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e 1.3

Application of the Laplace
Transform in Circuit Analysis

1. Find the Laplace transform of the signal #(0.5)" u(%).

Solution: f() = 10.5)" u(r)
Consider LI0.5)= | 05) e ar
0
=[ ©5¢Sa
0
Let0.5¢5 =x
r: ~ > 1
J (x)' dt = L
0 logx | logx logx
Since x=05¢"
. —1
L[(05)]= ——=
log 0.5 ¢
If f(t) <= F(S), then t.f(1) «—=—> % F(S)
- -1
L [#0.5)'] = —d —
dS |log(0.5¢7)

4y
ds | log (0.5¢75)
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13.2 Network Analysis

e (1)

i[ ! } ‘
dS | log (0.5¢7%) (log 0.5 e*S)2

-8
—€

(-05¢) [log (0.5¢7 )]2

2. Find the Laplace transform of the waveform x(¢) shown in the figure.

L [10.5)" u()] =

x(t)

2 F-——————--

Fig. 13.1
Solution: By definition,

=

L [x()] = j S x(r) dr
0

T 2T AT sT
=J eStdr - J 275" dr + J 2¢75 dr — J 2¢75 dt

0 T 2T 4T

o 4T ST

-Gl Bl Bl B

- e +|—e —| —e

S T S hr LS T

1 1 2
[___ - } [_ _ZST_ge_ST}_[ge_m_ge_m}
S S S S S S

2
" [_eSST _ 264ST:|
S S

X(S) = % [1 _ 3€_ST + 46_2ST— 4e~4$T + 2€_SST]
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Application of the Laplace Transform in Circuit Analysis 13.3

3. Find the signal y(7), the Laplace transform of which is

S +78% +185 +20
S2+55+6

Y(S) =

Solution:  The fraction can be written as

HS=3+2s S25F8
ST+55+6
Taking partial fraction for 225—+8 , we get
S°+55+6
25+8 A B

3 = +
S“+55+6 S+3 S+2

=&(5+3) =-2
(S+3)(S+2) Go 3
2
BZS—+8(S+2) =4
S+3)(S+2) P
Y(S)=S+2—L+ 4
S+3 §+2

Taking inverse transform both sides, we get

W) = % S() +2 - 8(8) = 2¢ u(t) + 4 u(d)

4. State and explain the initial value theorem of a Laplace transform. Using
the initial value theorem, find the initial value of the signal corresponding
to the Laplace transform

Verify that the answer obtained is correct.

Solution: Refer section 13.4.
Initial value theorem states that

Lt f(#) = Lt SF(S)
t—0 t—0

+1 1+1
Consider Lt S¥(§) = Lt St 1+ls
S0 S—e §S+2 1425

NA-Olc-13.p65 3 8/29/07, 12:23 PM




13.4 Network Analysis

Lt SY(S) =1

S —>o0

By taking inverse Laplace transform of Y(S), we get y(¢)

S +1 A B

Y§)=——=—+
S(S+2) S S+2
S+1 1
A= SY(S)_, =<3 =3
S+ P
S+1 1
(S +D YO, = 73
1 1
Y§)=—+——
28 2(S+2)
Taking inverse transform of both sides, we get
1 1 2t
)= — u(t)+ — e = u(t
y(®) > () > (1)
1 1
D,co=—+=-=1
YOl 0= S+5
Hence, the initial value theorem is verified.
5. Find the inverse Laplace transform of
1
F(§)= ——
S+2)
Solution:  The function can be written as
F(S)=F(S), F5(S) = ; !
G I B )

We can use the convolution integral here:
f®) =€ u(n)
fo0) = € u(t)

By using convolution property, we have

f=] h@hHt-1de
0
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Application of the Laplace Transform in Circuit Analysis 13.5

— 27 . 6—2(1— 7) dr

e

O —y

t

=2 J dt
0
= [T];

f(t) = te™ u(t)
6. For the circuit given, determine, the current in resistor 10 € when the
switch is closed at t = 0, using Laplace transforms. Assume initial current
through inductor is zero.

S 10Q
o
20V @ 50 @ 2H
Fig. 13.2

Solution: ~ When the switch is closed at ¢ = 0, applying KVL in the circuit
5 [i(0) — ix(n] =20 (1)

diy(t)
o

5 [iy(®) — i1(H)] + 10iy(2) + 2 0 (2)

Taking Laplace transform for the above equation

2
SI(S) - 1) = = 3)
ZSI(S) + 15 L,(S) + 28 L,(S) = 0 (4)
Add (3) and (4)
L(S) [10 + 28] = 20
S
20
L& = S (25 +10)
10 A B
L& = S(S+10) S S+5
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13.6 Network Analysis

A=_—19 o _5
SS+5 |5,

B=—10 (515 =—2
S (S +5) s
2 2

1,(S) = = —

) S S+5

Taking inverse Laplace transform on both sides, we get
iy(1) = 2u(t) — 2¢7" u(r)
Therefore, the current through 10 € resistor is
ir(1) = 2(1 — €7 u(r) amp.

