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Fig. 1 Pressure Thermometer

(a) Commercial calibrators are available that have a liquid bath for immersing the bulb and an
accurate temperature sensor that gives the bath temperature. One can also fabricate a liquid bath,
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which has a heater and stirrer arrangement and use a liquid-in glass standard thermometer. For
any of the above setups, set the bath temperature to 10 different values in the range of interest
(both increasing and decreasing). Allow sufficient time for the system to achieve equilibrium at
each temperature. Compare the temperature indicated by the instrument with a standard tem-
perature immersed in the bath.

(b) Temperature of the air surrounding the capillary tube as an interfering input: The temperature
of the bulb should be maintained constant at the room temperature and subject the tubing to a
range of temperatures. The same experiment could be repeated for several different bulb
temperatures, Although it is difficult to maintain the same tubing temperature over its length, the
above calibration would give conservative predictions corresponding to the highest tubing
temperature.

(¢) Elevation difference between the bourdon tube and bulb:
First the bulb and tubing temperatures are kept fixed and experiments are conducted for different
elevations. The same is repeated for other temperatures ensuring that there is no variation
between the bulb and tubing temperature.

3.2 Whether the digital revolution counter needs calibration

Like any system, the system can malfunction. However, this system does not need any calibration-one
revolution gives exactly one count. Higher shaft speeds can cause vibration in the sensing arm and/or
micro switch mechanism that could result in loss of counts. So one has to be really sure about the
highest speed at which this counter can be used. This is definitely not calibration in the usual sense.

3.3 Difficulties in defining true temperature of a body

(a) When a body has some physical size and shape, the temperature varies from point to point
(b) No temperature is absolutely constant with time
(c) If the body is a gas at very low pressures, the temperature variation will be more pronounced.

3.4 This is a very simple exercise that can be done at home. Results will vary depending on the
individual, surface and the coin. If several students do this independently, more interesting variations
are possible.

(GF)R, € E,R,

35 ¢ =
0 (Ry+R,)’

Eq. (2.6) (see also Fig. 2.11)

& Strain, e output voltage, GF: gage factor
R, Gage resistance, E,: Bridge voltage
R,: Resistance of the adjacent arm
Equation (2.6) can be written as:
_ e(Ry+R,)’ W
"~ GFR,E,R,

Taking natural log on both sides

Ine=1Ine;, + 2 ln(Rg + R,) — In(GF) — In R, - InE,-InR, 2)
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Differentiating Eq. (2)
de _ dey | 2d(R;+R,) dGF dR, dE, dR, 3)
£ € R, + R, GF R, E, R,

using Eq. (3.20) and letting R = R, + R,

de

£

dGF
GF

dR,
R

dﬁ +2d7R

R

dE,
+ [——
E,

dR,
+

3 “)

max

8

max

max

€9

max max

max

If each term of Eq. (4) contributed the same error of 1%

— =1+2+1+1+1+1=7%

max

Applying the root mean square formula of Eq. (3.21) to Eq. (3)

Ll = P42+ 24+ 24241 =3%

max

3.6 No.
The logarithmic differentiation method of Prob. 3.5 is only applicable to functions that are products and
ratios of powers or roots of independent variables.

Therefore, for a function of the form w = sin x + 5y° — 6¢°, the above method cannot be applied.

3.7

c = L (1)
T tpA\2gh
The nominal value of the discharge coefficient is given by
390
‘= X (12x107%)? ®
600 X 1050 X %X V2 X981x3.6

¢, = 0.6513

The partial derivative of the discharge coefficient w.r.t. all the parameters of Eq. (1) at the corre-
sponding nominal values can be computed as follows:
de, 1 1
w1 AJ2gh B X (12%1073)2 )
P § 6OOX1050><+X,/2X9.81><3.6

%

0.0017
ow



Solutions Manual 9

o, W - 390 "
ot 2pAf2eh 12x1073)2
r*pAY2g 6002 x 1050 x = ZO )« [3%x981x36
% _ o001
o
o, W B 390 )
ap  1p*AJ2eh 12%1073)>
P 1P A2 600x 10502 x ¢ IO ) J2X981x 36
d
%4~ 620 x 10
dap
de, W - 8 X 390 ©
dd tpd>m [2gh 600x 1050 % (12X 107> x 7 X \[2x 981 3.6
% _ _108.55
od '
o, 1 W 1 390 -
__2 32 T T 4 2
Js 1pAY2h (8) 2 600x1050x%x1/2x&6 % 98132
de,
%4 _ _0.0332
dg
de 1 W 1 390
—=L = =-= (8)

M 21pAf2g B 2 012)>
tpAy=s 600><1050><%x,/2x9.81><3.63/2

de,
— = -0.0905
oh

from Eq. (3.21), uncertainty of the flow coefficient can be expressed as

_ de, : de, : de, : de, : de, : de, : 9
Yo T w ™) ) T ) Tl ) et Tla )

Before using Eq. (9), all uncertainties are expressed in terms of absolute values (instead of percent-
ages as given for g and p)
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w =10.25 kg uy; = +0.03 mm
u, = +2s 1, = +9.81 x 0.001 m/s’
u, =+1050 x 0.001 kg/m’ w, =+0.03 m

