-to-remember form:

) . i i i eol 2 T i+$ _ i d
i i i i i node — ' node
Tietc +Ttop +Tright + Thottom = 4Thode + =

T

Discussion We note that setting T3, =T . gives the steady finite difference formulation.
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5-149 A two-dimensional long steel bar shown in the figure is considered. The finite difference equations for the unknown
temperatures in the grid using the explicit method is to be written and dimensionless parameters are to be identified. Also, the
range of time steps for stability condition and the temperature field at certain times are to be determined.

Assumptions 1 Heat transfer through the body is transient and two-dimensional. 2 All surafces of the bar except the bottom
surface are maintained at a constant temperature. 3 Thermal conductivity is constant. 4 There is no heat generation.

Analysis (a) the finite difference equations for the unknown temperatures in the grid using the explicit method are

nu

.
e T T e )

ML T T T T L T LT T LT LT LT

L A s oy

6 5.em

Node | T(105) T(205)
1 10 10
2 4433 234.4
3 10 10
4 10 10
5 315 168.6
6 10 10
7 10 10
Node 5:
K——2 Ax+k —>—2 Ax+k —2—2 Ax+k —+—2 Ax = pc , AX? =2 5
AX AX AX AX At
THaTd 4Ty +7) —ari = 20 i1 )
kAt
T =Td (1-4F0) + FoT, +Fox30
where FO:kLt2
€, AX
Node 2:
lei -T) ngkTsi -7, Ax+kT3i -T, A& AT T,
AX 2 AX AX 2 P2 At
S Y. G .
T +Td +T4 —4T) :—pEZt S-Th )

Ta* =T, (1-4F0) + 2FoTd +Fox20
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(b) For both steps, stability condition is

1-4Fo>0 Fosl kAt 5 sl
4 5 AX 4
AX? 2
At < PCp _ (8000)(430)(0.025) _13.445
4k 4(40)
(c) For At=10s,
kat (40)(20)

Fo

" pe,AX? (8000)(430)(0.025)2
Then, Eg. (1) and (2) become

T2 =0.256T¢ +0.186T, +5.58

T, =0.256T, +0.372T. +3.72
Substituting at At =10 s,

T =0.256(700) +0.186(700) + 5.58 = 315°C
T} =0.256(700) +0.372(700) + 3.72 = 443.3°C

Substituting at At =20 s,

T2 =0.256(315) +0.186(443) + 5.58 = 168.6°C
T} =0.256(443.3) +0.372(315) +3.72 = 234.4°C
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Fundamentals of Engineering (FE) Exam Problems

5-150 The unsteady forward-difference heat conduction for a constant area, A, pin fin with perimeter, p, exposed to air whose
temperature is To with a convection heat transfer coefficient of h is

2

Tt e T+ T+ Ty || 12—

/e pAX A o pAX P p A
In order for this equation to produce a stable solution, the quantity >+ hp must be

PCpAXE ey A
(a) Negative (b) zero (c) Positive (d) Greaterthan1  (e) Less than 1
Answer (d) Greater than 1
5-151 Air at Ty acts on top surface of the rectangular solid shown in
Fig. P5-151 with a convection heat transfer coefficient of h. The To, h
correct steady-state finite-difference heat conduction equation for node ) 3
3 of this solid is 1
(8) To = [(K2A)( T+ Ta+ T7) + hTo] / [(KIA) + h] X = Ay A
(b) Ts = [(KI2A)( To+ To+ 2T7) + hTgl / [(2KIA) + h] 5 6 7 8
(c) Ta = [(KIA)( T2+ Ta) + hTo] / [(2k/A) + 1]
11

(d) To = [(IA)( To+ Te+ T7) + Tg] / [(KIA) + ] 9 L0 12

(€) Ts = [(K/A)( 2T, + 2T, + T7) + hTo] / [(K/A) + h]

Answer (b)

5-152 What is the correct unsteady forward-difference heat conduction equation of node 6 of the rectangular solid shown in
Fig. P5-152 if its temperature at the previous time (At) is T6* ?

(@) Té™ = [t (pe ,42) (T2 +T5 +T7 +T50) + - akat (e ,82) |15 L 2 3 4
(b) Té™ = [kat /(oo A1) T2 +T5 +T; +T00) + - kat /(pe ,42) [T Ax = Ay £ A
(€) To = [kt i(pe, 42) (Ta +T5 +T; +Too) +2kat i(poe ,02) [T 5 6 7 8

(A) & = at oo, a5 475 47 +Ty0) + i 2kat (oo, a0 [T
(6) T = [akati(oe, 02) 15 +T5 477 +Ty5) +[i- akat (oo 42) T

9 10 14 12

Answer (a)
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5-153 What is the correct steady-state finite-difference
heat conduction equation of node 6 of the rectangular

solid shown in Fig. P5-153? 1 2 3 4
(@) Te = (Tot Tat To+ Tu1) /2 AX = Ay £ A
(b)T@Z(T5+T7+T2+T10)/2 5 6 7 8
(€ Te=(Ti+ Ta+ To+Tyy) /4

d) Te=(To+ Ts+ T7+ Tyo) /4

(d) Te=(To+ Ts+ T7+ Tyo) 9 10 11 12

(@) Te=(T1+To+Tg+ Ty )/ 4

Answer (d)

5-154 The height of the cells for a finite-difference solution of the temperature in the rectangular solid shown in Fig. P5-154
is one-half the cell width to improve the accuracy of the solution. The correct steady-state finite-difference heat conduction
equation for cell 6 is

(@) Te = 0.1(Ts+ T7) + 0.4(T, + Tyg) 1 2 3 4
(b) Te = 025(T5 + T7) + 025(T2 + TlO) Ay - A/Z

(c) Te = 0.5(Ts+ T7) + 0.5(T, + Ty) 5] Ax=4 6 7 8
(d) Te=0.4(Ts+ T7) + 0.1(T, + Typ)

(e) T6 = 05(T5 + T7) + 05(T2 + TlO) 9 10 11 12
Answer (a)

5-155 The height of the cells for a finite-difference solution of the temperature in the rectangular solid shown in Fig. P5-155
is one-half the cell width to improve the accuracy of the solution. If the left surface is exposed to air at T, with a heat transfer
coefficient of h, the correct finite-difference heat conduction energy balance for node 5 is

(@) 2T, +2Tg+ Tg—Ts+hA/k (To—Ts) =0

1 2 3 4
(b) 2T1 + 2T9 + T6 — 2T5 + hA/k (To — T5) =0 v
Ay|= A2
(C) 2T1+2T9+T6—3T5+hA/k(To—T5):O 50 Ax=4 6 7
(d) 2T1 + 2Tg + T6 - 4T5 + hA/k (To - T5) =0 To, h
(€) 2Ty +2To+ To—5Ts+hA/K (To—Ts) =0 9 10 11 12

Answer (e)
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5-156 ..... 5-159 Design and Essay Problems
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