CHAPTER 17

17.1 Order points and then develop a divided difference table:

x y First Second Third Fourth Fifth Sixth

5 5.375 -3.45 0375 22E-17 1.51788E-18 7.54895E-19 -2.57192E-19
1.8 16.415 -3.075 0375 -1.7E-17 4.68844E-18 -1.04545E-18

6 3.5 -3.75 0.375 1.73E-17 -5.97516E-18

0 26 -2.925 0375 -19E-17

8.2 2.015 0.525 0.375

9.2 2.54 1.95

12 8

Notice that it was unnecessary to build the whole table because after the fourth point, the third derivative is

essentially zero. This means that the data would be perfectly described by a quadratic.

Zero-order:
f,(x) =5.375

First-order:
fi(x) =5.375-3.45(3.5-5) = 10.55

Second-order:
f,(x) = 10.55 + 0.375 (3.5 - 5) (3.5 - 1.8) = 9.59375

17.2 First order points and then develop a divided difference table:

x y First Second Third Fourth Fifth Sixth
3 7.5625  0.588533 0.083367 0.145827 -7.61905E-06 1.26984E-06 7.90123E-07
4.5 8.4453 0.54685  0.37502 0.145842 —-3.80952E-06 -1.10053E-06 5
2.5 7.3516 0.73436  -0.13543 0.145836  1.14286E-06
5 9.1875 0.9375 0.375 0.145833
1 5.4375 1.3125  -0.35417
6 12 1.666667
0 2
Zero-order:
fi(x) = 7.5625

First-order:
fi(x) = 7.5625 + 0.588533(3.5 — 3) = 7.856767
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Second-order:
f,(x) = 7.856767 + 0.083367 (3.5~ 3) (3.5 — 4.5) = 7.8150833

Third-order:
f.(x) = 7.8150833 4 0.145827 (3.5-3) (3.5 -4.5) (3.5-2.5) = 7.74217

Fourth-order:
f.(x) = 7.74217 - 7.61905x 10 ¢ (3.5 - 3) (3.5 -4.5) (3.5-2.5) (3.5 -5) = 7.742164

17.3 First set up a difference table with the points properly ordered (proximity to and balance around the

unknown):

x y First Second Third Fourth Fifth
5.5 9.9 0.054545  -0.0639%4 0.006911977 0.000165176 —4.13834E-05
11 10.2 -0.425 -0.08813 0.006168687 -0.000269351
13 9.35 0.368182  -0.14982  0.004821934

2 5.3 2.166 -0.13535

1 3.134 0.271067
16 7.2

0 0.5

Zero-order:
f,(8) =9.9

First-order:
£.(8) =9.9 + 0.054545(8 — 5.5) = 9.9 + 0.1363636 = 10.03636

Second-order:
£,(8) = 10.03636 — 0.06394(8 — 5.5)(8 — 11) = 10.03636 + 0.4795454 = 10.51591

Third-order:
f,(8) = 10.51591 + 0.006912(8 — 5.5)(8 — 11)(8 — 13) = 10.51591 + 0.259199 = 10.77511

Fourth-order:
f.(8) = 10.77511 4+ 0.000165176(8 — 5.5)(8 — 11)(8 — 13) (8 —2) = 10.77511 + 0.03716 = 10.81227

The fact that the fifth divided difference is getting small suggests that we are reaching the point of
diminishing returns. In fact, beyond the fourth order, the results start to oscillate as shown in the following
table:
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Order Increment f(8)
0 9.9 9.90000
1 0.136363636 10.03636
2 0.479545455 10.51591
30259199134 10.77511
4 0.037164502 10.81227
5
6
7

—0.065178932 10.74709
0.060233564 10.80733
-0.072824364 10.73450

17.4 (a) Newton’s polynomial. Ordering of points:

x, =3 flx,) =6.5
x,=4 flx,) =2
x, =25 fix,) =17
x,=5 fix,) =0

Note that based purely on the distance from the unknown, the fourth point would be (2, 5). However,
because it provides better balance and is located only a little bit farther from the unknown, the point at (5,
0) is chosen.