\/(0.0017 % 0.25) + (0.0011% 2)% + (620 % 107 x 1050 x 0.001)>

Ucgus = | + (—10855% 0.03 x107)% + (0.0332 X 9.81 X 0.001)% + (0.0905 x 0.03)>
= 0.0048 (rss = root mean square)
c dc dc dc dc dc
U.(abs) = |—Lu, + | —Lu, | + |—Lu,| + |—Lu —Ly, |+ | =Ly 10
@9 =13, a ' ap Pl ad Y og ¢ on " (1o

ch(abs) =0.0017 x 0.25 + 0.0011 x 2 + 6.20 x 107™* x 1050 x 0.001
+108.55 x 0.03 x 107 + 0.0332 x 9.81 x 0.001 + 0.0905 x 0.03

= 0.0095

U
3.8 If —~ =0.5%, uncertainties of all the parameters of the previous example are to be determined.
G

From the principle of equal effects

Y 3.22)
U, = \/;ai (3.
axi
For this problem, U, = ch n=6,i=1...6
gf can be obtained from Eq. (2) through (7) of Prob. 3.7
Xi
Since U, is given as a percentage, Eq. (3.22) must be divided by ¢, on both sides
cq 15 8 p ge, £q ¥ ¢
Uy, v, 2)
Ino_ —37
c
“ ¢ 6 ox
U,
(1s5) e 3)
Uy (rss) = ——=—-=
s
axi
0.65 % 0.005

u,,(rss) = = 0.7961

J6 00017
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0.65 x 0.005

ut(rss) = m = 1.2247
X 0.
0.65x 0.005 3
u,(rss) = = 2.14 kg/m
ol J6x620x107 s
0.65x 0.005
u,(rss) = m = 12.24 um
u(rss) = DX 00056 04 2
¢ J6x00332
1y (rss) = —3‘25 Xoob(;(())s's = 0.0147 m
X 0.
Similarly, uncertainty values for absolute errors can be expressed as
U,
€a|
u,(abs) = 7811 4)
69/
axi
u, (abs) = 20320005 _ 3550 kg
6x0.0017
u,(abs) = % =05s
0.65x0.005 3
uy(abs) = ——— = 0.8750 kg/m
ol 6x620x10™ £
0.65x0.005
D) = 10855
u (abs) = % = 0.0164 m/s’
u,(abs) = % = 0.006 m

Results of Prob. 3.7 and 3.8 are summarized as follows
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problem 3.7 problem 3.8

Parameter uncertainty uncertainty
rss abs rss abs
Ue, 0.74%, 0.0048 1.45%, 0.0095 0.5%, 0.0032 0.5%, 0.0032
uy kg +0.25 +0.25 +0.7961 +0.325
us +2 +2 +1.2247 +0.5
u, kg/m3 +1.05 +1.05 +2.14 +0.8750
Ug, um +30 + 30 +12.24 +5
Ug, m/s? +0.00981 +0.00981 +0.04 +0.0164
Up, MM + 30 + 30 +14.7 +6
3.9
Yq; =360 g, = 77.94
g qo = 22119 g7 = 10200
N = 18 (Total number of data points)
From Eq. 3.10

_ NZqgiqy—(Zq;)(Zqp)
NXg’ - (Zg)?

X 9= X
m = 18 X 22119 - 360X 77.94 — 02177 (SLOPE)

18 x 10200 — 3607

_ 406’ = (24i90) (Zqi)
NZ%'Z - (2%)2

_ 77.94 10200 - 2211.9 X 360
18 X 10200 — 360>

b = —0.024 (INTERCEPT)

b

Y (mg; +b - qp)

1
2 _
Sa9 = N-2

SqO: Standard deviation of the output

Y (mq; + b — qy)* = 0.0459

= 00959 _ 0.0029; 5, = 0.054
0 18-2 %0

S2
Sq; =~

m

S, Standard deviation of the input

(3.10)

(3.11)

(3.14)

(3.16)
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054>

= 005 - = 0.0605

f02177

S,; = 0.2460

. -b

g" =472 (1)
m

For a known output g, of the instrument, the mean value of the input can be determined from Eq.
(D
However, due to uncertainties of the measurement system, the true value can only be determined
in a band. Assuming 95% uncertainties (x 2Sqi)
g =q" £2x Sy (2)

Equations (1) and (2) are plotted in Fig. 1.
A magnified view around point a is shown in Fig. 2. Point ‘a’ is the intersection of g, = 5.72 and
the best fit line of Eq. (1).

