CHAPTER 21

211

x f(x)
X, 0.261799388 0.258819045
X 0.523598776 0.5
X, 0.785398163 0.707106781
X 1.047197551 0.866025404
X;\n 1.308996939 0.965925826

true = cos(z/4) = 0.70710678

The results are summarized as

First-Order Second-order
Forward 0.60702 0.719740883
14.15% 1.79%
Backward 0.791089631 0.726012753
11.88% 2.67%
Centered 0.699057028 0.706996958
1.14% 0.02%
21.2
x f(x)
X, 1.8 6.049647464
X, 1.9 6.685894442
X 2 7.389056099
Xy 2.1 8.166169913
Xiio 22 9.025013499

Both the first and second derivatives have the same value,

truth = ¢* = 7.389056099

The results are summarized as
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First-order  Second-order
First derivative 7.401377351 7.389031439

-0.166750%  0.000334%
Second derivative 7.395215699 7.389047882

-0.083361%  0.000111%

21.3 First, we will use forward expansions. The Taylor series expansion about @ = x, and x = x; , (2Ax

steps forward) can be written as:

1 1 ., 1
F2) = FO)+ L 200+ 2 ' (x, )2AX)” + o/ (x)2Ax)’ +§f(‘”(x,- )2Ax)*

I 5 5
4L O )2AR £
0 7 (x)(2Ax)

P ) = F()+ 2 () Ax 421" A + %f”’(x,- AR + gf(“)(xi JAxt

(1)
32
0 FO AR 4
Taylor series expansion about @ = x, and x = x,,, (Ax steps forward):
1 1 1
) = )+ ODA + = () A 4 — ) A+ — f 9 () A
2 6 24 (2)
1
+0 FO (x)AX -
Multiply Eq. 2 by 2 and subtract the result from Eq. 1 to yield
6 14
Fi2) = 2F () = —F )+ T ODAR 42 (A + 22 9 (A
3)

30 s 5
+ 2 O A 4
TR

Next, we will use backward expansions. The Taylor series expansion about a = x, and x = x; , (2Ax steps

backward) can be written as:

Flx )= FO) 4 £ )(—2A0) + %f"(xi J—2Ax)° + éf’”(x[xfmxf 4 %ﬂ‘”(x,r)(fzm)“

I s 5
+— N—2Ax%)% -
0 77 (x5 X x)
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8 16 32
F(xi2) = FO) =21 DAY+ 2F "0)AR = (DA 42 f A =0 fU AR +--- (4)
Taylor series expansion about a = x; and x = x, , ( Ax steps backward):

1 1., 3 1
f(x, )= fx)— f'(x;)Ax +§f"(x,~)Ax2 o (A +gf(4)(xi)Ax4

1 (5)
_ﬁ f(5)(xi)Ax5 4.
Multiply Eq. 5 by 2 and subtract the result from Eq. 4 to yield
" 2, 6 3 14w 4
2)(‘()6[7])—]0()6[72) :f(x,')_f (x,‘)Ax +gf (x,')Ax _ﬁf (x,')Ax
(6)
+% FO(x)AX -
Add Eqs (3) and (6)
FOty2) =20 (5 )+ 2F 0y ) — £y 5) = 2" O)AY 4% O () A 4. (7)
i+2 i+1 i1 i—2 i 120 i

Equation 7 can be solved for

60 (5) 5
ey fOi) =2 () +2F () — f(iy) 120 ) (x)Ax o
' 2Ax° 2Ax°
F(x) = fOin) =20 )20y D= fx ) 1 FOG)AL 4+

2Ax° 4
21.4 The true value is —sin(z/4) = —0.70710678.

D(r/3) = —0.25882 —0.965926 —0.58477
2(1.047198)

D(/6) = 0.258819 —0.965926 —_0.67524
2(0.523599)

D= %(—0.67524) —%(—0.58477) = —0.70539
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21.5 The true value is 1/x =1/5=0.2.

1.94591—-1.098612

D(2) = =0.211824
2(2)
P 1.7917592(—1;.386294 0202733

D= %(0.202733) —%(0.21 1824) = 0.199702

21.6 The true value

£'(0) = 8(0)* —18(0)> =12 =—12

Equation (21.21) can be used to compute the derivative as

x,=-0.5 flx,) =-1.125
x, =1 flx,) =24
x,=2 flx,) =48
£10)= —1.125 2(0)—1-2 (24 2(0)—(—0.5)—-2 L (—48) 2(0)—(—0.5)—1
(=0.5—-1)(-0.5-2) 1—-(=0.5)1-2) 2-(=0.5)2-1)
=09-24+96=-135
Centered difference:
—24—-12
'O)=—=-18
1'(0) D
21.7 Atx = x,, Eq. (21.21) is
£ = flx 1) 2x; — X — Xy +f(x) 2X =X — Xy ¥ 2% % — X
! (X = X)0x ) = Xy) : (o =X, —x;4) . (K =X —X)
For equispaced points that are / distance apart, this equation becomes
G —h 2x; —(x; —h)—(x; +h) h
P00 = ) s ) s G g
_ _f(xlpl) +0+ f(xi+1) _ f(x,'“)_f(x,;])
2h 2h 2h
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21.8

function [d,ea,iter]=rombdiff(func,x,es,maxit,varargin)
% romberg: Romberg integration quadrature

% q = romberg(func,a,b,es,maxit,varargin):
% Romberg integration.

% input:

% func = name of function to be integrated

% a, b = integration Timits
% es = desired relative error (default = 0.000001%)
% maxit = maximum allowable iterations (default = 50)

% pl,p2,... = additional parameters used by func
% output:

% g = integral estimate

% ea = approximate relative error (%)

% iter = number of iterations

if nargin<2,error('at Teast 2 input arguments required'),end
if nargin<3|isempty(es), es=0.000001;end
if nargin<4|isempty(maxit), maxit=50;end
n =1;
DY(1,1) = dydxnew(func,x,n,varargin{:});
iter = 0;
ea=100;
while iter<maxit
iter = iter+1;
n = 27iter;
DY(iter+1,1) = dydxnew(func,x,n,varargin{:});
for k = 2:iter+1
j = 2+iter-k;
DY(j.k) = (4~(k-1)*DY(Jj+1,k-1)-DY(j,k-1))/(4~(k-1)-1);
end
if DY(1,iter+1)~=0,ea = abs((DY(1l,iter+1)-
DY(2,iter))/DY(1,iter+1))*100;end
if ea<=es, break; end
end
d = DY(1,iter+1);

function d = dydxnew(func,x,n,varargin)

a = x - X/n;

b= x+ x/n;
d=(func(b,varargin{:})-func(a,varargin{:}))/(b-a);

0.5x

Test the program by evaluating the derivative of f(x)=e "~ atx = 1. The exact result is

£'() = -0.5¢70 = _0.30326533 .