The following difference table can be used to generate the divided differences:

x  f(x) First Second Third

365 4.5 —2.33333  1.433333
4 2 333333 0.533333
25 17 2.8

5

First-order:
£,(3.4)=6.5+(—4.5)3.4-3)=4.7

Second-order:
f,(3.4)=4.7+(—2.333333)(3.4 —3)(3.4—4) =5.26

Third-order:
f3(3.4)=5.26 +1.433333(3.4 —3)(3.4 — 4)(3.4 —2.5) = 4.9504
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(b) Lagrange polynomial.

First-order:
_ (3.474)6 54 (3.473)2 _

. 4.7
3-4) (4-3)

£,(3.4)

Second-order:
_(34-4(34-25)  (34-3)(34-25), (4-3)(B4-4),

f,(3.4) . 5.26
B3—-4)(3-2.5) (4-3)(4-2.5) (2.5-3)2.5—-4)
Third-order:
£,34) = (34—-4)3.4-2.5)3.4-5) 6.5+ (3.4-3)3.4—-2.53.4-5) )
B-4(3-2.53B-5) 4-3)4-2.5)4-5)
(3.4-3)34—-4)34-5) 7 (3.4-3)3.4—-4)34-25) 0 — 4.9504

(2.5-3)2.5—4)(2.5—5) (5-3)(5—4)(5—2.5)

17.5 The points can be ordered so that they are close to and centered around the unknown. A divided-

difference table can then be developed as

x f(x) First Second Third Fourth
3 5.25 7.25 2 0.25 0

5 19.75 525 2.75 0.25

2 4 8 1.75

6 36 6.25

1 4.75

Note that the fact that the fourth divided difference is zero means that the data was generated with a third-
order polynomial.

First-order:
fi(4)=5.25+7.254-3)=125

Second-order:
f,(4)=12.5+(4-3)(4—-52=105

Third-order:
f3(4)=10.5+(4—-3)(4—-5)(4-2)0.25 =10
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Fourth-order:
f;(4)=10.5+(4-3)(4—-5)(4—-2)(4-6)0 =10

17.6 Lagrange polynomial.

First-order:

f,(4) = 4755052 319752125
3-5 5-3

Second-order:
(4—5)(4—2)5 254 (4f3)(4f2)19 754 (4—3)(4f5)4:

. . 10.5
B-50G-2) (5-3(5-2) 2-32-5

f(4)=

Third-order:
(4—5)(4—2)(4—6)5 )5 (4—3)(4—2)(4—6)1

. 9.75
B=35B-2(3-06) (5=3)(5-2)(5-6)

f(4) =

@=3)E-5(4-6), 4=-IE-4-2,.
(2-3)2-502~-6)  (6—3)6-5)6-2)

17.7 (a) The points can be ordered so that they are close to and centered around the unknown. A divided-

difference table can then be developed as

T,°C c=10g/L First Second Third
10 10.1 -0.214 0.0026 0.000107
15 9.03 -0.227 0.003667
5 11.3 —0.20867
20 8.17

Second-order:

f,(4)=10.1-0.214(12—-10)+0.0026(12 —10)(12 —15) = 9.6564
Third-order:

f3(4) =9.6564 +0.000107(12 —10)(12 —15)(12 —5) = 9.65192

(b) First, linear interpolation can be used to generate values for 7= 10 and 15 at ¢ = 15,
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8.96—10

