CHAPTER 15

15.1 The data can be tabulated and the sums computed as

2 3 4 2
X y X X X xy xy

10 25 100 1000 10000 250 2500
20 70 400 8000 160000 1400 28000
30 380 900 27000 810000 11400 342000
40 550 1600 64000 2560000 22000 880000
50 610 2500 125000 6250000 30500 1525000
60 1220 3600 216000 12960000 73200 4392000
70 830 4900 343000 24010000 58100 4067000
80 1450 6400 512000 40960000 116000 9280000
360 5135 20400 1296000 87720000 312850 20516500
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Normal equations:

8 360 20400 ||a, 5135
360 20400 1296000 |1a, =1 312850
20400 1296000 87720000 |a, 20516500

which can be solved for the coefficients yielding the following best-fit polynomial
F =-178.4821 + 16.12202 v + 0.037202 v’

Here is the resulting fit:
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The predicted values can be used to determine the sum of the squares. Note that the mean of the y values is
641.875.
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1 10 25 -13.5417 380535 1485
2 20 70 158.8393 327041 7892
3 30 380 338.6607 68579 1709
4 40 550 525.9226 8441 580
5 50 610  720.625 1016 12238
6 60 1220 9227679 334229 88347
7 70 830 1132.351 35391 91416
8 80 1450 1349375 653066 10125
> 1808297 213793

The coefficient of determination can be computed as

2 1808297 —213793
1808297

=0.88177

The model fits the trend of the data nicely, but it has the deficiency that it yields physically unrealistic

negative forces at low velocities.

15.2 The sum of the squares of the residuals for this case can be written as

n
_ 242
S, = § :(yi X, — a4y X;)
i=1

The partial derivatives of this function with respect to the unknown parameters can be determined as

% = —ZZ{(yl. —ax; —azzxi2 )X; %, = —22[()’1- —aX; _azxiz))‘i2
2

Oa, da

Setting the derivative equal to zero and evaluating the summations gives

[inz]al +[Zx?}a2 :inyi
[fo]al +{Zx,-4}az szizyi

which can be solved for
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The model can be tested for the data from Table 14.1.

2 3 4 2
X y X X X Xy xy

10 25 100 1000 10000 250 2500
20 70 400 8000 160000 1400 28000
30 380 900 27000 810000 11400 342000
40 550 1600 64000 2560000 22000 880000
50 610 2500 125000 6250000 30500 1525000
60 1220 3600 216000 12960000 73200 4392000
70 830 4900 343000 24010000 58100 4067000
80 1450 _6400 _512000 40960000 116000 _9280000
> 20400 1296000 87720000 312850 20516500

_312850(87720000) —20516500(1296000)
20400(87720000) — (1296000)*

=7.771024

a

“ — 20400(20516500) — 312850(1296000)

—=0.119075
20400(87720000) — (1296000)

Therefore, the best-fit model is
y = 7.771024x + 0.119075x"

The fit, along with the original data can be plotted as
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15.3 The data can be tabulated and the sums computed as

i x y x x x! x' x° xy x’y xy

1 3 1.6 9 27 81 243 729 4.8 144 43.2
2 4 3.6 16 64 256 1024 4096 14.4 57.6 230.4
3 5 4.4 25 125 625 3125 15625 22 110 550
4 7 34 49 343 2401 16807 117649 23.8 166.6 1166.2
5 8 2.2 64 512 4096 32768 262144 17.6 140.8 11264
6 9 2.8 81 729 6561 59049 531441 25.2 226.8 2041.2
7 11 3.8 121 1331 14641 161051 1771561 41.8 459.8 5057.8
8 12 46 144 1728 20736 248832 2985984 552 662.4 7948.8
> 59 264 509 4859 49397 522899 5689229 204.8 18384 18164

Normal equations:

8 59 509 4859 |[a,] [ 264
59 509 4859 49397 ||q | |204.8

509 4859 49397 522899 ||a,| |1838.4
4859 49397 522899 5689229||a; 18164

which can be solved for the coefficients yielding the following best-fit polynomial

y=—11.4887+7.143817x —1.04121x* +0.046676 x>

Here is the resulting fit:

The predicted values can be used to determine the sum of the squares. Note that the mean of the y values is
3.3.

i X y ypred ()’, - i)z (y - yprcd)z
1 3 1.6 1.83213 2.8900 0.0539
2 4 3.6 3.41452 0.0900 0.0344
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3 5 44 4.03471 1.2100 0.1334
4 7 34 350875 0.0100 0.0118
5 8 22 292271 1.2100 0.5223
6 9 2.8 24947 0.2500 0.0932
7 11 3.8 3.23302 0.2500 0.3215
8 12 4.6 4.959%6 1.6900 0.1292
> 7.6000 1.2997

The coefficient of determination can be computed as

21612997
7.6

=0.829

Note that the above solution can also be easily obtained with the following MATLAB script:

clear,clc,format short g
x=[3 457 8 9 11 12]'; y=[1.6 3.6 4.4 3.4 2.2 2.8 3.8 4.6]";

Z = [ones(size(x)) x x.72 x.73];
a = (2'*Z)\(Z'*y)

Sr = sum((y-Z*a).”2)

rz = 1-Sr/sum((y-mean(y))."2)

Running this script yields:

a=
-11.489
7.1438
-1.0412
0.046676
Sr =
1.2997
r2 =
0.82888
154

function p = polyreg(x,y,m)

% polyreg(x,y,m):

% Polynomial regression.