>> format Tlong
>> f=@(x) exp(-0.5*x);
>> [d,ea,iter ]=rombdiff(f,1)

d
-0.30326532985552
ea =
7.603832401115816e-008
iter =

3
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21.9

function dy=diffuneq(x,y)

% diffuneq: differentiation of unequally-spaced data
% dy=diffuneq(func,x,es,maxit,varargin):

% input:

% x = vector of independent variable

% y = vector of dependent variable

% output:

% dy = vector of derivative estimates

if nargin<2,error('at Teast 2 input arguments required'),end
n=length(x);
for i = 1:n
dy(i) = dyuneq(x, y, n, x(i));
end
end

function dydx=dyuneq(x, y, n, xXX)

if xx <= x(2)
dydx = DyDx(xx, x(1), x(2), x(3), v(1), v(2), v(3));

elseif xx >= x(n - 1)
dde = Dny(xx, X(n - 2)1 X(n - 1)1 X(n)l y(n - 2)1 y(n - 1)!
y(n));

else
for i1 = 2:n - 2
if xx »>= x(ii) & xx <= x(ii + 1)
if xx - x(ii) < x(ii+1l) - xx

%if the unknown is closer to the Tower end of the range,
%x(ii) will be chosen as the middle point
dydx = DyDx(xx, x{(ii - 1), x(ii), x(ii + 1), y(ii - 1),

y(ii), y(ii + 1));
elseif xx - x(ii-1) == x(ii+1l) - xx & x(ii)-x(ii-
1)<x(ii+2)-x(ii+1)
%if the unknown is at the midpoint of the range
% and if the interval below the range
%is less than the interval above the range,
%x(ii) will be chosen as the middle point
dydx = DyDx(xx, x{(ii - 1), x(ii), x(ii + 1), y(ii - 1),

y(ii), y(ii + 1));
else
%otherwise, x(ii+l) is chosen as the middle point
dydx = DyDx(xx, x(ii), x(ii + 1), x(ii + 2), y(ii), y(ii
+ 1), :
y(ii + 2));
end
break
end
end
end
end

function dy=DyDx(x, x0, x1, x2, y0, yl, y2)
dy = y0 * (2 * x - x1 - x2) / (x0 - x1) / (xO0 - x2) ...
+ vyl * (2 * x - xO0 - x2) / (x1 - x0) / (x1 - x2)
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+ y2 * (2 * x - x0 - x1) / (x2 - x0) / (x2 - x1);
end

The program can be applied to the data with the result:

>> x=[0.6 1.5 1.6 2.5 3.5];
>> fx=[0.9036 0.3734 0.3261 0.08422 0.01596];
>> dydx=diffuneq(x, fx)

dydx =
-0.6936 -0.4846 -0.4526 -0.1738 0.0373

The results can be compared with the true derivatives which can be calculated with the analytical solution,

f'(x) = 5¢** —10xe ** . The results can be displayed graphically below where the computed values are

represented as points and the true values as the curve.

>> dytrue=5*exp(-2*x)-10*x.*exp(-2*x)
dytrue =
-0.3012 -0.4979 -0.4484 -0.1348 -0.0274

0.1

LERS . e i

02l / i

03} -
\\,\ /

04t T i

a5l ™~ |

D6 1

o5 1 15 2 25 3 35

As can be seen, the results leave something to be desired, particularly at the left end of the interval. The

poor performance is in part due to the highly irregular spacing of the first three points.

21.10
function [dydx, d2ydx2] = diffeq(x,y)
n = length(x);
if length(y)~=n, error('x and y must be same length'), end
if any(diff(diff(x))~=0), error('unequal spacing'), end
if length(x)<4, error('at least 4 values required'), end
dx=x(2)-x(1);
for i=1:n

if i==

dydx(i)=(-y(i+2)+4*y(i+1)-3*y(i))/dx/2;
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d2ydx2(i)=(-y(i+3)+4*y(i+2)-5*y(i+1)+2*y(i))/dxr2;
elseif i==n
dydx(1)=(3*y(1i)-4*y(i-1)+y(i-2))/dx/2;
d2ydx2(i)=(2*y(i)-5*y(i-1)+4*y(i-2)-y(i-3))/dx"2;
else
dydx(1i)=(y(i+l)-y(1i-1))/dx/2;
d2ydx2(i)=(y(i+1)-2*y(i)+y(i-1))/dxr2;
end
end
subplot(2,1,1);plot(x,dydx);grid;title('First derivatives')
subplot(2,1,2);plot(x,d2ydx2);grid;title('Second derivatives')

The M-file can be run for the data from Prob. 21.11:

>> t=[0 25 50 75 100 125];
>> y=[0 32 58 78 92 100];
>> [dydx, d2ydx2] = diffeq(t,y)

dydx =

1.4000 1.1600 0.9200 0.6800 0.4400 0.2000
d2ydx2 =

-0.0096 -0.0096 -0.0096 -0.0096 -0.0096 -0.0096

First derivatives

0 20 40 B0 80 100 120 140

& |
0 20 40 60 80 100 120 140

21.11 The first forward difference formula of O(h’) from Fig. 21.3 can be used to estimate the velocity for
the first point at t = 0,

~58+4(32)-30) _, , km

F= 2(25) s

2

The acceleration can be estimated with the second forward difference formula of O(h") from Fig. 21.3

PROPRIETARY MATERIAL. © The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual
may be displayed, reproduced or distributed in any form or by any means, without the prior written permission of the
publisher, or used beyond the limited distribution to teachers and educators permitted by McGraw—Hill for their
individual course preparation. If you are a student using this Manual, you are using it without permission.



f1(0)=

—78+4(58) 2(32) +20) _ 40096 k—Izn
(25) s

For the interior points, centered difference formulas of O(4’) from Fig. 21.5 can be used to estimate the

velocities and accelerations. For example, at the second point at t = 25,

Frs) =829 jekm
2(25) s
£1(25) = w _ —0.0096@2
25) s

For the final point, backward difference formulas of O(4’) from Fig. 21.4 can be used to estimate the

velocities and accelerations. The results for all values are summarized in the following table.

t y v a

0 0 1.40 -0.0096
25 32 1.16 -0.0096
50 58 0.92 -0.0096
75 78 0.68 -0.0096
100 92 0.44 -0.0096
125 100 0.20 -0.0096

21.12 Although the first three points are equally spaced, the remaining values are unequally spaced.
Therefore, a good approach is to use Eq. 21.21 to perform the differentiation for all points. The results are

summarized below:

t x v a

0 153 70.19231 -47.09922
0.52 185 52.88462 —-19.46883
1.04 208 49.94473 -10.82145
1.75 249 37.25169 —26.58748
237 261 16.05181 —24.50300

325 271 6.59273 -10.80561
3.83 273 0.30382 -10.88031
21.13 (a)
x(t, ) — x(t. _
v:ﬁ—x’(ti): () (,,1):7.3 5.1:0'552
dt 2h S
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10

2 t. . )—2x(t.)+ x(¢. S— . .
a :d_j =x"(t,)= i UTED) X(zl) X)) =12 2(623)+5 = _0'0522
dt h 2 ’
(b)
LX) +4;](1ti+1)—3x(ri) _ -8 +4(7j)—3(6-3) — 05750
S