_(572— (= 0024))

For =572, q" = = 26.38
1o 1 02177
From Eq. (2) ¢/ = 26.38 — 2 x 0.2460 = 25.89
g = 26.38 + 2 x 0.2460 = 26.87
9
7
7 I
8 7/ 7

7 b
7 I
/7

/%
pa
° Ly

52— == - -

7
7 /4

90 4 P
/
Vs

7

7
2 7
7 e
/7
/7
s/
"4

(OS]
\
\\\
W\
N

126.38
50 5 10 15 20 25¢/ 30 35 40 45

qi —>

Fig. 1
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, /
6.78 Sl /
// ;\' N /
/ s.\ N %& /
6.74 A o
/ N
/ 7
/ a //
6.72 A { .
/ /
e ! e
e I )
< . Y/ I I V4 I
= / | | ’ |
4 1 1 1
1 1 1
5.68 i i i
I I ’ I
1 1 )/ 1
I I I
5.66 | | 4 |
1 1 y 1
I I ,/ I
I I I
1 1 4 1
5.64 | / | 7 |
I 1 I
| / 26.38 | // |
25.8 25.89 26 26.2 26.4 26.6 26.8 26.87 27
4q;
Fig.2
3.10 Refer to Fig. 3.21.
R, R,
Cc
NN A% b
SR $h
NN a
R, d
Fig.1

The first step would be to obtain the equivalent resistance as seen through ‘ab’, by short circuiting

all the power sources.
Figure (1) can be simplified as

(Rt Ry R,
R, R, + R

2

R,
AVAVAY; b
2 8
a

Fig. 2
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(Ri+Ry)R, + R, | X Rs
R R+R,+ Ry
ab =
(Ri+ Ry R, + R+ R
R+ Ry + Ry
R, from Eq. (1) = 62.5 Q
From Eq. (3.41)
En _  Ru
E, R,+ R,
Error due to loading resistance R,
e=1- & =1 - Rim
E, R,+ R,
for R,, = 1000 Q
=1- ﬂ = 5.88%
1000 + 62.5
for R,, = 1000 Q
e=1- 10000 _ 0.62%
10000 +62.5

3.11 Objective: Error due to loading resistance R,,, if voltage across R; has to be measured.

Short circuit all the power sources and determine the equivalent resistance across Rj.

R, R,

Fig. 1

R +R, Ry + Ry

Fig. 2

(1

(3.41)

(2)
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1 1 1 1
— = + — + (D)
R, R +R, R; Ry + Rs
R = R3 (R + Ry) (R4 + Rs) 2)
7 (R + Ry) Ry + Ry (Ry + Rs) + (R + Ry) (Ry + Rs)
R,, =50 Q (from Eq. (2))

Error due to loading resistance R,

e=1- _Ru (3)
R,+ R,
for R,, = 1000 Q
e=1- 1000 =4.76%
1000 + 50
for R,, = 10000 Q
— - 10000 _se
10000 + 50
3.12 As a first step, short circuit all the power sources of Fig. 3.25 (a) (page 81)
AV
R, R,
Ry § a
RS
Ry
AV
Fig.1
Rah
Rab Resistance as seen
across ab
§ Rm _ (RI + RZ) R3
11 Rab_—(R1+R2+R3)+R4+R5
-|- Eab "
Fig. 2
E, .
I, = —= (3.47) (without meter) (D)
ab
E
= ——% _ (with meter) (2)

Iﬂ’l
Ry, +R,
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Error due to meter loading

Eab _ Eab
Iu_Im Rab Rab+Rm
£= = 3
1, Eu )
Rab
e = Rim 4)
R, + R,
R,, = 267 Q (from Fig. 2)
for R, =10Q €= 10 =3.6%
267 +10
for R,=1Q E= ! =0.37%
267 +1
3.13
R,
NN
L
b
§ Ry + Ry
Ry
R,
AYAAY
Fig. 1
- RHR)RAR) 0
R +R,+ R, + Rs
A%
Rab
Rm
Eab -
L)
Fig. 2
R, =200 Q {from Eq. (1)}
R,
From Prob. 3.12, £E= ———— (2)

R, + R,
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Error due to loading

If R, =10 Q,
£= L = 4.76%
200+ 10
If R, = 1Q
1
€= =0.5%
200+1

3.14 Objective: Percentage error in measuring force in k,
Given ky =k, = ky = k, = 100 N/cm
k,, = 1000 N/cm, 10000 N/cm
QPPN QRPN

ks k,
—AM—

T777777 777777777 T7777777 77777777
Fig. 1

From Eq. 3.62 (page 84), the output stiffness S, is given by

1
Sep = 7 - Ty (3.62)

ky  (ky+ky) (ki +k3) — k32

1
N (100 + 100)
100~ (100 + 100) (100 + 100) — 100?
Sgo = 60 N/cm

Case (i) k, = 1000 N/cm S,; = k,, = 1000 N/em (Input stiffness)
Error = S, /(S,, + S,,) = 60/(60 + 1000) = 5.66%

Case (ii) k, = 10000 Nfem S, = k, = 10000 N/cm
Error = 60/(60 + 10000) = 0.596%

3.15 Objective: Same as 3.14, except that the force in k5 is to be measured.

k 1
AAA )
k3 km k4
k2
AN —
fappl

Fig. 1
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The stiffness matrix [K] for the above system is given by

ki +hky+ky  —ks 0
[I(] = _k3 k3+km _km (1)
0 —k,  ki+k,

It is easier to write down the above stiffness matrix since it follows a certain pattern-the diagonal
elements are formed by adding stiffness of all the elements connected to a degree of freedom; off-
diagonal elements are formed by subtracting stiffness of elements connecting to the other degrees of
freedom.