7. The network shown in the figure is initially under steady-state condition
with the switch in the position 1. The switch is moved from the position
1 to the position 2 at ¢ # 0. Calculate the current i(f) through R, after

switching.
1 ;) R1 =5Q
2
10V —— L=2H
Rz =5Q
Fig. 13.3
Solution:  When the switch is at the position 1, the steady-state current in
the inductor

10

i=—=2A
5

when the switch is at the position 2

Ri(H) + L 0

dit)
dr

Taking Laplace transforms on both sides
RI(S) + L [SI(S) —i(®)] =0
(R + SL) I(S) = Li(0)
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Application of the Laplace Transform in Circuit Analysis 13.7

(10 +285) I(S) =2 x 2

2
S+5

I(S) =

Taking inverse transform on both sides, we get
i(t) = 2¢™
8. Inthe network shown in the figure, the switch is closed at # = 0 and there is

no initial charge on either of the capacitors. Find the current i by the
Laplace transform method.

10 Q
O
—_—>
,. |
+ 1F 50
S0V — 14(S) 1(S)
sQ T1/2F
Fig. 13.4

Solution:  Taking network transform, we have

H(s) 10

—

o |
1/S 5
5018 = I(S) 12A(S)
2/S

5

Fig. 13.5

On applying KVL to both loops, we get

50 L) LS

5" 151,(S) — 51,(S) + S (D)
0=1,S) [—5+l}+1 (S)[10+3} )
o s| 2 S
From equation (2)
()
I,(S) = 3 L(S) 3)
10+§
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13.8 Network Analysis

On substituting equation (3) in equation (1), we get

5008 +150
1,(S) = .
2+355+125S
4(S+0.25 A B
1,(5) ( )

= = +
(S+0.328)(5§-0.04) S+0.328 §-0.04

From the above equation

o 4EH02 (0303
(S +0.328) (S —0.04) § =-0.328
A=1179
- 408+02) ¢ o4
(5 +0.328) (S — 0.04) s oo
B=315
1179 3.15
1(8) = 1,(S) =

+
S+0.328 S-0.04
By taking inverse Laplace transform

i(1) = 1.1179¢70328 4 3157004

9. A sinusoidal voltage of 12 sin 8 volts is applied at 7 = 0 to a series circuit
of R=4 Q and L = 1 H. By Laplace transform method, determine the
circuit current () for all > 0. Assume zero initial conditions.

Solution:

4Q
2\

Fig. 13.6

Applying KVL in the circuit, for >0

12sin 8t =4i(f)= L

di (1)
dt

Taking Laplace transforms on both sides
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Application of the Laplace Transform in Circuit Analysis 13.9

;2'8 - = 4U(S) + LSI(S)
S% +8
(- i(0) = 0)
XS) 96

- (S?+8%)(S+4)

Taking partial fractions

AS +B C
I(S)=""2"" 4+ —
A

-125+48 12
I(S) = +
) S% +8? S+4
KS) = —12 S 48 8 1.2

+— +
S?+8" 8 5748 S+4
Taking inverse transforms on both sides, we get

i(f) = (- 1.2 cos 8t + 0.6 sin 8¢ + 1.2 ¢~ amp.

10. Consider the circuit shown in the figure, the switch is thrown from position
1 to 2 at time ¢t = 0. Just before the switch is thrown, the initial conditions
are
i;(0+) =2A, v-(0+) =2 V. Find the current i(¢) after the switch is thrown.

R 30 1H
o AM— T
2
vm@ /> —05F
i(t) T
Vi=5V
Fig. 13.7

Solution: At t> 0, the current i(f) can be obtained by using KVL.
The loop equation is

. di (t)
3 1
i(f) + o

1 ¢,
+EJ.1(t)dt=5V

Taking Laplace transforms on both sides

31(S) + 1 [SI(S) — i(0+)] +L[1 (S)} +[UC © ﬂ _3

051 S S S
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13.10 Network Analysis

2 5 5
3I1) + SIS) =2+ — I(S)+ — = —
() (S S() 573

3+S+£ I(S)=§+2—g
S S S

2
3+85°+2 1(8) = 3+28
A B
1) = 2zs+3 _ .
S“+35+2 S+1 S+2
A= 253  gup =1
(S+1)(S+2) o
=L(S+2) =1
(S+D(S+2) PR

1 1
IS=—+—
S+1 S+2

Taking inverse Laplace transforms on both sides

i =e ult) + e u)

Objective-Type Questions

1. The Laplace transformation of f(¢) is F(S). Given F(S)= %

final value of f{(f) is $* + o’
(a) infinity
(b) zero
(c) one
(d) none of the above
2. The Laplace transform of the function i(?) is

the

I(S) = 105 2+ 4 , its final value will be
SES+1D(S”+4S +5)
4 5
x b) =
(a) 5 (b) 2
(c)4 (d)5
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Application of the Laplace Transform in Circuit Analysis  13.11

3.

5.

2(S +1)
IfL =277
vl S*+28+5

(a) 0, 2 respectively
(b) 2, 0 respectively
() 0, 1 respectively

, then f{0+) and f(e) are given by

2
(d) 3 0 respectively

. The Laplace transform of the waveform shown in the figure will be

o(t)

7] S

Fig. 13.8

(a) % I:l —eS ] _ % o208

o

(b) % [1 oS 4 e—zz"sJ

o

Vo Vo -2t,8 -3t S
(C) ? — F (6 + e )

o

(d) tvgz(et,_s) _ & oS

S
Laplace transform of the function e 2" is

1
S-20
(b) S +20
(c)S-20

1
S+20

o

(a)

)
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13.12 Network Analysis

6. The inverse transform of is

S+3
(a) 2(t + 3)

7. Laplace transform of damped sine wave ¢~ sin 50¢ is

1

@ (S +3)% +50?

y_— S
(S +3)% +50?

50

(© (S +3)> +50%

50°

d -
()(S+3)2+502

12
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