Xt )+ Ax(t ) = 5x(t, ) +2x(t)  —8.44-4(8)—5(7.3)42(6.3) 0.075 2
a= % = 2 )
(©

3x(r.)— 4x(t. . -
3l A ) Xl ) 363 —4GD+34 o m
2h 4 S
a= 2x(t;) = Sx(t; )+ 4x(t;_,) — x(t; 3)  2(63)—5(5.1)+4(34)—1.8 —02752
h* 22 s?
21.14
. act..,)—0(t; —
g0 _ 900 ) 067070 _ 0075 raqss
dt 2h 4

ﬂ _ r(t,url)_r(ti,l) - 6030 — 5560

=117.5 m/s
dt 2h

i d?0 _ 00,,)—200,)+00 ) 0.67—2(0.68)+0.70

= 0.0025 rad/s’
dr® n? 2)°

2 t)—2r(t. t. _
. d_zr ) r(2,)+r( 1) _ 6030 2(58(2)0)+5560 25 m/¢
dt h )

v=1175¢,—435¢,
a=-2.82625¢, +12.7375¢,

21.15 The following script is developed to solve the problem and generate the plot:

t=[1 2 3.25 4.5 6 7 8 8.5 9.3 10];
v=[10 12 11 14 17 16 12 14 14 10];
for i = 2:4

p=polyfit(t,v,i);

dvdt=polyder(p);

for j = 1:1ength(t)
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11

vp=polyval(dvdt,t);
end
subplot(3,1,i-1),plot(t,vp).,grid
end

21.16

>> x=-2:.1:2;

>> f=@(x) 1/sqrt(2*pi)*exp(-(x."2)/2);
>> y=f(x);

>> d=diff(y)./diff(x);

>> x=-1.95:.1:1.95;

>> d2=diff(d)./diff(x);

>> x=-1.9:.1:1.9;

>> plot(x,d2);grid

us ! ! ) ! : ; ;

Thus, inflection points (d’y/dx’ = 0) occur at —1 and 1.
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21.17

>> x=[-2 -1.5 -1 -0.5 0 0.51 1.5 2];

>> y=[0.05399 0.12952 0.24197 0.35207 0.39894 0.35207 0.24197
0.12952 0.05399];

>> d=diff(y)./diff(x);

>> x=-1.75:.5:1.75;

>> d2=diff(d)./diff(x);

>> x=-1.5:.5:1.5;

>> plot(x,d2),;grid

03 ; ! ! ; !

Thus, inflection points (d’y/dx" = 0) occur at 1 and 1.

21.18

%Centered Finite Difference First & Second Derivatives of Order
0(dx~2)
%Using diff(y)
dx=1.;
y=[1.4 2.1 3.3 4.8 6.8 6.6 8.6 7.5 8.9 10.9 10];
dyf=diff(y);
% First Derivative Centered FD using diff
n=length(y);
for i=1:n-2
dydxc(i)=(dyf(i+1)+dyf(i))/(2*dx);
end
%Second Derivative Centered FD using diff
dy2dx2c=diff(dyf)/(dx*dx);
fprintf('first derivative \n'); fprintf('%f\n', dydxc)
fprintf('second derivative \n'); fprintf('%f\n', dy2dx2c)

first derivative
.950000
. 350000
.750000
.900000
.900000
.450000
.150000

oOoooRrro
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1.700000
0.550000
second derivative
0.500000
0.300000
0.500000
-2.200000
2.200000
-3.100000
2 .500000
0.600000
-2.900000

21.19 Parts (a) through (d) can be solved with the following script:

% Finite Difference Approximation of slope
% For f(x)=exp(-2*x)-x

% f'(x)=-2*exp(-2*x)-1

% Centered diff. df/dx=(f(i+1)-f(i-1))/2dx + 0(dx”2)
% Fwd. diff. df/dx=(-f(i+2)+4f(i+1)-3f(1i))/2dx + 0(dx"2)
% Bkwd. diff. df/dx=(3f(1i)-4f(i-1)+f(1i-2))/2dx + 0O(dx~"2)
X=2;

fx=exp(-2*x)-Xx;

dfdx2=-2*exp(-2*x)-1;

%approximation

dx=0.5:-0.01:.01;

for i=1:Tlength(dx)
%x-values at it+-dx and +-2dx
xp(i)=x+dx(i);
x2p(1i)=x+2*dx(1i);
xn(i)=x-dx(i);
x2n(i)=x-2*dx(1i);
%f(x)-values at i+-dx and +-2dx
fp(i)=exp(-2*xp(i))-xp(1);
f2p(i)=exp(-2*x2p(1))-x2p(i);
fn(i)=exp(-2*xn(i))-xn(1i);
f2n(i)=exp(-2*x2n(1i))-x2n(1i);
%Finite Diff. Approximations
Cdfdx(i)=(fp(i)-fn(i))/(2*dx(1));
Fdfdx(i)=(-f2p(1i)+4*fp(i)-3*fx)/(2*dx(1i));

/(2%

Bdfdx(i)=(3*fx-4*fn(i)+f2n(i)) dx(i));
end
dx0=0;
plot(dx,Fdfdx, '--"',dx,Bdfdx,'-.",dx,Cdfdx, '-"',dx0,dfdx2,"'*")
grid

title('Finite Difference approximation - 2nd Order Correct')
xlabel('Delta x'")

ylabel('df/dx")

Tegend( 'Centered', 'Forward', 'Backward', 'Exact', 'location', 'best’

)
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Finite Difference approximation - 2nd Order Correct

-1.005
— — - Centered
Forward ,7
101 Backward ,/
*  Exact /
/
-1.015 v
7
Y
%
-1.02 - .
/
/
x s
2 -1.025 - e
o 7
1.03 e I
-1.035 e
-1.04 -
-1.045 | | | | 1 | I | L
0 005 01 015 02 025 03 035 04 045 05

Delta x

21.20 The flow rate is equal to the derivative of volume with respect to time. Equation (21.21) can be used

to compute the derivative as

x,=1 f(xo) =1

X = 5 f(xl) =8

x,=8 flx,) = 16.4

f'(H=1 2(1)—>5-8 +8 2()—-1-8 +16.4 2—1-5 =0.035714 —3.33333+6.247619 = 2.95

(1-501-8) (5-D5-8)  8-1B-5)
Therefore, the flow is equal to 2.95 cm’/s.