Stiffness matrix is related to applied forces by

X 0
[Klx =f (2) Wherex = {x,rf=49 0
X3 [ appl
ki+ky+ks —k; 0 X 0
— ks kstk, -k, Xxr =19 0 3)
0 —ky  kygtky,| | x; Sappl
(ky + ky + k3)x; — k3 x, =0 4)
—ky x; + (ky + k,)xy — k,, x3 =0 (5)
—k,, xy + (ky + kx5 = Jappi (6)
The measured force f,, is
I = k33 = x3) (7

In order that we do not have to solve explicitly for x;, x,, x; to determine the error due to the
measuring system, Eqgs. (4), (5), (6) are rearranged so they can be expressed in terms of f, .
From Egs. (4)

(ki+ ky)x; = ksy(x, — x7) (8)
From Eq. (5)
k3(xy = x1) =k, (x5 — x5) = f, )
From Eq. (6)
k(xs = %) + ky x5 = Jappl
ie. T+ kg X3 = foppl (10)
From Eq. (8)
(ky + ky)xy = f,, (11)

which gives
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X, = S (12)
ki + k,
From Egs. (9) and (12)
Jm
k _ = 13
3[3(2 itk I (13)
Which gives
1 1
= —+ 14
X fm{k3 k] + kz } ( )
From Egs. (9) and (14)
km x3_fm|:1+ ! :| :fm (15)
ks ki+k,
Which gives
1 1 1
X, = —t—+ 16
2= {km ks k1+k2} (16)
From Egs. (10) and (16)
T R T A (a7)
kyp k3 kit+ky PP

fappl 1+k74+k74+ k4
kn ks k+ko

Equation (18) relates the force measured by the instrument in response to the applied force, which
accounts for the spring stiffness of the instrument. If one were to be interested in directly obtaining
the applied force on the measuring instrument, the calibration constant defined by Eq. (18) has to be
accounted for. However, the objective of this problem is to determine the percentage error in measure-
ment due to k,,. If k,, were to be extremely large, it represents the situation of least error in measure-
ment.

Let f,,' (undisturbed value of force due to k,,) be given by

In_ ! (19)
fappl 1+k74+ k4

ky kit+k,

(Eq. (18) for k,, = o gives Eq. (19))
From Egs. (18) and (19)
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4 Ka ks
S _ ky kit k,y 20)
fnl: 1+k74+k74+ k4
k, ky k+tk,
Error = 1 - f"; (21)
fm
kl = k2 = k3 = k4 = 100 N/Cm
From Eq. (20), for k,, = 1000 N/cm
1+1+—
S
= = = 0.9615
fnl: 1+ﬂ+ 1+l
1000 2
Error = 1 — 0.9615 = 3.85% (from Eq. 21)
From Eq. (20), for k,, = 10000 N/cm
Fm 1+1+l
= = 0.9960
frz 1+ﬂ+1+l
10000 2

Error = 1 — 0.9960 = 0.4% (from Eq. 21)

Therefore, increasing the stiffness of the force transducer will decrease error, but will have other
disadvantages related to sensitivity, resolution, etc.

3.16

app

g Dial gage M
X, stiffness &,

Fig. 1

[Klx = f (1)
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k1+k2+k3+km —k3 {xm} _ 0 (2)
- k3 k3 + k4 X1 fapp
Where x is measured by the dial gage.
from Eq. (2)
(kl + k2 + k3 + km)xm = k3 xl (3)
Which gives X, = ki (k) + ky + ks + k,}x, 4)
3
From Eqgs. (2) and (4)
xm — fapplk (5)
(k1+k2+k4+km)+k—4(k1+k2+km)
3
The undisturbed value of X can be obtained by putting k,, = 0 in Eq. (5) as follows.
(PS: Eq. (5) is also part of Prob. 3.17)
X = T (6)
(k1+k2+k4)+k—4(k1+k2)
3
From Egs. (5) and (6)
ky
m (ki +ky+ky)+—(k +ky)
X k3
= 5 (7
Yu (k1+k2+k4+km)+k—4(k1+k2+km)
3
Error = 1 — x—m (8)
Xu
Given ky=ky=ky =k, =1 N/cm
for k, = 0.1 N/cm
From Eq. (7)
LA 1+1+1+0+1 — 09615
Xy A+1+1+0D)+1+1+0.D
Error = 1 — 0.9615 = 3.85% (from Eq. (8))
for k,, = 0.01 N/cm
x" I1+1+1+(1+1 — 0.9960

Xy 1+1+1+00D+(1+1+00D
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Error = 1 — 0.9960 = 0.4%
3.18
(a) Step input

t = 0.05s accuracy 95%
From Eq. 3.98,

4o _ 095 = 1 — ¢ 00 Tseep
K

qi
-0.05
In0.05

= 0.0166s

(b) Ramp input
Cmss = 14 kPa qis = 700 kPa/s

From Eq. 3.104, €mss = Tramp Dis
14
Tramp = % = 0.02s

(¢) Sine input

9 _09. @=27x25=157.08 rad/s
in
From Eq. 3.106, 40 _ 9= 1

in V (a)ﬁ[.s.ine)2 +1

2 —_—
T = | L= 03865
‘ 157.08

The maximum value of the time constant of the first order system is for sine input. Therefore T =
Tgine = 0.0386s must be used. This satisfies condition for sine input and results in more accuracy than
required for ramp and step inputs.