1
T=10,c=15=10.1+ 15-10) = 9.53
h ) 2010 71

8.08—9.03

T =15,c=15)=9.03+ 15-10) = 8.555
W =15e=1) 2010 7Y

These values can then be used to determine the result at 7= 12,

(T =12,c=15)=9.53 +%(12—10): 9.14

(¢) First, quadratic interpolation can be used to generate values for 7 =5, 10 and 15 at ¢ = 15,
f,(T =5,c =15)=12.8—0.15(15—0)+0.0025(15 — 0)(15—10) = 10.7375
f,(T =10,c =15)=11.3—0.12(15-0)+0.0003(15 - 0)(15—10) = 9.5225
f,(T =15,c =15)=10.1-0.107(15—0) 4 0.0006(15 — 0)(15—10) = 8.54
These values can then be used to determine the result at 7 = 12,
f,(T =12,¢ =15)=10.7375—0.243(12 — 5) + 0.00465(12 — 5)(12 —10) = 9.1016

17.8 MATLAB can be used to generate a cubic polynomial through the first 4 points in the table.

[1 2 3 4];
x =[3.61.8 1.2 0.9];
polyfit(x,fx,3)

T T HhX

-0.1500 1.5000 -5.2500 7 .5000

Therefore, the roots problem to be solved is

1.7=—0.15x>+1.5x2—5.25x +7.5

or

f(x)=—0.15x>+1.5x2—5.25x +5.8=0

The fzer o function can then be used to determine the root
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p(l1,4)=p(1,4)-1.7
fx=@(x,p) polyval(p,x);
X = fzero(fx,meal’l(x) I[]Ip)

The result is

p =
-0.15 1.5 -5.25 5.8000
X =
2.1009
Thus, interpolated value of x at y = 1.7 is 2.1009.

17.9 (a) Analytical:

xZ

1+x2

0.93 =

0.9340.93x% = x?

0.07x> =0.93

xX= ,’% = 3.644957
0.07

(b) A quadratic interpolating polynomial can be fit to the last three points using the po 1y f it function,

>> format Tlong

>> x = [3 4 5];

>> y = x."2./(1+x.72);
>> p = polyfit(x,y,2)
p=

-0.01040723981900 0.11402714932127 0.65158371040724
Thus, the best fit quadratic is
f(x)= —0.01040724x% +0.11402715x 4 0.6515837
We must therefore find the root of

0.93 = —0.01040724x> +0.11402715x + 0.6515837

or
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£(x) = —0.01040724 x> +0.11402715x — 0.2784163

The quadratic formula yields

xﬁfQHMDHSiﬁQHMEHSf744ﬂmﬂmﬂdkaﬂ&uﬁ)i7ﬁﬁﬂﬁ
B 2(—1.01040724 ) T 3.6729442

Thus, the estimate is 3.67294421.

(¢) A cubic interpolating polynomial can be fit to the last four points using the po 1y f it function,

>> format long

>> x = [2 3 4 5];

>> y=x."2./(1+x.72)
>> p = polyfit(x,y,3)

0.00633484162896 -0.08642533936652 0.41176470588235
0.27149321266968

Thus, the best fit cubic is

f;(x)= 0.006334842x” —0.08642534x* 4-0.4117647x +0.2714932
We must therefore find the root of

0.93 = 0.006334842x" —0.08642534x> 4+0.4117647x +0.2714932
or

f(x) = 0.006334842x —0.08642534x> +0.4117647x —0.6585068

Bisection can be employed the root of this polynomial. Using initial guesses of x, = 3 and x, = 4, a value of
3.61883 is obtained.

17.10 (a) Because they bracket the unknown, the two last points are used for linear interpolation,

£(0.118) = 6.5453+ 0.7664=6.3453 119 0.11144) — 6.6487

0.12547—-0.11144

(b) The quadratic interpolation can be implemented easily in MATLAB,

>> v
>> g

[0.10377 0.1144 0.12547];
[6.4147 6.5453 6.7664];
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>> p = polyfit(v,s,2)

354.2358 -64.9976 9.3450

>> polyval(p,0.118)
ans =
6.6077

Therefore, to the level of significance reported in the table the estimated entropy is 6.6077