21.21 The velocity at the surface can be computed with Eq. (21.21) as

Xo = 0 f(xo) =0

x, = 0.002 flx,) = 0.287

x, = 0.006 flx,) = 0.899

£0)=0 2(0)-0.002-0.006 , - 2(0)—0—0.006 0.899 2(0)—0—0.002
(0—0.002)(0 — 0.006) (0.002 — 0)(0.002 — 0.006) (0.006 —0)(0.006 —0.002)

=0+215.25—-74.9167 =140.3333
Therefore, the shear stress can be computed as

N
2

N- 1
7 =18x107 —28140.3333— =0.00253
S m

m
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21.22 Equation (21.21) can be used to compute the derivative as

x,=0 f(x,) = 0.06

x =1 flx,) =0.32

x,=3 flx,) = 0.6

£'(0) :0.06M+0 32 20 =0=3 (20 -0-1 =—-0.084048—-0.1=0.3

O—DO-3) ~(1-01-3) = 3-0)3-1)
The mass flux can be computed as

2
Mass flux = —1.52x10°% 2 0.3%1076 % — _456x10°13 iz
N cm cm’s

where the negative sign connotes transport from the sediments into the lake. The amount of mass

transported into the lake can be computed as

2
Mass transport = 4.56x10~3 —£_(3.6x10° m?) 365 d 86,4005 10,000 em” _ ke

— 517.695 ke
cm-s yr d m2 1000 g

21.23 For the equally-spaced points, we can use the second-order formulas from Figs. 21.3 through 21.5.

For example, for the first point (f = 0), we can use

—0.77+4(0.7)—3(0.4) — 0.0415 bar@ls
2(10) min

f(0)=

However, the points around ¢ = 30 are unequally spaced so we must use Eq. (21.21) to compute the

derivative as

x, =20 fix,) = 0.77

x, =30 flx,) = 0.88

x, =45 fix,) = 1.05

£'(30)=0.77 2(30) — 30— 45 +0.88 2(30) —20 = 45 +1.05 2680)-20-30__ 611133
(20 —30)(20 — 45) (30 —20)(30 — 45) (45 —20)(45 —30)

All the results can be summarized as
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t %4 Derivative =~ Method
0 0.4 0.0415 Forward
10 0.7 0.0185 Centered
20 0.77 0.009 Centered
30 0.88 0.011133 Unequal
45 1.05 0.009667 Centered
60 1.17 0.01 Centered
75 1.35 0.014 Backward

The derivatives can be plotted versus time as

0.05
0.04
0.03
0.02
0.01
0

0 10 20 30 40 50 60 70 80

21.24 Because the values are equally spaced, we can use the second-order forward difference from Fig.

21.3 to compute the derivative as

x,=0 flx,) =20.2

x, = 0.08 fix,) =17

x,=0.16 fix,) =15

£1(0) = —15+4017)—-3(202) _ _47‘5_C
0.16 m

The coefficient of thermal conductivity can then be estimated as k = 60 W/m’/(-47.5 °C/m) = 1.26316
W/(°C-m).

21.25 First, we can estimate the areas by numerically differentiating the volume data. Because the values
are equally spaced, we can use the second-order difference formulas from Fig. 21.3 to compute the

derivatives at each depth. For example, at the first depth, we can use the forward difference to compute

—1,963,500 4 4(5,105,100) — 3(9,817, 500)
8

A (0)= —fl—‘;(o) =— =1,374,450 m*

For the interior points, second-order centered differences can be used. For example, at the second point at
(z=4m),
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1,963,500 —-9,817,500
8

A‘(4):_%(4):_ — 981,750 m’

The other interior points can be determined in a similar fashion

392,700 5,105,100
8

= 589,050 m?

dv
A = —— = —
,®) & ®)

0—1,963,500

A (12)= —‘;—V(lz) =— =245,437.5 m>
Z

For the last point, the second-order backward formula yields

A (16)= _fjl_v(m) _ 30 —4(392,720) F1963,500 40 0675
Z

Since this is clearly a physically unrealistic result, we will assume that the bottom area is 0. The results are

summarized in the following table along with the other quantities needed to determine the average

concentration.
Z,m V,m’ c,g/m’ A, m’ CXA,
0 9817500 10.2 1374450.0 14019390
4 5105100 8.5 981750.0 8344875
8 1963500 7.4 589050.0 4358970
12 392700 5.2 245437.5 1276275
16 0 4.1 0 0

The necessary integrals can then be evaluated with the multi-segment Simpson’s 1/3 rule,

1,374,450 4 4(981,750 + 245,437.5) + 2(589,050) + 0
12

—=9,948,400 m’

f "A(2) dz=(16—0)
0

14,019,390 +- 4(8,344,875+1,276,275) + 2(4,358,970) 4+ 0

=81,629,240 g
12

f (: (DA, (2) dz = (16 —0)

The average concentration can then be computed as

V4
[ ecwr@a
0 _SLOBD2_ g 505263-L

="z ~ 79,948,400
f A.(2) dz ,9438, m
0
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21.26 For the equispaced data, we can use the second-order finite divided difference formulas from Figs.

21.3 through 21.5. For example, for the first point, we can use

di —0.32+4(0.16)—3(0)

— 1.6
dt 02-0

For the intermediate equispaced points, we can use centered differences. For example, for the second point

di 0320

=1.6
d 02-0

For the last point, we can use a backward difference

di _32)—4(084)+0.56 _
dt 0.7—0.3

One of the points (# = 0.3) has unequally spaced neighbors. For this point, we can use Eq. (21.21) to

compute the derivative as

x,=02  flx,)=0.32
=03 flx)=0.56
x, =05 flx) =084

2(0.3)-0.3-0.5 056 2(0.3)—0.2—-0.5 0.84 2(0.3)—0.2-0.3

£'(0) = 0.32 , .
(0.2—0.3)(0.2—0.5) (0.3-0.2)(0.3—0.5) (0.5-0.2)(0.5—0.3)

=2.066667

We can then multiply these derivative estimates by the inductance. All the results are summarized below:

t i di/dt v,

0 0 1.6 6.4

0.1 0.16 1.6 6.4

0.2 0.32 2 8

0.3 0.56 2.066667 8.266667
0.5 0.84 3.6 144

0.7 2 8 32

21.27 We can solve Faraday’s law for inductance as

t
V, dt
[ =20
i
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We can evaluate the integral using a combination of the trapezoidal and Simpson’s rules,

29+3(44+49)+46 1 o 46435

12(2070)04—4(168)4—29

+(80—20)

35426 26+15 15+7

-+ (180—-120) +(280—180) +(400_280)T

=336.6667 + 265541620 +1830 42050 +1320 =9811.667

The inductance can then be computed as

_ BIL667 _ e gan Volltj 4905833 H

1000 ms

L

21.28 Because the data is equispaced, we can use the second-order finite divided difference formulas from

Figs. 21.3 through 21.5. For the first point, we can use

dT  —30+4(44.5-3(80)
dt 10—0

9.2

For the intermediate points, we can use centered differences. For example, for the second point

dT 3080
di 10—0

=5

We can analyze the other interior points in a similar fashion. For the last point, we can use a backward

difference

dr _ 3(20.7)—4(21.7)+24.1

=-0.06
dt 25—15
All the values can be tabulated as
t T T-T, dT/dt
80 60 -9.2
5 44.5 24.5 -5
10 30 10 —2.04
15 24.1 4.1 -0.83
20 21.7 1.7 -0.34
25 20.7 0.7 -0.06
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If Newton’s law of cooling holds, we can plot dT/dt versus T — T, and the points can be fit with a linear
regression with zero intercept to estimate the cooling rate. As in the following plot, the result is k =
0.1618/min.