% input:

% x = independent variable
% v dependent variable

% m = order of polynomial

% output:

% p = vector of coefficients

n = length(x);
if length(y)~=n, error('x and y must be same length'); end

for i = 1:m+1

for j = 1:1i

k = i+j-2;
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b(i) = s;
end
p = A\b';

Script to test by solving Prob. 15.3:

clear,clc,format short g
X =[3457 89 11 12]; v = [1.6 3.6 4.4 3.4 2.2 2.8 3.8 4.6];

polyreg(x,y,3)
ans =

-11.489
7.1438
-1.0412
0.046676

15.5 Because the data is curved, a linear regression will undoubtedly have too much error. Therefore, as a

first try, fit a parabola,

>> clear,clc,format long

>> T = [0 5 10 15 20 25 30]; ¢ = [14.6 12.8 11.3 10.1 9.09 8.26
7.567;

>> p = polyfit(T,c,2)

p =
0.00439523809524 -0.36335714285714 14.55190476190477

Thus, the best-fit parabola would be

c=14.55190476 —0.36335714 T +0.0043952381 T°
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We can use this equation to generate predictions corresponding to the data. When these values are rounded

to the same number of significant digits the results are

T c-data c-pred rounded

0 14.6  14.55190 14.6

5 12.8  12.84500 12.8
10 11.3  11.35786 11.4
15 10.1  10.09048 10.1
20 9.09  9.04286 9.04
25 8.26  8.21500 8.22
30 7.56  7.60690 7.61

Thus, although the plot looks good, discrepancies occur in the third significant digit. We can, therefore, fit

a third-order polynomial

>> p = polyfit(T,c,3)

-0.00006444444444 0.00729523809524 -0.39557936507936
14.60023809523810

Thus, the best-fit cubic would be

¢ =14.600238095 —0.395579365T +0.007295238T7 —0.000064444T"

We can use this equation to generate predictions corresponding to the data. When these values are rounded

to the same number of significant digits the results are

T c-data c-pred rounded
0 14.6 14.60020 14.6
5 12.8 12.79663 12.8

10 11.3 11.30949 11.3

15 10.1 10.09044 10.1

20 9.09 9.09116 9.09

25 8.26 8.26331 8.26

30 7.56 7.55855 7.56

Thus, the predictions and data agree to three significant digits.

15.6 The multiple linear regression model to evaluate is

o=a,+aT +a,c
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The [Z] and y matrices can be set up using MATLAB commands in a fashion similar to Example 15.4,

>> format long

>> t = [0 5 10 15 20 25 30]; T = [t t t]';

>> ¢ = [zeros(size(t)) 10*ones(size(t)) 20*ones(size(t))]"';

>> 7Z = [ones(size(T)) T c];

>y = [14.6 12.8 11.3 10.1 9.09 8.26 7.56 12.9 11.3 10.1 9.03
8.17 7.46 6.85 11.4 10.3 8.96 8.08 7.35 6.73 6.2]"';

The coefficients can be evaluated as

>> a = Z\y

a =
13.52214285714286
-0.20123809523810
-0.10492857142857

Thus, the best-fit multiple regression model is

0=13.52214285714286 —0.201238095238107 —0.10492857142857¢

We can evaluate the prediction at 7= 12 and ¢ = 15 and evaluate the percent relative error as

>>

cp

cp = a(l)+a(2)*12+a(3)*15
9.53335714285714
>> ea = abs({((9.09-cp)/9.09)*100

ea =
4.87741631305987

Thus, the error is considerable. This can be seen even better by generating predictions for all the data and
then generating a plot of the predictions versus the data. A one-to-one line is included to show how the

predictions diverge from a perfect fit.

16

12 -
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The cause for the discrepancy is because the dependence of oxygen concentration on the unknowns is
significantly nonlinear. It should be noted that this is particularly the case for the dependency on

temperature.