3.19 Diameter of the capillary tube d. = 0.25 mm
K: Sensitivity 4 mm/°C
Operating temperature 20°C
Bulb is spherical and immersed in stationary air

K, ex Vb
A

K= (3.91)

K, : Differential volume expansion coefficient of thermometer fluid and glass
V), : Bulb volume

A, Area of capillary tube
Ol mercury © Linear expansion coefficient of mercury
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=60 x 10 m/m - °C

Koo =3 X Opereury = 180 x 10°° m/m’ — °C
2 —3.\2
X (025x 1
a4, = e _ mXOBXN0)T _ g1 108 2
4 4
K A X107 x491x1078
v, = KA _ ax10°X49IXA0T _y g 5 106 2
K, 180 % 10
3
For a spherical bulb, V, = ﬂgb
3 6 \I/3
x 109 x 1
T T
Surface area of the bulb, A, = 7m?,,2 =7 x (1277 x 107)?
A, =512 x 10 m?
r= PV (3.92)
UA,

7 : Time constant’s; C: specific heat of thermometer fluid J/kg — °C
p : Density of thermometer fluid kg/m’

C : Specific heat kl/kg — °C

V,, : Volume of the bulb, m’

U : Heat transfer coefficient J/s — m”> — °C

A, : Area of bulb, m’

p(mercury) = 13600 kg/m’
C(mercury) = 0.15 klJ/kg —°C
U(Air) = 5.36 J/s — m*-°C
13600 x 015% 10° x 1.09 x 107°

T= = = 810s
536X 51210

3.20

7 : Time constant = 15s
AT : Variation of temperature with height

= 0.15°C/30m
Ramp response of a first-order system
g0 = Kgjs (te™ + 1 — 1) (Eq. 3.102)

K : Static sensitivity
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For steady-state response, e = 0

90 = Kqis (1 — 1) )
q;s - Ramp input = AT x v
v : Velocity (given) = 6 m/s

Gis = 015 x 6 = 0.03°C/s
30

(a) From Eq. (2), there is a time lag of 7 seconds and the balloon moves up by 7 X v meters during

this period
If h = 3000 m is the current altitude,
h — 7v =3000 — 15 X 6 = 2910 m is the altitude at which 0°C occurs
(b) Steady-state error = ¢;; T [Eq. 3.104]
=0.03 x 15 = 045°C
Correct temperature at 3000 m = 0 — 0.45°C
= -0.45°C
PS: (1)
(1) part (b) has not been asked in the problem.
3.21
7 : Time constant = 0.48
K : Static sensitivity = 0.01 mV/°C
g;; : Initial input temperature = 15°C
iy Final input temperature = 80°C
q, : Output voltage, mV

q0 = Kg; = ¢;) (1 = &™)
Given D _pg7=1_¢"" (1)
K(qi—q;)
(When ¢, records 70% of the reading)
Taking natural logarithm of Eq. (1)
In(1-07) =-1t1
t=-1In(l - 0.7) = 0.48s

80
70%

Temperature °C

15

0.48

Time, s

Fig. 1
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-0.48
g = 0.01(80 — 15) (1—e o j

=0.45 mV
3.22

] e e i bt e s T T P

0.9 /
0.8

/

0.6
0.5

0.4 /
0.3
-/
0.1 /

0 5 10 15 20 25 30 35 40 45 50
Time, s

Fig. 1

(T—TT..~Ty)

(a) The given data are first normalized as follows so they can be compared against standard values.
The following Eq. is used

ikl (1)
T.- T,
Table 1
t, Sec Equation (1)
0 0
5 0.35
10 0.6
15 0.76
20 0.9
25 0.92
30 0.946
35 0.9568

Data of Table 1 are plotted in Fig. 1.
(b) The time instant at which the temperature reaches 95% of its final value is 32.5s = 37
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Time constant T= """ =10.83s

(c) The first order Eq. is given by
T- E) — e—t/r )
.- Ty
T is obtained from part (b)
Equation (2) is used to obtain the normalized values of temperature at the same instants corre-
sponding to the experiment.

(d) Table 2
t, Sec Equation (2)
0 0
5 0.37
10 0.60
15 0.75
20 0.84
25 0.90
30 0.937
35 0.96
40 0.97
1 =
‘_’_—_____—-‘
0.9 "

Experiment /| _ - \

03 e ‘' Theory based on time constant obtained from experiment
. //

0.7 /

0.6

0.5 7

(T-TY(T,,—Ty)

0.4 y

0.3 /
0.2 /
0.1

Time, s

Fig. 2
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(e) Data of Table 2 are plotted in Fig. 2. It can be seen from Fig. 2 that the instrument behaves like
a typical first-order system at most of the points (except at ¢ = 15s)

PS: The accuracy of 7determined from Fig. 1 depends mainly on the value of temperature at 37 (95%
of the value) the experimental data at other points do not account for determining 7.
This can be avoided by expressing Eq. (2)

T-T,
as ln—O:—L 3)
T.-T, T
T-T,
or LA P )
T T.-T,

(see Eq. 3.196)
Eq. (4) is plotted against time in Fig. 3 and a best fit curve of the above points is also drawn on the
same figure. The negative reciprocal of the slope of this best fit curve gives the time constant 7= 10.95s