(c) The inverse interpolation can be implemented in MATLAB. First, as in part (b), we can fit a quadratic

polynomial to the data to yield,

354.2358 -64.9976 9.3450

We must therefore find the root of

6.45 = 354.2358x% —64.9976x 49.3450

or

0 =354.2358x" —64.9976.x +2.8950

In MATLAB, we can generate this polynomial by subtracting 6.45 from the constant coefficient of the

polynomial

>> p(3)=p(3)-6.45

354.2358 -64.9976 2.8950

Then, we can use the roots function to determine the solution,

>> roots(p)

ans =
0.1074
0.0761

Thus, the value of the specific volume corresponding to an entropy of 6.45 is 0.1074.

17.11 This problem is nicely suited for the Newton interpolating polynomial. First, we can order the data

so that the points are closest to and centered around the unknown,
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10

T D
300 1.139
350 0.967
400 0.854
250 1.367
450 0.759
200 1.708

Then we can generate the divided difference table,

T D First Second Third Fourth Fifth
300 1.139 -0.003440 1.18000E-05 4.00000E-09 —2.93333E-10 —2.77333E-12
350 0.967 -0.002260 1.16000E-05 —4.00000E-08 —1.60000E-11
400 0.854 -0.003420 7.60000E-06 —3.76000E-08
250 1.367 -0.003040 1.51200E-05
450 0.759 -0.003796
200 1.708

First-order (linear) fit:

1,(330) =1.139—0.00344(330 — 300) =1.0358
Thus, the linear estimate is 1.036 to the level of significant digits provided in the original data.

Second order (quadratic) fit:

1,(330) =1.0358 +1.18 x 1073 (330 —300)(330—350) = 1.0287
The quadratic estimate is 1.029 to the level of significant digits provided in the original data.

Third-order (cubic) fit:

13(330) =1.0287 +4 x107° (330 —300)(330 —350)(330 —400) =1.028888
The cubic estimate is also 1.029.

Fourth-order (quartic) fit:

£,(330) = 1.0289 —2.93333 %10 '* (330 —300)(330 —350)(330 — 400)(330 —250) = 1.0279
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The quartic estimate now seems to be diverging slightly by moving to a value of 1.028. This may be an

initial indication that the higher-order terms are beginning to induce slight oscillations.

Fifth-order (quintic) fit:

£,(330) = 1.0279—2.77333x10 " '2(330 —300)(330 — 350)(330 — 400)(330 —250)(330 —450) = 1.02902

Oscillations are now evidently occurring as the fifth-order estimate now jumps back up to slightly above a
value of 1.029.

On the basis of the foregoing, the cubic equation provides the best approximation and that a value of 1.029

is a sound estimate to the level of significant digits provided in the original data.

Inverse interpolation can be now used to determine the temperature corresponding to the value of density of
1.029. First, MATLAB can be used to fit a cubic polynomial through the four points that bracket this value.

Interestingly, because of the large values of the temperatures, we get an error message,

>> T = [250 300 350 400];

>> D =[1.3670 1.139 0.967 0.854];

>> p = polyfit(T,D,3)

Warning: Polynomial is badly conditioned. Remove repeated data points

or try centering and scaling as described in HELP POLYFIT.
(Type "warning off MATLAB:polyfit:RepeatedPointsOrRescale" to
suppress this warning.)
> In polyfit at 78

0.0000 0.0000 -0.0097 3.2420

Let’s disregard this warn and proceed to adjust the polynomial so that it can be used to solve the inverse
interpolation problem. To do this, we subtract the specified value of the density from the polynomial’s

constant coefficient

>> p(4)=p(4)-1.029

0.0000 0.0000 -0.0097 2.2130
Then we can use the roots function to determine the temperature that corresponds to this value

>> roots(p)
ans =
1.0e+003 *
-2.8237
0.5938
0.3300
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Thus, even though the polynomial is badly conditioned one of the roots corresponds to 7 = 330 as

expected.