0 10 20 30 40 50 60

y =-0.1618x
-10 R?=0.9758

21.29 The following script solves the problem. Note that the derivative is calculated with a centered

difference,

aV._ Visox —Vasox

ar 100K

The following script evaluates the derivative with centered finite differences and the integral with the

trapz function,

V=[220 250 282.5;4.1 4.7 5.23;2.2 2.5 2.7;1.35 1.49 1.55;1.1 1.2
1.24;.9 .99 1.03;.68 .75 .78;.61 .675 .7;.54 .6 .62];

P=[0.1 5 10 20 25 30 40 45 50]"';

T=[350 400 450]"';

n=length(V);

dvdt=(V(1:n,3)-V(1:n,1))/(T(3)-T(1));
integrand=v(1:n,2)-T(2)*dvdt;

H=trapz(P,integrand)

When the script is run the result is H = 21.4410. The following table displays all the results

P,atm T=350K T=400K T=450K gvar (V-T (dV/dT)p) Trap

0.1 220 250 282.5 0.625 0

5 4.1 4.7 5.23 0.0113 0.18 0.441

10 2.2 2.5 2.7 0.005 0.5 1.7

20 1.35 1.49 1.55 0.002 0.69 5.95

25 1.1 1.2 1.24 0.0014 0.64 3.325

30 0.9 0.99 1.03 0.0013 0.47 2.775

40 0.68 0.75 0.78 0.001 0.35 4.1

45 0.61 0.675 0.7 0.0009 0.315 1.6625

50 0.54 0.6 0.62 0.0008 0.28 1.4875
Total Integral = 21.441
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21.30 (a) First, the distance can be converted to meters. Then, Eq. (21.21) can be used to compute the

derivative at the surface as

x,=0 f(x,) =900

x, = 0.01 flx,) = 480

x, = 0.03 flx,) = 270
Fr0)— 900 2@ 0012003 00 20)-0-005 0 A0O-0-001 50K
(0—0.01)(0—0.03) (0.01—0)(0.01—0.03) (0.03—0)(0.03—0.01) m

The heat flux can be computed as

Heat flux = —0.028 [—52,500 E] = 1,470E2
m

s-m-K m

(b) The heat transfer can be computed by multiplying the flux by the area

2

Heat transfer — 1,470%(200 cm x50 cm) m—2 — 1,470 W
m 10,000 cm

21.31 (a) The pressure drop can be determined by integrating the pressure gradient

f ’
X

1

3uQ

dx
7rr(x)4

After converting the units to meters, a table can be set up holding the data and the integrand. The
trapezoidal and Simpson’s rules can then be used to integrate this data as shown in the last column of the
table.

X, m r, m integrand  integral method

0 0.002 —7957.75

0.02 0.00135 -38333.2

0.04 0.00134 -39490.3 —1338.5392 Simp 1/3

0.05 0.0016 —19428.1

0.06 0.00158 -20430.6

0.07 0.00142 -31315.3 —713.9319 Simp 3/8

0.1 0.002 —7957.75 —589.0959 Trap
Sum—> -2641.5670

Therefore, the pressure drop is computed as —2,641.567 N/m’.
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(b) The average radius can also be computed by integration as

f sz r(x) dx

F=10

Xy =X

The numerical evaluations can again be determined by a combination of the trapezoidal and Simpson’s

rules.
X, m r, m integral method
0 0.00200
0.02 0.00135
0.04 0.00134 5.83E-05 Simp 1/3
0.05 0.00160
0.06 0.00158
0.07 0.00142 4.61E-05 Simp 3/8
0.1 0.00200 5.13E-05 Trap

Sum— 0.0001557

Therefore, the average radius is 0.0001557/0.1 = 0.001557 m. This value can be used to compute a

pressure drop of

Ap = Zx—pr _ _BHO £, - 80:0050.00001, —2166.95E2

7t 7(0.001557)* m

Thus, there is less pressure drop if the radius is at the constant mean value.
(c) The average Reynolds number can be computed by first determining the average velocity as

,_Q _ 000001 _ 000001 _ ..om
S

A, (00015572  7.6152x10°°

Then the Reynolds number can be computed as

~ 1x10%(1.31317)0.0031138
0.005

Re = 817.796

21.32 Using an approach based on Example 21.4, the following script determines first through fourth

derivative estimates by taking differences of differences. A plot of the results is also generated.

T=[300 400 500 600 700 800 900 1000];

PROPRIETARY MATERIAL. © The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual
may be displayed, reproduced or distributed in any form or by any means, without the prior written permission of the
publisher, or used beyond the limited distribution to teachers and educators permitted by McGraw—Hill for their
individual course preparation. If you are a student using this Manual, you are using it without permission.



23

Cp=[82.888 112.136 136.933 157.744 175.036 189.273 200.923
210.450];

dCp=diff(Cp)./diff(T);

n=length(T);

Tm=(T(1:n-1)+T(2:n))./2;

dCp2=diff(dCp)./diff(Tm);

n2=Tength(Tm);

Tm2=(Tm(1:n2-1)+Tm(2:n2))./2;

dCp3=diff(dCp2)./diff(Tm2);

n3=length(Tm2);

Tm3=(Tm2(1:n3-1)+Tm2(2:n3))./2;

dCp4=diff(dCp3)./diff(Tm3);

n4=length(Tm3);

Tm4=(Tm3(1:n4-1)+Tm3(2:n4))./2;

subplot(4,1,1),plot(Tm,dCp)

grid,xTim([min(T) max(T)]),title('first derivative')

subplot(4,1,2),plot(Tm2,dCp2)

grid,xTim([min(T) max(T)]),title( ' 'second derivative')

subplot(4,1,3),plot(Tm3,dCp3)

grid,xTim([min(T) max(T)]),title('third derivative')

subplot(4,1,4),plot(Tm4,dCp4)

grid,xT1im([min(T) max(T)]),title('fourth derivative')

first derivative

300 400 500 600 700 800 900 1000
¥ 107 second derivative

p i i i i i i

300 400 500 600 700 800 900 1000
%107 third derivative
48 T ; T T T )
- N — T Soy T — — :
—— T T
46 | : : | | |
300 » 400 500 600 700 800 900 1000

x10° fourth derivative

300 400 500 600 700 800 900 1000

The fact that (1) the second derivative appears linear, (2) the third derivative is close to being constant, and
(3) the fourth derivative oscillates in a random fashion close to zero suggests that the data was generated

with a fourth-order polynomial (which in fact was the case).