5
4/
4.5 e
7
7
4 ///
/’/
3.5 —
. Experiment data 2
Ny / -~
I 3 //
< SN
&5 2.5 e Best linear fit
| 7
8 e
b 2 / //
= ¢
7
/
L5 y4d
1 ,/
P4
//
0.5 7
0
0 5 10 15 20 25 30 35 40 45 50
Time, sec
Fig.3
3.23 The differential Eq. for a two-time constant transducer can be written as
(I +7,D)1 + 7, D)gy = Kg; (D)

By defining { = — and redefining the input and output variables in terms of temperature, we get
T
p
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—t
()
AT, {-1 {-1

AT = Difference between the temperature at time ¢ and final temperature

AT, : Difference between final temperature and initial temperature

Given T; : Initial temperature = 100°C

T, : Final temperature = 400°C

T, : Temperature at t = 5s needs to be determined

AT = T — T; = 400 — 100 = 300

max

{=5, T, - 2s (Given)

Tf - T; _ 5 e—S/SX2 _ L 6_5/2 = 0.7376
T, T, 5-1 5-1

T,=T,-0.7376 (T, - T)) = 400 - 0.7376 (400 — 100)
179°C (temperature at t = 5s)

3.24
fonax = 100 Hz
q0 . K -1
= (o) = ————— < tan (- 07) (3.105)
qi Jorti+1
Given o | 0.95 = !
Kqi JOT froa) T2 41

L
0.95*
(27 x 100)2

7=523x%x 107
#(50 Hz) = tan™' (=277 X 50 x 5.23 x 107%) = -9.33°
¢(100 Hz) = tan™ (=277 x 100 x 5.23 x 107 = -18.19°

1.0

.
in

Frequency, Hz
Fig. 1
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Phase, deg

Frequency, Hz
Fig.2

Figure 1 shows amplitude accuracy versus frequency and Fig. 2 shows phase between input and
output of a first order system subjected to sine excitation. Amplitude accuracy decreases with fre-
quency and phase linearly decreases with frequency. Therefore, it is only the amplitude accuracy that
decides the maximum frequency. In the present case, the system has 95% accuracy at 100 Hz and a
higher amplitude accuracy at 50 Hz.

3.25 From Eq. 3.145, increase in stiffness reduces static sensitivity

From Eq. 3.146, increase in stiffness increases speed of response

3.26 Second order system of Fig. 3.43

f K
i 2 X
— 28D —
D—2 + +1
w;, ,

From Fig. 3.45, time-lag 7 for the second order system for ramp input

2 2B B
=w_C=—k = (1)
" 2@1/—5 ’
m
)

B : Damping coefficient
m

k : Stiffness, N/m
First order system of Fig. 3.43
if m is negligible} D?

o, is very large | @2

2 B . .
Since —6 = — from Eq. (1), the transfer function of the first order system becomes

n N

—D+1 D +1
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B
Where T= —
ks
From Fig. 3.37, steady state time lag for ramp input to a first order system = 7 = B/k,
Therefore, irrespective of whether mass is neglected or not, time lag remains the same because of
constant velocity.

3.27
1.6
- N
,/ v Second order system only
1.4 A
/ v
/ \
/ \
// !
1.2 7 \
O e s N i ks et et et Bt el Aty
1 __________________________________
=TS T L N
g / second order system only
=] AN /
2 0.8 N \
= Two first-order ~
a ! ) S \
E systems only . \
\
N
0.6 ~< ‘\
N J \\
N N \\
0.4 \\ ~—¢
~ N
~ ~ ~
\ I
0.2 \ T~ ~==__
\\‘
0
0 50 100 150 200 250 300 350
Frequency, Hz
Fig. 1

This problem does’nt have any analytical solution. Therefore, computer has to be used. Fig. 1 has
been drawn after conducting an exhaustive search for all possible values. Following values were used

T, = T, = 0.0012s (Both first-order systems were assumed to have the same time constant)
§=0.356
®, = 690 rad/s (109.8 Hz)

In Fig. 1, first-order systems and second-order systems were drawn separately. Due to the block
diagram representation, the amplitudes of each block multiplies with the other. A stand-alone second
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order system has 50% more response than the flat response region. On the other hand, the two first-
order systems together have a dropping response after 10 Hz. A combination of all the systems gives
the desired amplitude flat response of £ 5% from 0-100 Hz.

3.28 Any periodic function of period 2L can be expressed in terms of Fourier series as

=) =)

1 nmwt nrwt
(1) = Gingy + — 2,0, €OS——+ ) b, sin—— 1
UD = oo+ 7 2 : 21 . (1)
1 L
where, iay = — (1) dt 2
Giar = 57 | 40 2)
-L
¢ Tt
n
a,= Jai(ycos ™= di 3)
-L
¢ Tt
. n
b, = Iqi(t) sdet (€))
-L
For the given problem ¢,(f) =—-1for-L<t<0 5)
gty =1for0<t<L
L =0.01s
From Eq. (2) and (5)
qi,av =0
From Eq. (3) and (5)
t Tt ¢ Tt
a, = —jcosn—dt + Jcosn—dt
e L L

L . nmt |0 _nmt b
R —sm—‘ + sin ——
L _; L

nmw 0
L . . 2L .