15.7 The multiple linear regression model to evaluate is
y=a,+aT —|—c12T2 —|—a3T3 +a,c
The [Z] matrix can be set up as in

lear,clc,cl1f,format Tong

0:5:30; T =[TTT]';

[0OO0O0ODOO0OO 10 10 10 10 10 10 10 20 20 20 20 20 20 201"';
[t1111111111111111111117]";

[14.6 12.8 11.3 10.1 9.09 8.26 7.56 12.9 11.3 10.1 9.03 8.17

C
T
o
o
y

7.46 6.85 11.4 10.3 8.96 8.08 7.35 6.73 6.2]";
Z =[oTT.A"2 T.23 c];

Then, the coefficients can be generated by solving Eq.(15.10)

W}
Il

(2'*Z)\[Z2'*y]

14.02714285714287
-0.33642328042328

0.00574444444444
-0.00004370370370
-0.10492857142857

Thus, the least-squares fit is

y =14.027143 —0.336423T +0.00574444T> —0.000043704T° —0.10492857¢

The model can then be used to predict values of oxygen at the same values as the data. These predictions

can be plotted against the data to depict the goodness of fit.

>> yp = Z*a;
>> plot(y,yp,'0',y,Yy)
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16

Finally, the prediction can be made at 7= 12 and ¢ = 15,

>> a(l)+a(2)*12+a(3)*1242+a(4)*12~3+a(5)*15
ans =
9.16781492063485

which compares favorably with the true value of 9.09 mg/L.

15.8 The multiple linear regression model to evaluate is

y=a,+ax +a,x,

The [Z] matrix can be set up as in

>> x1 =[011223344]';, x2=[012121212]",;
>y = [15.1 17.9 12.7 25.6 20.5 35.1 29.7 45.4 40.2]"';
>o=[111111111]"';

>> Z = [o x1 x2];

Then, the coefficients can be generated by solving Eq.(15.10)

>> a = (Z'*Z)\[Z2'*y]

a:
14.4609
9.0252
-5.7043

Thus, the least-squares fit is
y =14.4609 +9.0252x, —5.7043x,

The model can then be used to predict values of the unknown at the same values as the data. These

predictions can be used to determine the correlation coefficient and the standard error of the estimate.
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>> yp = Z*a,;
>> SSR = sum((yp - y)."2)
SSR =

4.7397

>> SST = sum((y - mean(y)).”"2)
SST =
1.0587e+003
>> r2 = (SST - SSR)/SST
r2z =
0.9955
>> r = sqrt(r2)
0.9978
>> syx = sqrt(SSR/(Tength(y)-3))

Syx =
0.8888

15.9 The multiple linear regression model to evaluate is

logQ = logay, + log(D) +a, log(S)

The [Z] matrix can be set up as in

>D=[.3 .6 .9 .3 .6 .9 .3 .6 .9]"';

> S = [.001 .001 .001 .01 .01 .01 .05 .05 .05]';
> @ = [.04 .24 .69 .13 .82 2.38 .31 1.95 5.66]"';
> o0o=[111111111]",;

>> Z = [o T1ogl0(D) 1ogl0(S)];

Then, the coefficients can be generated by solving Eq.(15.10)

>> a = (Z'*Z)\[Z2'*Togl0(Q)]
a =

1.5609

2.6279

0.5320

Thus, the least-squares fit is
logQ =1.5609 4 2.627910og(D)+ 0.532010g(S)

Taking the inverse logarithm gives

0= 101 .5609 D2‘6279S0'5320 —136.381 3D2‘627QSO'5320
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15.10 The linear regression model to evaluate is

p(t) = Ae~ 15 4 Be 03 | Cem 005

The unknowns can be entered and the [Z] matrix can be set up as in

>>p =1[64.43.22.721.91.71.41.1]";
>>t =[0.51234567 9]";
>> Z = [exp(-1.5*t) exp(-0.3*t) exp(-0.05*t)];

Then, the coefficients can be generated by solving Eq.(15.10)

>> a = (Z2'*Z)\[Z2'*p]

4.1375
2.8959
1.5349

Thus, the least-squares fit is
p(t)=4.1375¢ "% +2.8959¢ ¥ +1.5349¢ 0

The fit and the data can be plotted as

>> pp = Z*a;
>> plot(t,p,'o',t,pp)

10

15.11 First, an M-file function must be created to compute the sum of the squares,

function f = fSSR(a,Im,Pm)
Pp = a(1l)*Im/a(2).*exp(-Im/a(2)+1);
f = sum((Pm-Pp)."2);

The following script then generates the best fit and the plot:
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clear,clc,cl1f,format short g

I = [50 80 130 200 250 350 450 550 700];
P = [99 177 202 248 229 219 173 142 72];
a = fminsearch(@fSSR, [200, 200], [], I, P)

Ip=linspace(0,max(I));
Pp = a(1l)*Ip/a(2).*exp(-Ip/a(2)+1);
plot(I,P,'o",Ip,Pp)

a=
238.71 221 .82

The best-fit model is therefore
I

) B
P=23871———¢ 218
221.82
250 T ® T T T T
[ ]
(J
200+ (] 4
150+ q
100 1
®
50 q
0 : : : : : :
0 100 200 300 400 500 600 700