21.33 Equation (21.21) can be used to estimate the derivatives at each temperature. This can be done using
the M-file developed in Prob. 21.9 with the result

>> T=[750 800 900 1000];

>> h=[29629 32179 37405 42769];
>> cp=diffuneq(T,6h)

cp =
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50.5800 51.4200 52.9500 54.3300

These results, which have units of kJ/(kmol K), can be converted to the desired units as in

] KJ ] kmol  10%] mol 10%g
c, =c, X X X X
’lkgK) 7{kmolK) 10° mol kI = [12.011+2(15.9994)] ¢ kg

>> cp=cp*le3/(12.011+2%15.9994)
cp

1.0e+003 *
1.1493 1.1684 1.2031 1.2345

21.34 The following script determines dc/dt using an M-file that implements Eq. (21.21). Linear regression
is then used to fit the log transformed equation. The best-fit parameters are then used to compute the model

coefficients n and k with the following script:

t=[0 5 15 30 45];

c=[0.750 0.594 0.420 0.291 0.223];
dcdt=diffuneq(t,c)
p=polyfit(1ogl0(c),l1ogl0O(-dcdt),1)

-0.0358 -0.0266 -0.0139 -0.0066 -0.0025
2.1419 -1.1121
2.1419

0.0773

21.35 Finite-divided differences can be used to numerically estimate the derivatives. For the first time (t =

2

0), a forward difference of O(k") can be employed to give

—3(10) +4(7.11)—4.59
0.25

24618

do
2 0)y= =3
m( ) L-d

Centered differences of O(h’) can be used for the interior data. For example, for the second interval,

9 0125 = 320=10 5 eqME
dr 0.25 L-d

A backward difference of O(h’) can be employed for the last time (t = 0.75) to give
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3(0.03) ~4(033) +1.15 _ . mg

9 075 = =
di 0.25 L-d

The SODs can then be computed with the formula from the problem statement. For example, for the first

point,

soD—-H% _ 0 1—24.6)— 2462
dt m?d

All the results can be tabulated along with the SOD:

t(d) o(mg/L) do/dt SOD
0 10.00 ~24.60 2.460
0.125 7.11 -21.64 2.164
025 459 -18.16 1.816
0375 257 ~13.76 1.376
05 115 -8.96 0.896
0.625 0.33 -4.48 0.448
075  0.03 -0.32 0.032

The plots can be developed as

sop 3
(g/m2/d)
2
1
0 )
0 0.2 0.4 0.6 0.8
t(d)
sop 3
(g/m2/d)
2
1
0
0 2 4 6 8 10
o (mg/L)
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21.36 (a) The deflection is computed by the following integration,

Y = f( 00 dx

Here is the numerical evaluation of this integral with the trapezoidal rule.

n

y(x,) = Z

i=l1

0(x,_)+0(x;)

X — X
( i t*l) 2

In addition, an exact, closed form solution can be developed by integrating Eq. P21.36 to give

Wo
120EIL

Wo
120EIL

(x) = f (=5x* +612x% — Iy dx = (—x 421253 — I*x)
0

The following table implements this equation. The first two columns hold the x and 6 values (Eq. P21.36)
and the third column holds the trapezoidal rule evaluation for each interval. The fourth column then holds

the summation that represents the deflection,

x a(x) Trap rule y(x) Y irue

0 -9.375E-04  0.000E+00 0.000E+00 0.000E+00
0.125 -9277E-04 -1.166E-04 -1.166E-04 —1.168E-04
0.25 -8.987E-04 -1.142E-04 -2307E-04 —2311E-04
0.375 -8.508E-04 -1.093E-04 -3.401E-04 -3.407E-04
0.5 —7.849E-04 -1.022E-04 -4.423E-04 —-4431E-04
0.625 -7.022E-04  -9.294E-05 -5352E-04 -5362E-04
0.75 —-6.042E-04 -8.165E-05 —-6.169E-04 —6.180E-04
0.875 —-4929E-04 -6.857E-05 —-6.855E-04 —6.867E-04
1 -3.704E-04 -5395E-05 -7.394E-04 -7.407E-04
1.125 -2.392E-04  -3.810E-05 -7.775E-04 -7.789E-04
1.25 -1.022E-04 -2.134E05 -7.988E-04 -8.003E-04
1.375 3.729E-05 -4.059E-06  —8.029E-04 —-8.044E-04
L5 1.758E-04 1.332E-05 -7.896E-04 -7.910E-04
1.625 3.094E-04 3.032E-05 -7.593E-04 -7.606E-04
1.75  4.338E-04 4.645E-05 -7.128E-04  -7.141E-04
1.875 5.445E-04 6.114E-05 —6.517E-04 —6.527E-04
2 6.366E-04 7.382E-05 -5.779E-04  -5.787E-04
2.125 7.047E-04 8.383E-05 —4.940E-04  —4.946E-04
2.25 7.434E-04 9.051E-05 -4.035E-04 -4.037E-04
2.375 17.466E-04 9.313E-05 -3.104E-04 -3.102E-04
2.5 7.082E-04 9.093E-05 —2.195E-04  -2.188E-04
2.625 6.214E-04 8.310E-05 -1.364E-04 -1.352E-04
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275 4.794E-04 6.880E-05 —6.756E-05  —6.577E-05
2.875 2.748E-04 4.713E-05 -2.043E-05 -1.795E-05
3 0.000E+00 1.717E-05 -3.254E-06  0.000E+00

The numerical and exact results can be plotted below where the results are in such good agreement that the
graphs are indistinguishable.

0] 1 2 3

0.E+00 - ‘ ‘
-2.E-04
-4.E-04
-6.E-04
-8.E-04
-1.E-03

(b) The moment can be computed as
d
M(x) = EI—0(x)
dx

For comparison purposes, an exact, closed form solution can be developed by differentiating Eq. P21.36 to

give

My = E1- L Y0 (sih et =
dx |120EIL 12

0 C20x% 112120
0L

The following table uses divided differences of order O(/’) to evaluate the derivative. The fourth and fifth
columns hold the numerical moment and the exact moment, respectively. Note that centered differences are
used for the intermediate intervals and forward and backward differences are used for the first and last
intervals, respectively. The numerical and exact results can be plotted below where the results are in such

good agreement that the graphs are indistinguishable.

x o(x) df(x)/dx  M(x) M..
0 ~9.375E-04  6.782E-07  40.7 0.0
0.125 -9.277E-04 1.553E-04  9320.7 9347.9

0.25 -8.987E-04 3.080E-04 18478.7 18533.0
0.375 -8.508E-04 4.552E-04 27311.2 27392.6
0.5 —7.849E-04 5.943E-04 35655.4 35763.9
0.625 -7.022E-04 7.225E-04 43348.5 43484.2
0.75 -6.042E-04 8.371E-04 50227.9 50390.6
0.875 —4.929E-04 9.355E-04 56130.6 56320.5
1 -3.704E-04 1.015E-03 60894.1 61111.1
1.125 -2.392E-04 1.073E-03 64355.5 64599.6
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1.25 -1.022E-04 1.106E-03 66352.0 66623.3
1.375 3.729E-05 1.112E-03 66720.9 67019.3
1.5 1.758E-04 1.088E-03 65299.5 65625.0
1.625 3.094E-04 1.032E-03 61924.9 62277.6
1.75 4.338E-04 9.406E-04 56434.5 56814.2
1.875 5.445E-04 8.111E-04 48665.4 49072.3