a,= —{sin nw + sin nw} = —sin nw =0
nw nw

From Eq. (4) and (5)

S
Il

0 L
. nmt . nmt

— J.sm —dt + Ism—dt
L ) L

-L

L nmt |0 nmt |k
— COS*‘ — COS —
nmw L L L 0
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nmw
L

b, = —{1 — cos nnr}
nmw

4L 4L

blz_; b2=0 b3=7
T

3r
Substituting ¢; ,,, @, and b, in Eq. (1)
rt 4L . 3mt

L
— {1 — cos nw — cos nm + 1}

(r) = 4L sin + sin + sin +
q, p I3 L

3n L

Equation (8) can be written as

4L 4L 4L
q{t) = —sin 2aft + —sin 6nft + — sin 107t + ...
T 3n hY 1

1 1
f=— = = 50 Hz (fundamental frequency) 150, 250, 350 ...Hz higher harmonics
2L  2x001
3.29
1.0f==----- i
L -L/2 @ i
| 0 L2 L !
i @ 20=0.02s
________ -1.0 period
Fig. 1

(6)

(N

(®)

One period of the signal is shown in Fig. 1 the four parts of the above signal can be written as

qi(t)=—2(1+%) _L<i<—1I2

:ﬁ __L<t<0
L 2

:ﬁ O<t< L2
L

2(1—L) R<t<L
L

(1
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-L/2

1 ‘ S o Mo t
L= — =2 1+—|dt+ —dt+ | —dt+ | 2|1——|dt =0
Tiar = 577 -[ ( L) -[ L J.L -[ ( L)

-L —-L/2 0 L2

Tt
a, = J.qi(t) cos L ar
—L L

From Eq. (1) and (3)
-Ln

0
a, = J. 2 1+L cosn—mdt + acosn—mdt +
L L 4L L

n
—-L

L/

22t Tt ¢ t Tt
j—cosn—dt + J’Z 1= 2 cos 2 g =
L L L L

0 L2
. hmt
b, = J.qi(t) sin — dt
—-L L

From Eq. (1) and (5)
-2

t . nmwt
b = IZ(1+L)sm—dt + J-—s —dt

n

L —L/2
T r t Tt
I—smn—dl‘ + J’z 1- 2 sin ™ g
L L
L/2
n=1,3,57
| | |
b= —— b, = — hy= —
"Toson? YT 4507 ° 125072

8 8 8
(t) = — sin(100 w¢) - — sin (300 7 t) + sin (500 1)
4 = — sin 57 Sin )+ (

2
1
f= EY3 = 50 Hz (fundamental frequency)
f = 150, 250, 350 Hz, etc Harmonics
3.30

< tan” ' (~w1)

qo . K
= (o) = ——
qi Jol12+1

()

3)

“)

(%)

(6)

(N

)

(1)
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Given K=1,1=0001s & w =2nf

For the problem of 3.28, the square wave has the following frequencies: 50, 150, 250, ... Hz

Frequency, Hz Amplitude Phase angle
f ratio degrees
50 0.954 -17°
150 0.728 —43°
250 0.537 -57°

The implication of the above table is that for 50 Hz, only 0.954 of the input amplitude at 50 Hz delayed
by a phase angle of 17° will be obtained. From Prob. 3.28, ¢; is given by

4L 4L
qt) = 4—L sin Qe x 507 + — sin (2w x 1507 + — sin 27w X 250 ¢) 2)
T 3n St
Based on the above table

4L
qo(t) = 4L (0.954) sin(2mw 50 ¢ — 17°) + Iz (0.728) sin (2 150 t — 43°)
T T

4L
+ s (0.537) sin 2w 250t — 57°) 3)
T

Therefore, the output signal of Eq. (3) is not a true representation of the input signal g,(¢) of Eq.
(2).

3.31 Since the input signal of Prob. 3.29 has the same frequencies of 50, 150, 250 ... Hz of Prob. 3.30,
the same amplitude and phase information of the first order system in Prob. 3.30 can be used here also.
From Prob. 3.29, the input signal is given by

qt) = i sin 2z 50 ¢) — 8
T 9

8
sin 2 1507) +
2 n? 25

e sin (27 250 ) (1)

Using the amplitude and phase information of the first-order system in Prob. 3.30, the output signal
qo(t) for the input signal g; of Eq. (1) is given by

qo(t) = iz (0.954)sin 2w 50t — 17°) — 982 (0.728) sin (2w 150 t — 43°)
T T
8 . o
+ (0.537) sin 27 250t — 57°) 2)
251

The output signal is therefore not a true representation of the input signal.
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3.32 The carrier wave is given by

A
-172
772 t
Carrier wave
-A 2L=T
_r
L=3
Fig. 1

From Prob. 3.28, the carrier signal is given by

4AT
f(t) = AT sin2750 ¢ + sin 27 150 ¢
T 2 61
T sin 2250t + ... (1)
107
The signal which is being modulated is given by

f(1) = A sin g (2
output = f.(1) f(1) (3)

using Eq. 3.177 (page 123) and Egs. (1), (2) and (3)