15.12 The following script solves the problem and generates a plot of the results:

clear,clc,cl1f,format short g

x =[1 23 45]'; vy =[2.22.83.64.55.5]";
Z = [ones(size(x)) x 1./x];

a = (Z2'*Z)\(Z'*y)

Sr = sum((y-Z*a).”2)

rz = 1-Sr/sum((y-mean(y))."2)

syx = sqrt(Sr/(length(x)-length(a)))
Xxp=[1:0.125:5];
yp=a(l)+a(2)*xp+ta(3)./xp;
plot(x,y,'o",xp,yp)

XxT1im([0 6]),y1im([0 61])

Results:
a:

0.3745
0.98644
0.84564

Sr =
0.0027651
r2z =

0.9996

Syx =
0.037183
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Therefore, the final model is

0.84564
X

y=0.3745+0.98644x +

15.13 First, an M-file function must be created to compute the sum of the squares,

function f = fSSR(a,xm,ym)
yp = a(l)*xm.*exp(a(2)*xm);
f = sum((ym-yp).”2);

The data can then be entered as

>> X
>> vy

[.1 .2 .4 .6 .91.31.51.7 1.8];
[0.75 1.25 1.45 1.25 0.85 0.55 0.35 0.28 0.18];

The minimization of the function is then implemented by

>> a = fminsearch(@fSSR, [1, 11, []1, x, V)

9.8974 -2.5319

The best-fit model is therefore

y = 9.8974 x¢ 23319

The fit along with the data can be displayed graphically.

>> xp=[0:2/32:2];
>> yp = a(l)*xp.*exp(a(2)*xp);
>> plot(x,y,'o',xp,yp)
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0.5f b

15.14 (a) The model can be linearized by inverting it,

If this model is valid, a plot of 1/v, versus 1/[S]’ should yield a straight line with a slope of K/k, and an
intercept of 1/k,. The slope and intercept can be implemented in MATLAB using the M-file function
Tinregr (Fig. 14.15),

> S =[.01 .05 .1 .51 5 10 50 100];
>> v0 = [6.078e-11 7.595e-9 6.063e-8 5.788e-6 1.737e-5 2.423e-5

2.43e-5 2.431e-5 2.431e-5];
>> a = linregr(1./5.723,1./v0)

16453 41400
These results can then be used to compute k,, and K,

>> km=1/a(2)

km =
2.4155e-005

>> K=km*a(1l)

K =

0.39741

Thus, the best-fit model is

. _ 24155x10°[S}’
C 039741 +[ST

The fit along with the data can be displayed graphically. We will use a log-log plot because of the wide

variation of the magnitudes of the values being displayed,

>> vOp = km*S.A3./(K+5.23);
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>> Toglog(S,v0,'o',S,v0p)

10 10 10 10 10
(b) An M-file function must be created to compute the sum of the squares,

function f = fSSR (a,Sm,v0Om)
vOp = a(l)*Sm.~3./(a(2)+Sm."3);
f = sum((vOm-v0Op)."2);

The data can then be entered as

> S =[.01 .05 .1 .51 5 10 50 100];
>> v0 = [6.078e-11 7.595e-9 6.063e-8 5.788e-6 1.737e-5
2.423e-5 2.43e-5 2.431e-5 2.431e-5];

The minimization of the function is then implemented by

>> a = fminsearch(@fSSR, [2e-5, 1], [], S, vO)

a =
2.431e-005 0.39976

The best-fit model is therefore

243110 (S

Vo = 3
0.399763 +[S]

The fit along with the data can be displayed graphically. We will use a log-log plot because of the wide

variation of the magnitudes of the values being displayed,

>> vOp = a(1)*s.723./(a(2)+S.73);
>> Jloglog(S,v0, 'o',S,v0p)
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10” 10" 10° 10" 10°

15.15 (a) We regress y versus x to give

y = 20.6 4 0.494545 x

The model and the data can be plotted as

50
40 ° °
30 L
20 y =0.4945x + 20.6
® 2
10 R°=0.8385
0 1 1 1 1 1 1
0 10 20 30 40 50 60

(b) We regress log,,y versus log,x to give

log,, y=0.99795 +0.385077log, x

Therefore, o, = 10" = 9.952915 and 3, = 0.385077, and the power model is
y = 9.952915x"-385077

The model and the data can be plotted as

50
40 °
30
20 y = 9.9529x%%%!
10 R?=0.9553
0 ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
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(c) We regress 1/y versus 1/x to give