2 6.366E-04 6.409E-04 38454.9 38888.9
2.125 7.047E-04 4.273E-04 25640.2 26101.3
225 T.434E-04 1.676E-04 10058.6 10546.9
2.375 7.466E-04 -1.409E-04 84527 =7937.3
2.5 7.082E-04 -5.009E-04 -30056.4 -29513.9
2.625 6.214E-04 -9.153E-04 549154 —-54345.7
2.75  4.794E-04 -1.387E-03 831923 —82595.5
2.875 2.748E-04 -1917E-03  -115049.9 -114426.0
3 0.000E4+00  —2.479E-03 —-148738.6  —150000.0

100000
50000 V\
0 L L L L I L L L L I L L

-50000

-100000
-150000 -+

The shear can be computed as the derivative of the moment. For centered, finite divided differences, this

can be represented as

V(xi):%M(xi); M(x, )—M(x, )

1
Xip1 — X W

or alternatively as the product of EI times the second derivative of the slope. For centered , finite divided

differences, this can be represented as,

’ B(x. 1) —26(x,)+(x,
Vix)= Eld—ze(xi) ~ FJ (xtH) (x)+0(x,_))
dx

(G = %)
Note that for the last interval, the backward O(h”) formula from Fig. 21.4 is used as in

20(x,)—50(x, ) +40(x, ,)—0(x,_3)

2
- xnfl)

d2
Vix,)= EI—ZG(x”) ~FEI
dx

(x,
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For comparison purposes, an exact, closed form solution can be developed by differentiating the moment

solution to give

Vi =0 4 o0 p 12120 = 0 (L6047 +1202)
120L dx 120L

The following table displays the results. The fourth and sixth columns hold the resulting moment for Eqgs.
(1) and (2), respectively. The exact moment is displayed in column seven. Note that centered differences
are used for the intermediate intervals and forward and backward differences are used for the first and last

intervals, respectively.

x o(x) M(x) V(x) = dM/dx d’6(x)/dx’ V(x) Virue

0 -9.375E-04  40.7 74728.7 1.270E-03 76193.6 75000.0
0.125 -9277TE-04  9320.7 73752.2 1.237E-03 74240.5 74349.0
0.25 —8.987E-04  18478.7 71961.8 1.205E-03 72287.3 72395.8
0.375 -8.508E-04 27311.2 68706.6 1.151E-03 69032.1 69140.6
0.5 —7.849E-04 356554 64149.3 1.075E-03 64474.8 64583.3
0.625 —7.022E-04  43348.5 58289.9 9.769E-04 58615.5 58724.0
0.75 -6.042E-04  50227.9 51128.5 8.576E-04 51454.0 51562.5
0.875 —4.929E-04 56130.6 42664.9 7.165E-04 42990.5 43099.0

1 -3.704E-04  60894.1 32899.3 5.537E-04 33224.8 33333.3
1.125 —2.392E-04  64355.5 21831.6 3.693E-04 22157.1 22265.6
1.25 -1.022E-04  66352.0 9461.8 1.631E-04 9787.3 9895.8
1.375 3.729E-05 66720.9 —4210.1 —6.474E-05 -3884.5 -3776.0
1.5 1.758E-04 65299.5 -19184.0 -3.143E-04 —18858.5 —-18750.0
1.625 3.094E-04 61924.9 -35460.1 -5.856E-04  -35134.5 -35026.0
1.75 4.338E-04 56434.5 -53038.2 —8.785E-04 -52712.7 -52604.2
1.875 5.445E-04 48665.4 -71918.4 -1.193E-03 —71592.9 —71484.4
2 6.366E-04 38454.9 -92100.7 -1.530E-03 -91775.2 -91666.7
2.125 7.047E-04 25640.2 -113585.1 —1.888E-03 -113259.5 -113151.0
2.25 7.434E-04 10058.6 -136371.5 -2.267E-03 —136046.0 —-135937.5
2.375 7.466E-04 —8452.7 -160460.1 —2.669E-03 -160134.5 -160026.0
2.5 7.082E-04 -30056.4 —185850.7 -3.092E-03 —185525.2 —185416.7
2.625 6.214E-04 -54915.4 —212543.4 -3.537E-03 —212217.9 -212109.4
2.75 4.794E-04 -83192.3 —240538.2 —4.004E-03 —240212.7 —240104.2
2.875 2.748E-04 -115049.9  -262185.3 —4.492E-03 -269509.5 —269401.0
3 0.000E+00 -148738.6  —-276833.8 —4.980E-03 —298806.4 -300000.0

The numerical and exact results can be plotted below where the results are in such good agreement for Eq.

(2) that the graphs are indistinguishable. In contrast, Eq. (1) does not do as well for the last point.
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100000
0 \
a 1
-100000 +
200000 I |— Vv=dMrdx
— V=EIFd2Q/dx2
-300000 -+ |—Vtrue

21.37 The solution is displayed in the following table and graph. The graph also shows the deflection.

X, m y, m 6 =dy/dx
0 0.000000  —0.00107
0.375 -0.002571 -0.01265
0.75 -0.009484  -0.02282
1.125 -0.019689  -0.03037
1.5 -0.032262  -0.03563
1.875 -0.046414  -0.03899
2.25 -0.061503  —0.04085
2.625 -0.077051 -0.04166
3 -0.092750  -0.04207
0 1 2 3
0.00 ‘

-0.02
-0.04

-0.06
-0.08
-0.10

The moment can be computed in two ways,

do

Mx)=EIZ 2

(x) 0 (2)
2

M(x)= EI% (3)

Using the result for slope computed previously, Eq. (2) can be implemented by estimating the derivative of
the slope with finite-divided differences of order O(4’) in a similar fashion to how we estimated the slope
itself previously. For example, for the first point,
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—0.02282 +-4(—0.01265) — 3(—0.00107)
0.75-0

M(0) = Eldia(()) =~ 200x10°(0.0003)
X
= 60x10°(—0.0327431) = —1,964,587 N m

For Eq. (3), the second derivative is estimated in a similar fashion. Again, for the first point,
2 — — — —
M) — EI d_2 4(0) = 200x10° (0.0003) ~ 2019689+ 4(-0.009484) 3( 0.002571) 4-2(0)
dx (0.375-0)
— 60x10°(—0.03834) — —2,300,587 N m

Thus, we can see that the two approaches yield different results. The reason for this discrepancy is that Eq.
(2) is based on an estimated value of the slope (which is approximate) whereas Eq. (3) is based on the

original data. Therefore, the use of Eq. (3) is preferable. Both solutions are displayed in the following table

and graph.
x,m y,m 0 deé /dx M (Eq.2) d’y/dx’ M (Eq. 3)
0 0.000000 -0.001067 -0.032743 -1964587 —0.038343 —2300587
0.375 -0.002571 -0.012645 -0.029010 -1740587 -0.030876 —1852587
0.75 —0.009484 -0.022824 -0.023634 —-1418027 -0.023410 —1404587
1.125 -0.019689 -0.030371 -0.017079 -1024747 -0.016839 —-1010347
1.5 -0.032262 -0.035633 —-0.011490 -689387 —0.011228 —-673707
1.875 -0.046414 -0.038988 —0.006955 —417280 —0.006663 -399787
2.25 -0.061503 —-0.040849 —-0.003566 213973  -0.003264 —-195840
2.625 -0.077051 -0.041663 -0.001621 -97280 -0.001074 —64427
3 -0.092750  -0.042065 -0.000526 31573 0.001116 66987