Now let’s perform the inverse interpolation, but with scaling. To do this, we will merely subtract the value
at the midpoint of the temperature range (325) from all the temperatures. This acts to both reduce the

magnitudes of the temperatures and centers them on zero,

>> format Tlong

>> D = [1.3670 1.139 0.967 0.854];
>> T = [250 300 350 400];
>> T =T - 325;

Then, the cubic fit can be generated with no error message,

>> p = polyfit(T,D,3)

0.00000000400000 0.00001150000000 -0.00344250000000
1.04581250000000

We can set up the roots problem

>> p(4)=p(4)-1.029

0.00000000400000 0.00001150000000 -0.00344250000000
0.01681250000000

We can then use the roots function to determine the temperature that corresponds to the given density

>> r = roots(p)

ans =
1.0e+003 *
-3.14874694489127
0.26878060289231
0.00496634199799

By adding back the offset of 325, we arrive at the expected result of 330,

>> Tinv=r(3)+325
Tinv =
3.299663419979927e+002

17.12 A MATLAB session provides a handy way to solve this problem

> i =[-2 -1 -0.5 0.5 1 2];

>> V = [-637 -96.5 -20.5 20.5 96.5 637];
>> p = polyfit(i,V,5)

p:

-0.0000 0.0000 74 .0000 -0.0000 22.5000 0.0000
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The interpolating polynomial is therefore

V =74 +22.5i

The poTyvaTl function can be used to determine the interpolation at i = 0.1,

>> polyval(p,0.10)
ans =
2.3240

17.13

Third-order case: The MATLAB polyfit function can be used to generate the cubic polynomial and perform

the interpolation,

>> X
>> ]
>> p

[1.8 2 2.2 2.4];
[0.5815 0.5767 0.5560 0.5202];
polyfit(x,J,3)

0.0167 -0.2988 0.9306 -0.2228
>> Jpred=polyval(p,2.1)
Jpred =

0.5683

The built-in function besse j can be employed to determine the true value which can then be used to

determine the percent relative error

>> Jtrue=besselj(1,2.1)
Jtrue =
0.5683
>> ea=abs((Jtrue-Jpred)/Jtrue)*100
ea =
8.1573e-004

Fourth-order case:

>> x = [1.8 2 2.2 2.4 2.6];
>> J = [0.5815 0.5767 0.5560 0.5202 0.4708];
>> p = polyfit(x,J,4)
0.0182 -0.1365 0.1818 0.2630 0.1237
>> Jpred=polyval(p,2.1)
Jpred =
0.5683
>> ea=abs((Jtrue-Jpred)/Jtrue)*100
ea =
0.0021
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17.14 In the same fashion as Example 17.6, MATLAB can be used to evaluate each of the cases,

First-order:

>> t = [1990 1980];
>> pop = [249.46 227.23];
>> ts = (t - 1955)/35;
>> p = polyfit(ts,pop,1);
>> polyval(p, (2000-1955)/35)
ans =
271.6900

Second-order:

>> t = [t 1970];
>> pop = [pop 205.05];
>> ts = (t - 1955)/35;
>> p = polyfit(ts,pop,2);
>> polyval(p, (2000-1955)/35)
ans =
271.7400

Third-order:

>> t = [t 1960];
>> pop = [pop 180.67];
>> ts = (t - 1955)/35;
>> p = polyfit(ts,pop,3);
>> polyval(p, (2000-1955)/35)
ans =
273.9900

Fourth-order:

>> t = [t 1950];
>> pop = [pop 152.27];
>> ts = (t - 1955)/35;
>> p = polyfit(ts,pop,4);
>> polyval(p, (2000-1955)/35)
ans =
274.4200

Although the improvement is not great, the addition of each term causes the prediction for 2000 to increase.
Thus, using higher-order approximations is moving the prediction closer to the actual value of 281.42 that

occurred in 2000.