1 =0.019963+0. 197464l
y X

Therefore, o, = 1/0.019963 = 50.09212 and S, = 0.197464(50.09212) = 9.89137, and the saturation-

growth-rate model is

y=50.09212—>
9.89137 + x

The model and the data can be plotted as

50
40

30 y =50.092 —————
20 X +9.891369
10 R? = 0.98919
Q0 F—— ey
0 10 20 30 40 50 60

(d) We employ polynomial regression to fit a parabola

y=—0.01606x> +1.377879x +11.76667

The model and the data can be plotted as

50
40
30 /—o—v—‘—'
20 y =-0.0161x* + 1.3779x + 11.767
10 R’=0.98

0

0 10 20 30 40 50 60

Comparison of fits: The linear fit is obviously inadequate. Although the power fit follows the general trend

of the data, it is also inadequate because (1) the residuals do not appear to be randomly distributed around
the best fit line and (2) it has a lower 7 than the saturation and parabolic models. The best fits are for the
saturation-growth-rate and the parabolic models. They both have randomly distributed residuals and they
have similar high coefficients of determination. The saturation model has a slightly higher . Although the
difference is probably not statistically significant, in the absence of additional information, we can

conclude that the saturation model represents the best fit.
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15.16 The following script can be developed to solve this problem:

clear,clc,cl1f,format short g,format compact
t = [0 4 8 12 16 20]'; B = [67.38 74.67 82.74 91.69 101.60
112.58]";

disp('Tlinear: ')

Z=[ones(size(t)) t];

a=(Z2'*Z)\(Z2'*B);a'

Sr=sum((B-Z*a)."2),;
r2=1-Sr/sum((B-mean(B)).~2)
syx=sqrt(Sr/(length(B)-length(a)))
tp=[0:35];

Bplin=a(1l)+a(2)*tp;

Bp35Tin=a(1l)+a(2)*35;

pause

disp('parabolic: ')

Z=[ones(size(t)) t t.~2];
a=(Z'*Z)\(Z'*B);a"

Sr=sum((B-Z*a)."2);
r2=1-Sr/sum((B-mean(B)).~2)
syx=sqrt(Sr/(Tlength(B)-length(a)))
tp=[0:35];
Bpquad=a(l)+a(2)*tp+a(3)*tp."2;
Bp35quad=a(1l)+a(2)*35+a(3)*35~2;

pause

disp('exponential; ')

Z=[ones(size(t)) t];
a=(Z'*Z)\(Z'*1og(B));a’
Sr=sum((log(B)-Z*a).~2);
r2=1-sr/sum((log(B)-mean(1og(B))).~2)
syx=sqrt(Sr/(length(log(B))-length(a)))
tp=[0:35];

Bpexp=exp(a(l)+a(2)*tp);
Bp35exp=exp(a(l)+a(2)*35);

Bp351in

Bp35quad

Bp35exp
plot(t,B,'o',tp,Bplin, tp,Bpquad, tp,Bpexp)
Tegend('data’', 'linear ', 'quadratic', 'exponential', 'location’', 'Bes
t')

When this script is run, the result is

Tinear:
ans =
65.89 2.2553
re =
0.99445
Syx =
1.4095
parabolic:
ans =
67.427 1.6792 0.028806
re =
0.99999
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Syx =
0.072757
exponential:
ans =
4.2104 0.025666
r2 =
1
Syx =
3.6082e-05
Bp351in =
144 .83
Bp35quad =
161.48
Bp35exp =
165.45

180

160

140

120

100

O data

linear

quadratic

exponential
N

80 -

60 . I . . h
0 5 10 15 20 25 30 35

The linear model is inadequate since it does not capture the curving trend of the data. At face value, the
parabolic and exponential models appear to be equally good. However, inspection of the standard error of
the estimate indicates that the exponential model is somewhat better. In addition, knowledge of bacterial
growth might lead you to choose the exponential model as it is commonly used to simulate the growth of
microorganism populations. Interestingly, the choice matters when the models are used for prediction. If

the exponential model is used, the result is

B = 67.383¢" 970009 =165.46

For the parabolic model, the prediction is
B = 0.028806(35)° + 1.6792(35) + 67.427 = 161.49

Thus, even though the models would yield very similar results within the data range, they yield different

results for extrapolation outside the range.

PROPRIETARY MATERIAL. © The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual
may be displayed. reproduced or distributed in any form or by any means. without the prior written permission of the
publisher, or used beyond the limited distribution to teachers and educators permitted by McGraw-Hill for their
individual course preparation. If you are a student using this Manual, you are using it without permission.



21

15.17 (a) The data can be plotted as

2.0E-03
1.5E-03 L4
°
1.0E-03 °
°
°

5.0E-04
0.0E+00 *

0 10 20 30 40

(b) Linear interpolation yields.

1.307x1072 —1.519%x103
10-5

p=1519x10"7 + (7.5-5)=1.413x10">

(¢) Polynomial regression yields

2.0E-03 y = 5.48342E-07x? - 4.94934E-05x + 1.76724E-03
R? = 9.98282E-01

1.5E-03

1.0E-03

5.0E-04

0.0E+00

This leads to a prediction of
(= 5.48342x1077(7.5)* —4.94934 x1075(7.5)+1.76724 x10 > =1.4269x10 3
15.18 The equation can be expressed in the form of the general linear least-squares model,.