1 2 3
500000
|

0

-500000

-1000000

-1500000

—a M (Eq. 1)
—— M (Eq. 2)

-2000000

Using the same reasoning as for the slope and moment, the shear can be computed in a number of ways

am
V()C) = E (4)
2
V()= Elix—f (5)
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d3y
Vix)= E]E (6)

Because it deals directly with the original data, we choose to use Eq. (6). However, this represents a
problem as the third derivative estimators from Chap. 21 require 4 points for O(h) accuracy and 5 points for

O(R’) accuracy. Here is the best that we can do with these formulas,

Atx = 0: O(I)
—3(—0.032262) + 14(—0.019689) — 24(—0.009484) + 18(—0.002571) — 5(0)

V(0)=60x10° :
2(0.375)°

= 60x10°(0.023495) = 1,409,707 N
At x = 0.375 (not possible with formulas from Chap. 21)

Atx = 0.75: O(h)

—0.032262 — 2(—0.019689) -+ 2(—0.002571)— 0
2(0.375)°

=60x10°(0.018716) =1,122,987 N

V(0.75) = 60x10°

Atx = 1.125: O(h")
—0.061503 +8(0.046414) —13(0.032262) + 13(—0.009484) — 8(—0.002571) + 0

V(1.125) = 60x10° .
8(0.375)°

= 60x10°(0.016291556) = 977,493 N

Atx = 1.5: O(I’) can be used
V(1.5) = 818,204 N

At x = 1.875: O(h”) can be used
V(1.875) = 640,427 N

At x = 2.25: O(h) can be used
V(2.25) = 447,147 N

At x = 2.625 (not possible with formulas from Chap. 21)
Atx = 3: O(I)

6 5(—0.092750) — 18(—0.077051) + 24(—0.061503) — 14(—0.046414) + 3(—0.032262)

V(3)=60x10 -
2(0.375Y

= 60x10°(0.001005037) = 60,302 N
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The results are plotted below:

1,600,000 -
n
1,200,000 -

800,000 -

400,000 ~

The distributed load, w(x), can be computed as

d4y

w(x)= —EI—4
dx

As was the case with the shear, the 4" derivative cannot be estimated at all the points. The results are shown

below:

x,m y,m d'y/dx’ w(x), N/m
0 0.000000 -0.00546 327,680
0.375 -0.002571

0.75 -0.009484 -0.00637 382,293
1.125 -0.019689 —0.00680 408,083
1.5 -0.032262 -0.00739 443,480
1.875 -0.046414 -0.00839 503,151
225 -0.061503 -0.00860 515,793
2.625 -0.077051

3 -0.092750 -0.00920 552,201
600,000 .
500,000
400,000 /
300,000
200,000
100,000
0 + + + + t + + + + t + + + + 1
0 1 2 3

Although the formulas in the book are inadequate for the shear and the moment, an alternative

approach would be to fit the data with a fifth-order polynomial. If this is done, the result is
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y(x) = 2.097902 %107 —5.9457964 %10 > x —1.9532391x10 > x* +3.8330795x10 > x>
—2.0866626x10* x* —1.3873758 %10 x°

This polynomial can then be differentiated analytically to generate the slope, moment, shear and load. The

results are tabulated and graphed below.

x y(x) q(x) M(x) V(x) w(x)
0 0.000000 ~0.000059 ~2,343,887 1,379,909 300,479
0.375 -0.002571 -0.013137 ~1,848,427 1260205 337,939
0.75 ~0.009484 -0.023264 ~1,400,489 1,126,455 375,398
1.125 ~0.019689 -0.030753 ~1,005,341 978,657 412,857
1.5 -0.032262 ~0.035952 ~668,252 816,812 450,316
1.875 -0.046414 -0.039238 ~394,488 640,920 487,775
2.25 -0.061503 -0.041026 ~189,318 450,981 525,234
2.625 -0.077051 -0.041759 ~58,009 246,994 562,693
3 -0.092750 -0.041915 -5,828 28,961 600,153
0.02
0.00 — t+ |
0.02 2 3
-0.04 A -3 - ——=
-0.06
-0.08
-0.10 -
[——y(x) = dy/dx
2,000,000
1,000,000 L I S
koA —oAr koot Ao g T
-1,000,000
-2,000,000
-3,000,000
[ —o=MKx) -®-V(x) —a w) |
21.38 (a)
0
,—f =3y+3-3x> =3(1)+3-3(1)* =3
Ox
0
o _ 3x—9y* =3(1)—9(1) = —6
Oy
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of 2
—=3x-9
Oy ey

2

’f 4
0x0y
(b)
O _ fx+Axy)—f(x—Ax,y)  2.0003-1.9997
Ox 2Ax 2(0.0001)
I _ fLy+Ay)—flry—Ay)  1.9994-2.0006
Oy 2Ay 2(0.0001)

Of _ fO+Axy+A)— fO+Axy—Ay)— fx—Ax,y+ Ay) + f(x — Ax,y — Ay)
Ox0y 4AxAy

_ 19997 -2.0009-1.9991+2.0003 _ , y0000908
4(0.0001)(0.0001)

21.39

clear,clc,clf

x=-3:.25:3;y=-3:.25:3;
[X,Y]=meshgrid(x,y);
Z=exp(-((X."2)+(Y."2)));
[fx,fy]l=gradient(z,0.25);
subplot(1,2,1)
cs=contour(X,Y,Z);clabel(cs);hold on
quiver(X,Y,-fx,-fy);axis equal;
title('(a) exp(-(x*2+y*2))")
Z=X.*exp(-((X.22)+(Y.*2)));
[fx,fy]l=gradient(z,0.25);
subplot(1,2,2)
cs=contour(X,Y,Z);clabel(cs);hold on
quiver(X,Y,-fx,-fy);axis equal;
title('(b) x*exp(-(x*2+y”r2))")

hold off
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(a) exp(-(x+y?)

21.40

clear,clc,cl1f
[xx,yy,zz]=peaks(30);
subplot(1,2,1)
surf(xx,yy,zz)
[fx,fy]l=gradient(zz,0.25);
subplot(1,2,2)

cs=contour(xx,yy,zz);clabel(cs);hold on
quiver(xx,yy,-fx,-fy);axis equal;

xlabel('x");ylabel('y")

> of

(b) x*exp(-(x>+y?))
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21.41 The exact solution is

dv 2 21

== - =0.015086

dt 'l+[2 (1+t2)l‘5

h=0.5
dv _veth)—v—h) 1967741952374 _ o . :|O.015086—0.01536|X100%: L86%
dt 2h 1 | 0015086 |

h=025
dv_ Wl —vih) 19GETTISTL 05155 __|0.015086 —0.015155| oo o 4eer
dt 2h 0.5 | 0015086 |

Richardson extrapolation:

dv 4

== g0.015155%0.015366 —0.015085 ¢, = |0'015086_0'015085|
t

x100% = 0.006%
0015086 |
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