AAT
output = ——— sin (27 50 — )t + 90°)
T

+ AAT G (@150 + )1 - 90%)
T

+ AAT sin (27 150 — @)t + 90°)
3n
AA,T
+ 375 sin (2 150 + @)t — 90°)
T

AAT
+ S sin (27 250 — @)1+ 90°)
T

AA, T
+ s *— sin (27 250 + @)1 — 90°) + ...
T
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3.33

fc,av -

a

Je (O
AC
2L=T
| |
r _r o T T t
2 4 4 2
Fig.1
1 L
— | f.(0) dt
o 1o
-L
=X T/4 )
- J'o.dt+ J' A, di + J'Odt
T -T -T T/4
2 4
L (T, _ A 0
T 4 4 2
T/4 L
J.Accos—dt = jAccos—dt
—T/4 —-L
2
ACL{. . —nﬂ}
sin — — sin
nw 2
2A. L
e gin 2% )
nrw 2
2A. L 2A. L
< sa,=0; a3 =— < a,=0
3r

L
. Tt
_J.Lfc (t) sin 7 dt

T/4 Tt
. n
J. Aqsin——dt =
L
~T/4

L2 Tt
. n
J. A sin —dt
L

-L/2



38 Measurement Systems: Application and Design

AL mt M2 AL T T
b,= ——= cos 2L = Ll eos ™ _cos— " | =0 3)
nw L ';pn nw 2
A, \ T
fo= "5+ —Zancosn—
2 n=1
A, 1 N 2A. L . 7n nmt
4 = sin —— COS —— 4
2 L Z nrw 2 L @

The signal which is being modulated is given by
[(0) = Ag sin g (%)
output = f.(1) f,(?)

A 1 v 2A. L
= | =<+ E <% gin 22 cos ML A, sin ot
L“ nr 2 L]

2

, A A 2A.A, N1 . nm nwt .
= sin @ —> + —— Z—sm — cos —— sin @
2 Toon 2 L

A A, . 20A, 1 . nm | . nw ) nw
output = 5 sin myt+72—51n7 sin a)S+T t +sin wS_T t

T on
3.34
Sinusoidal transfer function = M (1)
0, (jo)

Where O, (jw) is the frequency-domain function of the output and Q; (jw) is the frequency-domain
function of the input. g,(f) is the time record of the output and ¢,() is that of the input. Irrespective
of the shape of these time records, it is possible to obtain the corresponding frequency-domain
functions that can be used to get the system transfer function defined by Eq. (1)

Measuring instruments known as FFT (Fast-Fourier Transform) analyzers, which are based on an
extended theory of Fourier series can easily compute the frequency domain function of any time record.
Many FFT analyzers have more than one input channel, using which transfer function between the
input-out of any system can be directly obtained.

3.35
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_ k2 km
Pk, + ky,

D) fu=k,x @

Equation of motion

Ml 0 {xl}_i_ k1+kp —k3 {xl}_ 0
0 Mz jéz —k3 k3+k4 Xo fapp
Taking Laplace transform of Eq. (3) and assuming zero initial conditions

(ky + k, + s* M) X,(s) — k3 X,(s)=0
— ky Xy(5) + (k3 + ky + 57 M) Xo(s) = Fyp(s)

From Eq. (4)

ke +k,+s> M,
X,(s) = — X,(s)
3

Substituting Eq. (6) in Eq. (5)

{ ; +(k3+k4+s2 M) (ki + k, + 5> M)
—R3

A }X«s) = Fypp(s)

ks Fapp ()

X,(s) =
: sY My Mo+ [(ky k) My + (ks + k) M

thykytk ky+k,ky+k, ky—k3
Taking Laplace transform of Eq. (2)
F,(s) = k, X(s)

_ kp ks Fpp (5)
F,(s) = 4 2
st My Mo+ 57 [(k + k) Mo+ (ks + ky) M, ]
+hkoks+k kg +k,ks+k, ky— k3
Fy(s) _ kp ks

Fup(s) My My s*+[(ky+k,) My + (ks +ky) M,]s°
vk kytk ky+k, ks +k,ky—k3

Let ky =k, =ky=ky=1N/cm k,, = 100 N/cm
M, =M, =0.01 kg

3)

“)
(5)

(6)

(N

)

)

A bode diagram of the function of Eq. (9) is shown on next page as Fig. 2. It is clear that, upto
9 rad/s, the measured and applied loads are almost same. Beyond 9 rad/s, they are not acceptable.
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3.36 For an oscilloscope with resistance R,, shunted with a capacitor c,,

R
in = — (1)
R,c,D+1
Equation (3.41) can be modified as
E
Emo o Zm (2)
E, Ruy+2Z,
Substituting Eq. (1) in (2)
R
En _ R,c,D+1 a R, 3)
EO L + Rab Rm + Rab + Rab Rm Cm D
R,c,D+1
By factoring out (R,, + R,;) in Eq. (3)
E, _ Ru)R,+Ry )
EO 1+ Rab Rm Cm D
R,+ Ry
3.37
In o Ko ()
1, Ry+Z,
Zﬂ’l = Rﬂ’l + Lﬂ’lD (2)
From Eq. (1) and (2)
In _ Ro 3)
1, Ry,+R,+L,D
By factoring out R, + R,, in Eq. (3)
Rab
Ifﬂ’l - RabZRm (4)
1, m