ﬂ_]:Ali+A2L
RT % V2

>> R=82.05;T=303; P=[0.985 1.108 1.363 1.631]'; V=[25000 22200
18000 15000]"';

>> y=P.*V/R/T-1;

>> 7=[1./V 1./V.*2];

>> a=(Z'*Z)\(Z'*y)

a =
-231.67
-1.0499e+005
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15.19 We can use general linear least squares to generate the best-fit equation. The [Z] and y matrices can

be set up using MATLAB commands as

clear,clc,cl1f,format short g,format compact

format Tong

x = [273.15 283.15 293.15 303.15 313.15]"';

Kw = [1.164e-15 2.950e-15 6.846e-15 1.467e-14 2.929e-14]";
=-10g10(Kw);

Z = [(1./x) 1ogl0(x) x ones(size(x))];

% coefficients can be evaluated

a=inv(Z'*Z)Y*(Z'*y)

% check the results by using the model to make predictions

% at the values of the original data
yp=10.2-(a(l)./x+ta(2)*1ogl0(x)+a(3)*x+a(4))

% generate a plot of predicted Kw versus the data
xp=[min(x):max(x)];
Kwp=10.2-(a(l)./xpta(2)*1ogl0(xp)+a(3)*xpt+ta(4));
plot(x,Kw, 'o"',xp,Kwp);

Results:

Warning: Matrix is close to singular or badly scaled. Results
may be inaccurate. RCOND

= 6.457777e-20.

> In Probl519Script (T1ine 8)

a:

.0e+03 *

.180708824407786

.013424553084604

.000005628519658

.038277987799796

<
he)
oooocorIiIToocoupk

.0e-13 *

.011652687967019
.029536034935224
.068525979733010
.146882315971755
.293223692374665

Note the warning that the results are ill-conditioned. According to this calculation, the best-fit model is

logy K, = 0TL 1342455 log, T, + 0.00562852 T, —38.278
T

a

Note that the model predictions (yp) agree to about 2 or 3 significant digits with the original data. This is
also indicated by the plot of the data and the model
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-14
3 x 10 .

25}

05

L 1 L 1 L 1 L 1
270 275 280 285 290 295 300 305 310 315

Note that the singular matrix can be avoided by scaling the temperature data by subtracting 270 so that the

values are smaller in magnitude. The following code does this and as indicated yields improved results:

clear,clc,cl1f,format short g,format compact

format Tong

x = [273.15 283.15 293.15 303.15 313.15]"';

xs = 270;

Xxscaled = x-Xs;

Kw = [1.164e-15 2.950e-15 6.846e-15 1.467e-14 2.929%e-14]";
y=-10g10(Kw) ;

Z = [(1./xscaled) loglO(xscaled) xscaled ones(size(xscaled))]
pause

% coefficients can be evaluated

a=inv(Z'*Z)*(Z'*y)

% check the results by using the model to make predictions

% at the values of the original data
yp=10.~-(a(l)./xscaled+a(2)*1ogl0O(xscaled)+a(3)*xscaled+a(4))
% generate a plot of predicted Kw versus the data
xp=[min(x):max(x)];

XPS=Xp-XS;
Kwp=10.2-(a(1l)./xps+a(2)*1ogl0(xps)+a(3)*xps+a(4));
plot(x,Kw, 'o',xp,Kwp);

Results:

7 =
0.317460317460320 0.498310553789597 3.149899999999977

1.000000000000000

0.076045627376426 1.118925752825776 13.149999999999977
1.000000000000000

0.043196544276458 1.364550995353972 23.149999999999977
1.000000000000000

0.030165912518854 1.520483532740792 33.149999999999977
1.000000000000000

0.023174971031286 1.634980800051228 43.149999999999977
1.000000000000000
a =

-1.111657807704855

-0.711599148926860
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.022899772958141
.713977184934231

<

©
Ry
6)]

.0e-13 *

.011640635926161
.029460028205232
.068786096037676
.145872776296297
.293546293807430

Ooocoori

-14
3 x10 :

25

0.5

I L L I L L I L
270 275 280 285 290 295 300 305 310 315

Note that for this case, the predictive equation is

~log,, K, :—%—0.7116 log, (T, —270)+ 0.023 (T, —270)+ 15.714

15.20 The “Thinking” curve can be fit with a linear model whereas the “Braking” curve can be fit with a

quadratic model as in the following plot.