17.15 This problem is ideally suited for Newton interpolation. First, order the points so that they are as

close to and as centered about the unknown as possible.
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x, = 394 flx,) = 8.8428
x, = 406 flx,) = 9.7960
x, =382 flx,) = 7.5838
x, =418 flx,) = 105311
x, =370 flx,) = 5.9313

The results of applying Newton’s polynomial at 7 = 400 are

T,°C v, L/kg First Second Third Fourth
394 8.8428 0.079433 -0.00106 8.45872x10°¢ 0
406 9.7960 0.092175 —0.00086 8.45872x10°6
382 7.5838 0.081869 -0.00116
418 10.5311 0.095829
370 5.9313

Order f(x) Error
0 8.8428 0.4766
1 9.3194 0.038225
2 9.3576 —0.005481
3 9.3521 0
4 9.3521

Note that the third-order polynomial yields an exact result, and so we conclude that the interpolation is
9.3521.

17.16

m:ﬁ:0.46 n:£:1.4
10 10

Use the following values

x,=03 f(x,) = 0.08561

x, =04 flx,) =0.10941

x,=0.5 flx,) = 0.13003

x,=0.6 flx,) = 0.14749

MATLAB can be used to perform the interpolation

format Tong

x=[0.3 0.4 0.5 0.6];

y=[0.08561 0.10941 0.13003 0.14749]7;
a=polyfit(x,y,3)
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polyval(a,0.46)

a =
0.00333333333331 -0.16299999999997 0.35086666666665 -
0.00507000000000
ans =
0.12216232000000

This result can be used to compute the vertical stress

100

= =1.552795
4.6(14)

q

o, =1.552795( 0.12216232) = 0.189693

17.17 Since we do not know the proper order of the interpolating polynomial, this problem is suited for
Newton interpolation. First, order the points so that they are as close to and as centered about the unknown

as possible.

x,=2.5 fix,) = 0.7

x, =15 flx,) =-0.6
x,=3 flx,) = 1.88
x,=0.5 f(x,) =-0.45
x,=4 fix,) =6

The results of applying Newton’s polynomial at i = 2.3 are

Order f(x) Error
0 0.7 -0.26
1 0.44 -0.11307
2 0.32693 -0.00082
3 0.32611 0.011174
4 0.33729

The minimum error occurs for the second-order version so we conclude that the interpolation is 0.32693.

17.18 Since we do not know the proper order of the interpolating polynomial, this problem is suited for
Newton interpolation. First, order the points so that they are as close to and as centered about the unknown

as possible.

x,=0.25 flx,) = 6.24
x, =0 f(xl) =0
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x,=0.5 fix,) =1.75
x,=0.75 flx,) = 4.85
x,=1 fix,) =0

The results of applying Newton’s polynomial at t = 0.23 are

Order f(x) Error
0 6.24 -0.4992
1 5.7408 0.174064
2 5.91486 0.004239
3 591910  -0.01474
4 5.90436 0

The minimum error occurs for the second-order version so we conclude that the interpolation is 5.91486.

17.19 Using linear regression gives

y = -2.015000E-06x + 9.809420E+00
R?=9.999671E-01

9.9

9.5 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L i L L L L 1
0 20000 40000 60000 80000 100000 120000

A prediction of g at 55,000 m can be made as

2(55,000) = —2.015x10°(55,000) +9.80942 = 9.6986
Note that we can also use linear interpolation to give
£,(55,000) =9.697617

Quadratic interpolation yields

8,(55,000) =9.697985

Cubic interpolation gives

85(55,000) =9.69799

Based on all these estimates, we can be confident that the result to 3 significant digits is 9.698.
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17.20 This part of the problem is well-suited for Newton interpolation. First, order the points so that they

are as close to and as centered about the unknown as possible, for x = 4.

=4 flvy) = 38.43
y, =2 fly,) = 53.5
v, =6 fly,) = 30.39
y;=0 fly,) = 80

v, =8 fly,) =30

The results of applying Newton’s polynomial at y = 3.2 are

Order ) Error
0 38.43 6.028
1 44.458 0.8436
2 43.6144 —-0.2464
3 43.368 0.112448
4 43.48045

The minimum error occurs for the third-order version so we conclude that the interpolation is 43.368.

(b) This is an example of two-dimensional interpolation. One way to approach it is to use cubic
interpolation along the y dimension for values at specific values of x that bracket the unknown. For

example, we can utilize the following points at x = 2.

Yy =0 f())o) =90
y,=2 fly,) = 64.49
y, =4 f())z) =48.9
y; =6 fly,) =38.78

T(x=2,y=2.7)=58.13288438

All the values can be tabulated as

T(x =2,y =2.7) = 58.13288438
T(x =4,y = 2.7) = 47.1505625
T(x =6,y = 2.7) = 42.74770188
T(x=8,y=27)=46.5

These values can then be used to interpolate at x = 4.3 to yield
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T(x =43,y =2.7) = 46.03218664

Note that some software packages allow you to perform such multi-dimensional interpolations very
efficiently. For example, MATLAB has a function interp2 that provides numerous options for how the

interpolation is implemented. Here is an example of how it can be implemented using linear interpolation,

>> 7Z=[100 90 80 70 60;

85 64.49 53.5 48.15 50;

70 48.9 38.43 35.03 40;

55 38.78 30.39 27.07 30;

40 35 30 25 20];

>> X=[0 2 4 6 8];

>> Y=[0 2 4 6 8];

>> T=interp2(X,Y,Z,4.3,2.7)

47 .5254

It can also perform the same interpolation but using bicubic interpolation,

>> T=interp2(X,Y,Z,4.3,2.7, 'cubic')
T=
46.0062

Finally, the interpolation can be implemented using splines,

>> T=interp2(X,Y,Z2,4.3,2.7,'spline")
T:
46 .1507

17.21 (a) Linear interpolation:

5§ =06.4147 + 05453 64147 (0.108 —0.10377) = 6.486726
0.11144 —0.10377

(b) Quadratic interpolation:

5§ =6.486726 + 1583811~ 17.02738 (0.108 —0.10377)(0.108 —0.11144) = 6.487526

0.1254 —0.10377

(c) Inverse interpolation. First, we fit a quadratic to the data

f,(v) =4.011945+28.860154v — 54.982456v°
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The roots problem can then be developed by setting this polynomial equal to the desired value of 6.6 to

give
f,(v) = —2.588055 +28.860154v —54.9824561*

The quadratic formula can then be used to determine the root as

VA;Q&&mw4+JQ&%ow®2—«—M@&M%x—Z%&ﬁﬁ

=0.11477
2(—54.982456)
17.22
function yint = polyint(x,y, xx)
% polyint: Polynomial interpolation
% yint = polyint(x,y,xx): Uses an (n - 1)-order

% polynomial based on n data points (x, vy)

% to determine a value of the dependent variable (yint)

% at a given value of the independent variable, xx.

% input:

% X

% oy
X

independent variable

dependent variable

x = value of independent variable at which

% interpolation is calculated

% output:

% yint = interpolated value of dependent variable

n = Tength(x);

if Tength(y)~=n, error('x and y must be same length'),; end
p = polyfit(x,y,n-1);

yint = polyval(p,xx);

Results:

int =
5.4848
ytrue =
5.4881
et =
0.0602

17.23 Order all the points and then develop a divided difference table to compute the derivatives

x y First | Second | Third

3 35 | -075 1.5 0

4512375 | -1.5 1.5

2.5 5.375 | -0.75
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£(3.5) =35
(3.5) =3.5-0.75(3.5-3) = 3.5 0.375 = 3.125
(3.5) = 3.125 + 1.5(3.5 - 3) (3.5 - 4.5) = 3.125—0.75 = 2.375