100 ; Y =5.8783E-03x? + 9.2063E-04x - 9.5000E-02
80 R? = 9.9993E-01

60 y =0.1865x + 0.0800

40 R? = 0.9986
20
0 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140

A prediction of the total stopping distance for a car traveling at 110 km/hr can be computed as

d=0.1865(110) + 0.0800-+5.8783x107>(110)> + 9.2063x10 #(110) — 9.5000x1072 =91.726 m

24
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15.21 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1521(a,ym,xm)
xp = exp((ym-a(2))/a(l));
f = sum((xm-xp)."2),;

clear,clc,cl1f,format short g,format compact
x =[1 2 3 45];, v =[0.5 2 2.9 3.5 4];

a = fminsearch(@fSSR1521, [2,0.5], []1, vy, x)
x2_6 = exp((2.6-a(2))/a(1))

yp=[0:0.25:6]; xp = exp((yp-a(2))/a(l));

plot(y,x,'o",yp,xp)
xlabel('y'),ylabel('x")
axis([0 5 0 8])
a —
2.173 0.49924
x2_6 =
2.6294
8
6;
X 4
2;
% 1 2 3 4 5
y

15.22 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1522(a,xm,ym)
yp = ((a(l)+sgrt(xm))/a(2)./sqrt(xm)).”2;
f = sum((ym-yp).”2);

Then, the fminsearch function can be employed to determine the coefficients,

clear, clc,clf,format short g

x=[0.5 1 2 3 4]; y=[10.4 5.8 3.3 2.4 2];

a = fminsearch(@fSSR1522, [5,2], [], x, y)
yy = ((a(l)+sgrt(l.6))/a(2)./sqrt(1.6)).72;
fprintf('y(1.6) =%9.5f\n',yy)
xp=[1/8:1/8:5];

yp = ((a(l)+sqrt(xp))/a(2)./sart(xp))."2;
plot(x,y,'o",xp,yp)

a:
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4.8375 2.4303
y(1.6) = 3.94057
40
30r
20
10r
0 M b
0 1 2 3 4 5

15.23 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1523(a,cm,km)
kp = a(1l)*cm.~2./(a(2)+cm."2);
f = sum((km-kp)."2);

Then, the fminsearch function can be employed to determine the coefficients,

clear, clc,clf,format short g

c=[0.5 0.8 1.5 2.5 4]; k=[1.1 2.4 5.3 7.6 8.9];
a = fminsearch(@fSSR1523, [10,2], [], c, k)

kk = a(1l)*222/(a(2)+222);

fprintf('k(2) =%9.5f\n', 6 kk)

cp=[0:0.125:5];

kp = a(l)*cp.”*2./(a(2)+cp.*2);
plot(c,k,'o"',cp,kp)

xlabel('c'),ylabel('k")

a:
10.036 2.0179
k(2) = 6.67058

10
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15.24 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1524(a,Nm,Stressm)
Stressp = a(1l)*Nm.”a(2);
f = sum((Stressm-Stressp).”"2);

Then, the fminsearch function can be employed to determine the coefficients,

clear, clc,clf,format short g

N=[1 10 100 1000 10000 100000 1000000]; Stress=[1100 1000 925
800 625 550 420];

a = fminsearch(@fSSR1524, [10,2], [], N, Stress)
Np=T1ogspace(0,6);

Stressp = a(l)*Np.”*a(2);

subplot(1,2,1)

plot(N,Stress,'o',Np,Stressp)
xlabel('N'),ylabel('Stress')

subplot(1,2,2)

semilogx(N,Stress, 'o' ,Np,Stressp)
xlabel('log(N)}'),ylabel('Stress"')

a =
1150.3 -0.063082
1200
11000
10000
900
] 0
1] 1]
o 8000 o
) )
700} ]
eookb\\\\§§-~—_‘
500 ]
400 : 400 2 "
0 5 %0 10 10 10
N x10 log(N)

15.25 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1525(a,Tm,Viscm)
Viscp = a(l)*Tm.”a(2);
f = sum((Viscm-Viscp).”2);

Then, the fminsearch function can be employed to determine the coefficients,

clear,clc,c1f,format short g
T=[26.67 93.33 148.89 315.56]; Visc=[1.35 0.085 0.012 0.00075];
a = fminsearch(@fSSR1525, [10,2], [], T, Visc)
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Tp=[25:320];

Viscp = a(1l)*Tp.”a(2);
plot(T,Visc,'on',Tp,Viscp)
xlabel('T'),ylabel('Viscosity')

a=
2416 .2 -2.281

Viscosity
=
[ a1

o
4
:

0 100 200 300 400
T

15.26 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1526(a,tm,cm)
cp = a(l)*exp(a(2)*tm);
f = sum((cm-cp)."2);

Then, the fminsearch function can be employed to determine the coefficients,

clear,clc,clf,format short g

t=[4 8 12 16 20 24]; c=[1590 1320 1000 900 650 560];
a = fminsearch(@fSSR1526, [10,2], []., t, c)
fprintf('c(0) =%9.5f\n',a(1))

ft=@Q(t) a(l)*exp(a(2)*t)-200;
t200=fzero(ft,50);

fprintf('t(200) =%9.5f\n"',t200)
tp=[0:t200];

cp = a(l)*exp(a(2)*tp);

plot(t,c,'o',tp,cp)

xlabel('t'),ylabel('c')

a:

1975.5 -0.053005
c(0) =1975.54653
t(200) = 43.20874
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15.27 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1527(a,V,ym)
yp=1+a(l)./V+a(2)./V.*2;
f = sum((ym-yp).”2);

Then, the fminsearch function can be employed to determine the coefficients,

clear,clc,cl1f,format short g
R=82.05;T=303;

P=[0.985 1.108 1.363 1.631]"';

V=[25000 22200 18000 15000]"';
y=P.*V/R/T,;
a=fminsearch(@fSSR1527,[-200 1],[].,V.y)
Vp=[10000:1000:300007;
yp=1+a(l)./Vpta(2)./Vp.*2;
plot(V,y,'o",Vp,yp)
xlabel('V'),ylabel('(PV)/(RT)")

a:
-231.67 -1.0498e+005

(PV)I(RT)
o
8

0.985f

0.98f

0.975

<
»

x 10
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15.28 Nonlinear regression can be used to evaluate the coefficients. First, a function can be set up to

compute the sum of the squares of the residuals,

function f = fSSR1528(a,t,pm)
pp=a(l)*exp(-1.5*t)+a(2)*exp(-0.3*t)+a(3)*exp(-0.05*t);
f = sum((pm-pp).~2);

Then, the fminsearch function can be employed to determine the coefficients,

clear,clc,cl1f,format short g

t=[0.51 2 3 456 7 9];

p=[6.0 4.4 3.2 2.7 2.2 1.9 1.7 1.4 1.1];
a=fminsearch(@fSSR1528,[1 1 1],[].,t.,p)

tp=[0:0.1:10];
pp=a(l)*exp(-1.5*tp)+a(2)*exp(-0.3*tp)+a(3)*exp(-0.05*tp);
plot(t,p,'o",tp,pp)

xlabel('t'),ylabel('p"')

a:
4.0046 2.9213 1.5647

10

Therefore, A = 4.0046, B = 2.9213, and C = 1.5647, and the final model is

p(t) = 4.0046¢ "' +2.9213¢ " +1.5647¢ %

15.29

clear,clc,cl1f,format short g,format compact
TC=[50 60 70 80 90 100 110 120 130];

p=[82 2300 18500 80500 2.3e5 5e5 9.6e5 1.5e6 2.4e6];
Inp=Tlog(p);

TK=TC+273.15;

aguess=[20 500 -200];

a = fminsearch(@fSSR29, aguess, [], TK,1np)
% fit stats

TK=TC+273.15;

Tnpred = a(l) - a(2)./(a(3)+TK);

SSR = sum{(1np - Tnpred).”2)
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SST = sum((1np - mean(1np)).”2)
r2z = (SST - SSR)/SST

r = sqrt(r2)

syx = sqrt(SSR/(Tength(1np)-3))
% plot
Tp=linspace(min(TC) , max(TC));
TKA=Tp+273.15;

TnpA = a(l) - a(2)./(a(3)+TKA);
plot(TC,1Tnp, 'o',Tp, TnpA)

function f = fSSR29(a,T,1nP)
TnPA = a(l1) - a(2)./(a(3)+T});

f = sum((1nPA-TNnP)."2);

Results:
a —_—
19.003 491 .7 -289.47
SSR =
0.0030002
SST =
92.922
r2 =
0.99997
r —_—
0.99988
Syx =
0.022362
16
14+ - ©
12F °
10F o
V4
8+t g
ol
45; 6‘0 7‘0 8‘0 9‘0 1 (‘)0 1 1‘0 1 éO 130
15.30

clear,clc,cl1f,format short g,format compact
Td=[6 12 18 24 30];

kd=[0.15 0.20 0.32 0.45 0.70];

% linear fit

Togkd=10g10(kd); Tdminus20=Td-20;
al=polyfit(Tdminus20, logkd,6 1)

kd1=10”al1(2), thetal=10%al1(1)
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k171=kd1*thetal~(17-20)

Tp=linspace(0,max(Td));

kpl = kdl*thetal.~(Tp-20);

% nonlinear fit

anl = fminsearch(@fSSR, [.5, 1.06], [], Td, kd)
kdnT1=an1(1),thetanl=anl1(2),
ki17nl=kdnl1*thetanl12(17-20)
Tp=linspace(0,max(Td));

kpnl = anl(1l)*anl1(2).~(Tp-20);

plot(Td,kd, 'o',Tp,kpl1,Tp,kpnl)
Tegend('data', 'linear', 'nonlinear', 'location', 'best')

function f = fSSR(a,Td,kd)
km = a(1l)*a(2).~(Td-20);
f = sum((km-kd).”2);
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