=

17.24 (a) The points can be ordered and a divided-difference table generated

x z First Second Third Fourth
2.7 36.576 52.64 46 12 6.43x10°12
22 10.256 25.04 49.6 12
2.1 7.752 64.72 472
66 60
6
Zero-order:

v(2.5) =36.576

First-order:
v(2.5) =36.576 +52.64(2.5—2.7) = 26.048

Second-order:
v(2.5) =26.048 +46(2.5—2.7)(2.5—2.2) = 23.288

Third-order:
y(2.5)=23.288+12(2.5—-2.7)(2.5—-2.2)(2.5-2.1)=23

Because the fourth derivative is effectively zero, this result implies that the data was generated with a cubic

equation and the final result is perfect.

(b) For Lagrange, the order of the points does not matter, but it’s always good to pick the points that are

closest to the unknown

x =21 fix,) =1.752
X, =22 flx,) = 10.256
x, =27 flx,) = 36.576
x,=3 flx,) = 66
(x—x))(x — x3)(x — x4) (x—x)(x—x3)(x—x,)
= : + :
S (R ML T A TR R

(x—x))(x —x,)(x — x3)

(g = x)(xy = 2)(xy — x5

(x—x )(x—xy)(x—xy4)

(3 = 2 )(3 = X, )(x3 — X))

f(x3)+ )f(x4)
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_(25-2DQ25-2125-3) 4 45 (25-2.DQ25-2D(25-3) 050

£(2:5) 21-22)2.1-2.7)2.1-3) 22-2.1D22-2722-3)
(2.5-2.1)(2.5-2.2)(2.5-3) 26,576+ (2.5-2.1)(2.5-2.2)2.5-2.7) 66
(2.7—-2.1)(2.7-2.2)2.7—-3) 3-2.D(3-2.2)3-2.7)

13(2.5) = —4.306666667 +10.256 + 24.384 —7.33333 = 23

17.25 We use MATLARB to fit the last 4 points with a cubic:

clear,clc,clf

format short g

T=[4 8 12 16];

D=[1 0.99988 0.99952 0.99897];
a=polyfit(T,D, 3)

a =
1.3021e-007 -1.0625e-005 8.2917e-005 0.99983

Therefore, the best-fit polynomial is
D = 1.3021x10 1% - 1.0625x10 *T? 4+ 8.2917x 10 T + 0.99983
We can check that this captures all the significant digits in the data with

>> polyval(a,T)
ans =

1 0.99988 0.99952 0.99897
1

The roots problem to determine the answer can then be set up as

AT) = 1.3021x10 T3 — 1.0625x 10 T2 4 8.2917x10 °T + 0.99983 — 0.999245
or

AT) = 1.3021x10 T3 — 1.0625%x 10 T2 + 8.2917x10 °T + 0.000585
Newton-Raphson requires the derivative

£1(T) = 3.9063x10 T2 — 2.125% 10 °T + 8.2917x10°°
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First iteration:
1.3021x1077(14)* —1.0625x107(14)> +8.2917 x107> (14) + 0.000585
3.9063x1077(14)*> —2.125x107°(14) + 8.2917 x 107>

-5
14 200300~ 1y 1405
~0.000138

T, =14—

Error estimate

14.1495—14
14.1495

€ =

‘XIOO% =1.057%

Second iteration:

1.3021x1077(14.1495)° —1.0625x 10> (14.1495)* +8.2917x 10> (14.1495) + 0.000585
3.9063x1077(14.1495)*> —2.125x 10 °(14.1495) + 8.2917x 10>

T, = 14.1495 —

—7
— 14.1495 — —1.148x10 ° 14.14868
0.0001306

Error estimate

14.14868 —14.1495| | 0 oo
14.14868 |

E(l:|

The entire calculation can be summarized as

i x f(x) f'(x) g,

0 14 2.063x10°° -1.380x 10

1 14.1495 -1.148%x10°7 -1.396x 10 1.057%
2 14.14868 0.006%

Thus, the answer is 14.14868°C.
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